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Abstract. The paper describes knowledge acquisition under uncertainty using rough set theory, a concept 
introduced by Z. Pawlak in 1981. A collection of rules is acquired, on the basis of information stored in 
a data base-like system, called an information system. Uncertainty implies inconsistencies, which are taken 
into account, so that the produced rules are categorized into certain and possible with the help of rough 
set theory. The approach presented belongs to the class of methods of learning from examples. The 
taxonomy of all possible expert classifications, based on rough set theory, is also established. It is shown 
that some classifications are theoretically (and, therefore, in practice) forbidden. 
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1. Introduction 

Much attention has been paid recently by the expert systems research community to 
the acquisition of knowledge and reasoning under uncertainty [2, 3, 10, 24, 25, 
27, 29, 31]. Uncertainty may be caused by the ambiguity of exact meanings of the 
terms used in the knowledge domain, uncertainty in data (e.g. due to noise), 
and uncertainty in knowledge itself (e.g. due to doubtful connection between the 
antecedent and the consequent in an inference rule) [10, 22]. 

To deal with uncertainty, expert systems require techniques other than classical 
logic. Statistics is the best tool for handling likelihood. However, many methods 
needed when using probability in expert systems require an estimate of probabilities, 
sometimes without even recourse to relative frequencies. Estimates are likely to be 
very inaccurate. Expert systems based on statistical technique have theoretical weak- 
nesses cited by many authors [10]. The Dempster-Shafer theory of evidence [23], or 
the theory of belief functions, gives a useful measure for the evaluation of subjective 
certainty. The Dempster-Shafer theory has recently become more and more popular. 

Another way to deal with uncertainty uses fuzzy logic, based on Zadeh's theory of 
fuzzy sets [28-30]. The basic tools of the theory are possibility measures. There is 
extensive literature on fuzzy logic which also discusses some of the problems with this 
theory [10]. The basic problem of fuzzy set theory is the determination of the grade 
of membership or the value of possibility [24]. 

There are a number of other papers offering ways to deal with uncertainty in expert 
systems, like a combination of statistics and fuzzy logic, theory of endorsements [5], 
nonmonotonic logic [l l, 12], modal logic, etc. [9]. 
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In the eighties, Z. Pawlak [16, 18, 19] introduced a new tool to deal with uncertainty, 
called rough set theory. Fuzzy set theory and rough set theory are independent and 
offer alternative approaches to uncertainty, as was shown in [20] (see also [6, 7]). 
Connections exist between rough set theory and Dempster-Shafer theory. As a matter 
of fact, lower and upper approximations of rough set theory correspond to the inner 
and outer reductions from [23]. However, both theories have been developed 
separately and both have well-established records of publications (the list of papers 
and reports on rough set theory exceeds over a hundred items). The similarities and 
differences are too numerous to be quoted here. The main difference is in the 
emphasis: Dempster-Shafer theory uses belief function as a main tool, while rough set 
theory makes use of the family of all sets with common lower and upper approxi- 
mations. The main advantage of rough set theory is that it does not need any 
preliminary or additional information about data (like probability in statistics, basic 
probability number in Dempster-Shafer theory, grade of membership, or the value of 
possibility in fuzzy set theory). Other advantages of the rough set approach include 
its ease of handling and its simple algorithms. Recently, Zadeh [31] used the same 
ideas as in rough set theory in order to interpret the Dempster-Shafer theory viewed 
in the context of relational data bases. 

Rough set theory has been successfully implemented in knowledge-based systems 
in medicine [8, 19] and industry [1, 14, 15, 26]. In particular, an expert system based 
on rough set theory for engineering design is being developed at Wayne State 
University, Michigan, and the University of Regina, Canada. There has been an 
attempt to create a system for the verification of indications for treatment of duodenal 
ulcers by HSV on the basis of statistics. The results were counterintuitive and the 
system was rejected by physicians. The new version of the system, relying on rough 
set theory, is more successful [8]. 

