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Motivation

(•) Function algebras provide machine–independent

characterizations of complexity classes.

(•) We can associate to each theory T a function

algebra: R(T), the class of the provably to-

tal computable functions (p.t.c.f.) of T.

f is a p.t.c.f. of T if there is a Σ1–formula

ϕ(~x, y) such that ϕ defines f in the standard

model and T proves ∀~x ∃!y ϕ(~x, y).

(•) If C = R(T) then model–theoretic and proof–

theoretic properties of T can be used to estab-

lish results on C, and viceversa.

Prominent examples: Bounded Arithmetic

(?) (Functions in)Polynomial Time Hierarchy

Fph = R(I∆0 + Ω1)

(?) (Functions in)Linear Time Hierarchy



Content

Problem: Given a theory T in the language of

first–order Arithmetic, to characterize the class

of primitive recursive functions in R(T),

that is, the class PR ∩R(T).

(I) Firstly, we obtain a theory T′ satisfying

PR ∩R(T) = R(T′).

Tools:

(–) ∆0–generated function algebras.

(–) Axiom schemes for ∆1(T)–formulas.

(II) Secondly, we characterize PR ∩ R(T) as a

function algebra described in terms of (a re-

stricted version of) bounded recursion.

Tools:

(–) The function algebra EC.
(–) Conservation results between FO theories:

the theory C–BRA.

(III) Finally, we discuss applications to open prob-

lems both in Complexity Theory and in Logic.



∆0–generated function algebras

Question: Under which conditions on C does

there exist a theory T satisfying C = R(T)?

If T extends I∆0 then

(1) R(T) is rudimentary, that is, is closed under

composition and contains Grzegorczyk’s classM2;

(2) for each function f ∈ C there are g1, g2 ∈ C
with ∆0–definable graph satisfying f = g1 ◦ g2.

Definition. C is ∆0–generated if it satisfies

properties (1) and (2) above.

Theorem. The following are equivalent:

1. C is a ∆0–generated function algebra.

2. There exists a theory T (extending I∆0) such

that C = R(T).

(Proof ): T = I∆0 + {∀x∃y θf(x, y) : f ∈ C0},
where C0 = {f ∈ C with a ∆0–definable graph}.

Remark. If C1, C2 are ∆0–generated, so is C1∩C2.

In particular, PR ∩R(T) is ∆0–generated.



Axiom schemes for ∆1(T)–formulas

Let T be an extension of I∆0.

(–) ∆1(T) = {ϕ ∈ Σ1 : there is φ ∈ Π1 such that

T proves ϕ ↔ φ}.
(–) I∆1(T) = P− + { Iϕ(x,~v) : ϕ ∈ ∆1(T) }.
(–) L∆1(T) = P− + {Lϕ(x,~v) : ϕ ∈ ∆1(T)}.
(–) T has ∆1–induction if T extends I∆1(T).

Theorem.

1. PR ∩R(T) ⊆ R(I∆1(T)).

2. If T has ∆1–induction then

PR ∩R(T) = R(I∆1(T)).

(Proof ): For each Π2–sentence, ϕ:

if IΣ1 ` ϕ and T ` ϕ then I∆1(T) ` ϕ.

Remark. If T is a sound theory then

PR ∩R(T) = R(I∆1(T)−).



The function algebra EC

Let C be a ∆0–generated function algebra.

f is defined from g, h by C–bounded recursion if

(–) f (~x, 0) = g(~x), f (~x, y+1) = h(~x, y, f (~x, y));

(–) f is bounded by C ∈ C.

Definition. EC is the smallest class of func-

tions containing the basic functions