One of the most popular ways to acquire knowledge is based on learning from 
examples [4, 13]. In this paper, the problem of knowledge acquisition under uncertainty 
is discussed. The tool to deal with the problem is rough set theory. On the basis of 
information presented in a data base-like system, called an information system, a 
collection of rules is acquired. Thus, the information system represents what is 
called an 'instance space' in learning from examples [4]. Furthermore, all results of 
uncertainty are manifested finally be inconsistent information in the information 
system. In the presented approach, inconsistencies are not corrected. Instead, 
produced rules are categorized into certain and possible. Our approach Of not 
correcting inconsistencies is recommended by a number of authors (see, e.g., [10] and 
its critique of [21]). 

According to the rough set approach [19], any set of objects, chosen by an expert, 
may be classified as definable, roughly definable, or undefinable, in terms of attributes 
of the information systems. An undefinable set of objects may be further specified as 
internally undefinable, externally undefinable or totally undefinable. 

In this paper, the problem of definability of classifications made by an expert on the 
set of objects is studied. It is shown that externally undefinable classifications do not 
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exist. One of  the aims of this paper is the establishment of  a taxonomy of expert 

classifications, based on rough set theory. 

2. Rough Sets 

The main concept of  this paper is that of  a rough set. It was first introduced in [16], 

see also [6, 7, 9, 18-20]. 
Let U be a nonempty set, called the universe, and let R be an equivalence relation 

on U, called an indiscernibility relation. An ordered pair A = (U, R) is called an 

approximation space. For any element x of  U, the equivalence class of  R containing 
x will be denoted by [x]R. Equivalence classes of  R are called elementary sets in A. We 

assume that the empty set is also elementary. 

Any finite union of elementary sets in A is called a definable set in A. 

Let X be a subset of  U. We wish to define X in terms of definable sets in A. Thus, 

we need two more concepts. 

A lower approximation o f  X in A, denoted by RX, is the set 

{x ~ uI [x]R --- x} .  

An upper approximation o f  X in A, denoted by RX,  is the set 

{x z u l [xlR ~ x # ~} .  

The lower approximation of  X in A is the greatest definable set in A, contained in 
X. The upper approximation of X in A is the least definable set in A containing X. 

Let X and Y be subsets of  U. 

Lower and upper approximations in A have the following properties 

R_x ~_ x ~_ RX,  R_u = R U  = u,  g ~  = R;$  = ;3, 

R ( X  w r )  ~_ R X  w R_Y, -R(X w Y )  = R--X w -RY, 

R__(x n Y )  = R_X c~ R_Y, R ( X  c~ Y )  =_ g x  c~ g r ,  

R( - X )  = - -RX, R--( - X )  = - RX ,  

R_(_RX ) = -R(RX)  = R X ,  R ( R X )  = R(R--X) = -RX, 

where - X denotes the complement U - X of X. 
A rough set in A is the family of  all subsets of  U having the same lower and upper 

approximations in A. 
Let x be in U. We say that x is certainly in X iff x ~ _RX, and that x is possibly in 

X iff x e RX.  Our terminology originates in the fact that we want to decide if x is in 
X on the basis of  definable set in A rather than on the basis of  X. This means that we 
deal with R X  and R X  instead of  X, and since R X  ~_ X ~_ RX,  if x is in R X  it is 
certainly in X. On the other hand, if x is in RX,  it is possibly in X. 
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3. Information Systems 

In this paper we will use the concept of an information system, as introduced by 
Z. Pawlak [17, 19]. The concept is also known as a knowledge representation system. 
Here we will use the name information system in order to avoid ambiguity - the other 
name is too similar to knowledge base or knowledge representation. The information 

system is similar to a data base, or more precisely, an entity-attribute data base. The 
difference is that the entities of  the information system do not need to be distinguished 
by their attributes or by their relationship to entities of  another type. In the 
information system, entities are called objects. The main goal of the information 
system is to be the basis for the knowledge acquisition, to help discover new rules from 

examples. Thus, attributes are divided into two types: conditions and decisions (or 
actions). Objects are described by values of conditions, while classifications of experts 
are represented by values of decisions. 

An information system provides information about the real-world phenomena. The 
assumption is that in the perception process objects and attributes are distinguished. 
Properties of objects are perceived through an assignment of  values of conditions. 
However, information about objects, given by that assignment, may not be sufficient 
to characterize objects without ambiguity. Thus, some objects are characterized by the 
same condition values or, using Pawlak's definition, they are recognizable up to an 
indiscernibility relation determined by the set of conditions. Two objects are 
indiscernible whenever they have the same values for all conditions. Objects are 
independently classified by an expert. 

Due to computations, based on rough set theory, on expert classifications some 
measures of the degree of  uncertainty are assigned. 

For example, we wish to describe an industrial process. Our objects are samples s~, 

s2 . . . .  of  process taken at moments tl, t2 . . . .  of  time. Conditions are parameters of 
the process. Decisions correspond to possible actions taken by the operators (experts). 
Each sample is characterized by values of  conditions and decisions. 

If our system is a hospital, the objects are patients, the conditions are tests, and the 
decisions are diseases. Each patient is characterized by test results and is classified by 
physicians (experts) as being on some level of disease severity. 

An information system (or briefly system) S is a quadruple (U, Q, V, Q), where U 
is a nonempty finite set, and its elements are called objects of S, Q = C w D is a set 
of attributes, where C is a nonempty finite set, its elements are called conditions of S, 
and D is also a nonempty finite set and its elements are called decisions of S, 
D c~ C = ~ ,  V = uq~Q Vq is a nonempty finite set, and its elements are called values 
of attributes, Vq is the set of values of attribute q, called the domain of q, and O is a 
function of  U x Q onto v, called a description fimction of S, such that O(x, q) ~ Vq 
for a l l x c  U a n d q e Q .  

Let P be a nonempty subset of Q, and let x, y be members of U. 
We say that x and y are indiscernible by P in S, denoted by x ~ e Y iff for each a 

in P, Q(x, a) = Q(y, a). Obviously, ~ e  is an equivalence relation on U. Thus, P 
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defines a partition on U; such a partition is a set of  all equivalence classes of  ~p.  

This partition is also called a classification of U generated by P in S, or briefly a 

classification generated by P. 
For any nonempty subset P of  Q, the ordered pair (U, we) is an approximation 

space A. For the sake of convenience, for any X _~ U, the lower approximation of X 
in A and the upper approximation of X in A will be called P-lower approximation of 
X in S and P-upper approximation of X in S, and will be denoted by P X a n d  PX. Thus, 
any union of equivalence classes of  ,--p is called a P-definable set in S. 

4. Rough Definability of a Set 

In [19], a rough-set classification of a set of  objects has been presented. The idea was 
to classify any such a set by properties of  its lower and upper approximations. We cite 
from [19] the following definitions. 

For a nonempty subset P of  Q, a set x ~ U which is not P-definable in 

S = (U, Q, V, Q) will be called P-undefinable in S. 

The set X will be called roughly P-definable in S iff _PX # ~ and P X  # U. 

The set X will be called internally P-undefinable in S iff P X  = ~ and PX # U. 

The set X will be called externally P-undefinable in S iff_p_PX # ~ and PX = U. 

The set X will be called totally P-undefinable in S iff P X  = ~ and PX = U. 

For an internally P-undefinable set X in S we cannot say certainly that any 
x ~ U is a member of  X. 

For an externally P-undefinable set X in S we cannot exclude any element x ~ U 
being possibly a member of  3(. 

Note that a set X may be P-undefinable in S and roughly P-definable in S. I f  a set 

X is not roughly P-definable in S, then it is internally, externally, or totally 
P-undefinable in S. 

5. Example 1 

Let us consider an information system given by Table I which may be interpreted as 

containing data about  patients x~, x2 . . . . .  X~o. Conditions c~ and c2 represent some 
medical tests, while decision d represents a disease. 

An original set of  values of  any attribute may be quantized by experts, in this case 
physicians, taking into account how they are making their decisions, e.g. cx may 
represent the body temperature of  a patient. A physician does not need to know c~ 
with an accuracy of 0.1~ It is enough to know whether the temperature is normal 
(up to 36.9~ subfebrile (37.0 to 38.2~ or high (about 38.3~ Thus, three 
different levels of  c~ are distinguished and are denoted 0, 1, and 2. In the case of  the 
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T a b l e  I. A n  i n f o r m a t i o n  sys tem for  E x a m p l e  1 

C I /7 2 

D 

d 

x t 0 L 0 

x 2 0 H 0 
x a 0 H 0 

x 4 1 L 0 

x 5 1 L 1 

x 6 1 H 1 

x 7 1 H 1 

x s 2 L 0 

x 9 2 L 1 

Xl0 2 H I 

values for c2, L stands for 'low level' and H for 'high level'. Value 0 of d means that 
the patient is healthy, 1 that the patient is sick. 

The classification, generated by the set C of conditions, is equal to 

Let X denote the set of all sick patients (x~, x6, XT, x9, xto}. Then 

_ c x  = {X ,o }  = 

C 2 
L H 

0 
X 1 

C 1 1 x 4 x 5 

2 X8 X9 

X 2 X3 

X6 X7 1 

Fig.  1. Sets X, CX, a n d  ~X.  
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and 

CX = {X4, X 5 } k..) {X6, X 7 } k..) {X8, X 9 } k..)'{Xlo } 

{X4, X5, X6, X7, X8, X9, XI0}. 

Sets X, _C_CX and CX are illustrated by Figure 1. 
The set X determines the following rough set in A 

{{X,, X6, X7, X8, Xlo}, {X,, X6, X7, X9, XIO}, 

{Xs, X6, X7, X8, Xlo}, {X5, X6, X7, X9, Xlo}}. 

Moreover, the set X is not C-definable. It is roughly C-definable. 
In our example, patients x4, x5 represent an inconsistency. Indeed, both x4 and x5 

cannot be distinguished by conditions el and e2 (x4 and x5 are indiscernible by C), but 
an expert classified x4 as being in X and x5 as being not in X. Similarly, another 
inconsistency is introduced by pair (xs, Xg) of  patients. 

6. Rough Definability of a Classification 

In Section 4, the concept of rough definability of a set of  objects was cited. In this 
section, the concept of  rough definability will be expanded to include classifications 
of the set of all objects. A classification, not a set, is of great interest, because in the 
process of learning from examples, rules are derived from classifications generated by 
single decisions (see Section 8). 

It is quite natural to expect that all concepts of Section 4 may be transformed into 
similar ones for classifications. Surprisingly, this is not true. For  example, as follows 
from Proposition 1' from this section, externally undefinable classifications do not 
exist, they coalesce with totally undefinable classifications. Some other classifications 
cannot exist as well, as follows from the remaining results of  the section. 

Let P be a nonempty subset of  Q and let X = {X~, X 2 . . . . .  X, } be a partition on 
U. Such X is called a classification of U for a system S = (U, Q, V, 0). 

P-lower and P-upper approximations o f z  in S, denoted by PX and PZ, respectively, 
are the following sets: 

and 

_Pz = {_Px,, _Px~ . . . . .  s 

~z = {Fx,, ~ x ~ , . . . ,  Fx,}. 

The classification Z of  U will be called P-definable in S iff PZ = PZ. The classifi- 
cation Z of U which is not P-definable in S will be called P-undefinable in S. 

The classification Z of  U will be called roughly P-definable, weak in S iff there exists 
a number i e {1, 2 . . . . .  n} such that __PX, #- ~ .  As we will see from the following 
result for a roughly P-definable, weak classification Z of U in S, there exists a number 
j e {1, 2 . . . . .  n} such that P ~  # U. 
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PROPOSITION 1. Let S = (U, Q, V, O) be an information system. Let Z = {X~, 
)(2 . . . . .  X~} be a classification of  U, where n > 1. Let P be a nonempty subset of  Q. 
Let the P-lower approximation of  z in S consist of  a nonempty subset X of  U. Then the 

P-upper approximation of  ~ in S consists of  a subset Y of  U with Y ~ U. 
Proof. Let X ~ ~., where i e { 1, 2 . . . .  , n }. In the classification generated by P 

in S there exists a nonempty subset Z of U with Z __q X and ~ c~ Z -- ~ for any 

j e { 1, 2 . . . . .  n } such tha t j  # i. Thus PXj c~ Z = ~ and, therefore, PXj r U. This 
/3~ may serve as Y. 

The following result will also be useful. 

PROPOSITION 2. Let S -- (U, Q, V, Q) be an information system. Let Z = {X~, 
](2, . �9 �9 , X,} be a classification of  U, where n > 1. Let P be a nonempty subset of  Q. 

Let the P-upper approximation of  X in S consist of  the set U. Then the P-lower 
approximation of  Z in S consists of  the empty set. 

Proof In Z there exists a member  X with PX = U. Such X consists of  at least one 
object from any member Z of the classification generated by P, i.e. X c~ Z ~ ~ .  

Classification X consists of  at least one more member Y, since n > 1. There is 

no member Z of the classification generated by P with Z _ Y, since for any 

Z, X c~ Z # ~ ,  and X and Y are disjoint. Thus, set _PY is empty. 

Proposition 2 is more convenient in the following version 

PROPOSITION 2'. Let S = (U, Q, V, ~) be an information system. Let Z = {Xi, 

X 2 . . . . .  X,} be a classification of  U, where n > 1. Let P be a nonempty sub- 
set of  Q. Let for the P-lower approximation of  ~( in S hold P_Xi # ~ for each 

i ~ {1, 2 . . . . .  n}. Then for the P-upper approximation o f z  in S there is PX~ vL U for 
each i ~ {1, 2 . . . . .  n}. 

The classification Z of U will be called roughly P-definable, strong in S iff PX~ # 
for each i from the set {1, 2 . . . . .  n}. Due to Proposition 2', in roughly P-definable, 

strong classification in S, P ~  # U for each i from the set {l, 2 . . . .  , n}. 
The classification Z of U will be called internally P-undefinable, weak in S iff 

PX~ = ~ for each i E {1, 2, . . . , n} and there exists j ~ {1, 2 . . . . .  n} such that 

The classification Z of U will be called internally P-undefinable, strong in S iff 

PXi = ~ and P X  i # U for each i from the set {1, 2 . . . . .  n}. 
The analogue of an externally P-undefinable set X in S does not exist for classifi- 

cations of  U, as follows from the next result, which is just another version of 

Proposition 1. 

PROPOSITION 1'. Let S = (U, Q, V, e) be an information system. Let X = {Xt, 
)(2 . . . . .  X,} be a classification of  U, where n > 1. Let P be a nonempty subset of  Q. 

Let for the P-upper approximation of  z in S hold PX~ = U for each i ~ { 1, 2 . . . . .  n}. 
Then for the P-lower approximation of  X in S there is PXi = ~ for each 
i ~ { 1 , 2  . . . . .  n}. 
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Finally, the classification I of  U will be called totally P-undefinable in S iff_PX, = 

a n d P X  i = U f o r e a c h i e { 1 , 2  . . . . .  n}. 

7. Measures of Uncertainty 

We will discuss measures of  the degree of uncertainty based on rough set theory. All 

concepts of  this section are taken from [16-20]. 
Again, let P be a nonempty subset Q and let g --- {X~, X2 . . . . .  X,} be a 

classification of U for the system S = (U, Q, V, ~). 

First, we will estimate classifications of U. 

The accuracy of approximation Qf Z by P in S, denoted by tip(H), is 

xT=, I_P~I 
Y.7=, IP~l  

The accuracy tip(H) is the ratio of  the sum of the numbers of  all certainly classified 

objects of  attributes from P, to the sum of the numbers of all possibly classified 
objects, by attributes from P. 

The quality of approximation of l by P in S, denoted by 7p(l), is 

Xn=l ]PX/i I 
ru[ 

The quality 7p(l) is the ratio of  the sum of the numbers of  all certainly classified 

objects by attributes from P, to the number of  all objects of  the system. 
Now, we can estimate how one classification of U depends on another. 

P and P '  be nonempty subsets of  O. Let l and l '  he classifications of  U 

gcne,ated by P and P '  in S, respectively. 
We say that P' depends in degree k on P in S, and denote it by P ~ P ' ,  iff 

7p(l') = k. We say that P' totally depends on P in S i f fk = 1, we say that P' roughly 
depends on P in S iff 0 < k < 1, and we say that P' is totally independent on P in S 
i f fk  = 0. 

At the same time, we may say that l '  depends in degree k on l in S and denote it 

by 

k 
l ' l i f f P - - ~  P ' .  

8. Example 2 

Another example of an information system S is given by Table II, which serves two 
purposes. First, it may be interpreted as a real world example like Table I, e.g. it may 

represent nine patients x~, .x 2 . . . .  , X9, tWO tests c~ and c2, and decisions of  six experts 
d~, d2 . . . . .  d6. On the basis of  values of  tests, experts classify patients as being on 
some level of  disease. Experts may be inconsistent, e.g. d2 has assigned different values 
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Q 

C D 

c, c2 d, d: d~ d, d~ d~ 

U 

xl v I w I 0 0 0 0 0 0 

x2 vl  w2 1 0 0 0 0 0 

x3 va w~ 0 0 0 1 2 1 

x 4 v I w 2 1 0 0 1 2 1 

X 5 V 2 W 2 0 0 0 0 0 0 

X 6 V 2 W 2 0 l l 1 1 1 

x 7 v a w t I 1 0 0 1 0 

xg v 3 w I 1 1 1 1 2 1 

x 9 v 3 w I 1 1 1 1 2 2 

for patients x5 and x 6, characterized by the same values of  tests c I and c2. Experts 
differ among themselves; they assign different values for the same patients, and they 
even assign different numbers of levels as well. Secondly, Table II is an illustration for 

all six different classifications, defined in Section 6. 
The classification, generated by the set C of  conditions, is equal to 

{{x,, x3}, {x2, x4}, {x5, x6}, (x7, xs, x9}/. 

We will discuss separately each member of the decision set D. Assuming that we 
deal with six experts, each decision corresponds to the actions of a different expert. 

Let us start from dl. The classification, generated by (d~ }, is 

We have _PzI = Cgl and, thus, gl is C-definable in S. 
We may represent actions of the first expert by rules, i.e. conditional statements that 

specify actions under conditions. Rules are built from constants 0 and 1, atomic 
expressions of the form (a := v), where a is an attribute and v is a value, and Boolean 
operations: --1, v ,  and & (negation, disjunction, and conjunction, respectively). An 
atomic expression (a ,=  v) is to mean the set of  all objects x in U such that 
r a) -- v. 0 means the empty set and 1 means the set U. Thus 

(el -'= vl) & (c: ,= wl) v (c, .'= v2) ~ (dl .'= 0), 

(c~ ,= v~) & (c2 ,= w2) v (c~ .'= v3) =~ (d, .'= 1). 

Moreover, both the accuracy and quality of approximation of )fi by C in S are equal 
to 1. This means that {d~ } totally depends on C in S. 

The classification, generated by {dE}, is 

so the C-lower approximation of ~(2 in S is 

_cx  = {{x, ,  x4}, {x7, 
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and C-upper approximation of  Z2 in S is 

CZ2 = {{Xl, x2, x3, x4, x5, x6}, {Xs, x6, x7, x8, x9}}. 

This means that Z2 is roughly C-definable, strong in S. In this case we have two 
different sets of rules, associated with C:t2 and CZ2, respectively. The first set of  rules 
we may call certain. They are 

( c i " = v l )  ~ ( d 2 " =  0) and ( c l . ' = v 3 ) ~ ( d 2 : =  1). 

The second set of  rules is the possible set: 

(c,  , =  v , )  v (c,  , =  v~)  v (c~ .'= w~) =~ (d~ , =  0)  

and 

(cj ,=  v~) v (c, .'= v3)  . ~  (d2 . '= 1). 

The accuracy of approximation of Z2 by C in S is flc(Xz) = 7/11 = 0.636, the 
quality of  approximation of  X2 by C in S is ~c(X2) = 7/9 = 0.778. We may say that 
Z2 depends in degree k = 0.778 on the classification of  U generated by C, or that {d2 } 
roughly depends on C in S. 

The classification generated by {d3 } is 

x3 = {{x, ,  x2, x3, x4, xs, ~7}, {x6, ~8, x9}}, 

its C-lower approximation in S is 

_cz3 = {{x., x2, x3, x,}, ~},  

and its C-upper approximation in S is 

cz~ = {u, {~5, x6, xT, xs, x~}}. 

Thus, :~3 is roughly C-definable, weak in S. There is only one certain rule: 
(cl .'= vl) => (d3 .'= 0) (we disregard rules with antecedants equal to zero) and two 
possible rules: 

1 =~ (d3 '= 0) and (cl .'= v2) v (el , :  v3) =r (d3 .'= 1). 

Moreover, tic(X3) = 4/14 = 0.286 and 7c(~3) = 4/9 = 0.444. 
The next classification, generated by {d4}, is 

x4 = {{x, ,  x~, x~, ~}, {x~, x4, x6, xs, ~9}}. 

For both members of  ~4, their C-lower approximations in S are equal to the empty 
set, and their C-upper approximations in S are equal to the set U. Hence, X4 is totally 
C-undefinable in S, and fl~(Z4) = 7c(X,) = 0. Also, {d4} is totally independent on C 
in S. Possible rules are 1 =~ (d4 .'= 0) and 1 =~ (d4 ,= 1). 

The classification generated by {d5 } is 

x~ = {{x, ,  x~, ~ } ,  {x~, x4, xs, x9}, {~, ~}}. 
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For all three members of:ts, their C-lower approximations in S are equal to the empty 
set, and 

c z 5  = {{x,, x2, x3, x , ,  x~, x6}, 

{x, ,  x2, x3, x , ,  xT, xs,  x9}, {x~, xo, ~7, xs,  ~9}} 

so Z5 is internally C-undefinable, strong in S. 
There are no certain rules and three possible rules 

(c, := v,) v (c, := v2) v (c2 '= w2) ~ (d5 := 0), 

(c, ..= v~) v (c, ,= v~) =~ (d~ .'= 1), 

(C 1 : =  V l )  V (C 1 : =  7.)3) V (C 2 : =  W1) ~ ( d  5 : =  2) .  

However, flc(•5) = ~c(Xs)  = O. 

Finally, the classification generated by {d6} is 

z6 = {{x,,  ~ ,  ~5, xT}, {x~, x4, ~6, ~8}, {~9}}. 

Again, for all three members of Z6, their C-lower approximations in S are equal to the 

empty set, but CZ6 = {U, {xT, Xs, Xg}} and •6 is internally C-undefinable, weak in S. 
The certain rules do not exist, and the possible rules are 

I ~ ( d  6 : =  0), 1 ~ (d 6 .'= 1) and (c, .= v3) = (d6 ' =  2). 

Like for gs, fl,(Z6) = Yc(X6) = 0. 
In the example, actions of six experts are described by values of conditions. Each 

expert produced a different type of classification of U, starting from C-definable and 
ending on totally C-undefinable. Obviously, we cannot evaluate experts on the basis 
of the type of their classifications. We may only say that the actions of  the experts are 
described in a better or worse way by the values of  conditions in the system S. 

9. Conclusions 

A new approach to knowledge acquisition under uncertainty was presented, based on 
rough set theory. The real world phenomena are represented by information systems, 
where inconsistencies are included. Such inconsistencies are present because of  
different actions of the same expert for different objects described by the same values 
of conditions. Different actions of different experts for the same object are another 
source of inconsistency. 

For a set of conditions of the information system, and a given action d of an expert, 
lower and upper approximations of a classification, generated by d, may be computed 
in a straightforward way, using their simple definitions. Such approximations are the 
basis of rough set theory. From these approximations, certain and possible rules may 
be determined for action d, again in a straightforward way, as it is clear from 
Example 2. Induced rules are categorized into certain and possible, because they are 
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computed from lower and upper approximations, respectively. Note that possible 
rules may be characterized by measures of uncertainty, see Section 7. 

Certain rules may be propagated separately during the inference process, producing 
new certain rules. Similarly, possible rules may be propagated in a parallel way. 
Therefore, the production system of an expert system may be divided into two parallel 
subsystems, for certain and possible rules. Propagation of rules in both subsystems 
may occur concurrently. Thus, a new implementation of production systems, based 
on rough set theory, is possible. The advantage of that implementation follows from 
parallel processing. 

The taxonomy of all possible expert classifications, making their decisions in an 
inconsistent way, is presented here. The taxonomy is also based on rough set theory. 
The significance of this taxonomy follows from the fact that any classification of 
objects by an expert is included in that taxonomy and this, in turn, has immediate 
conclusions, useful for induction of rules, as it is clear from the last example. 
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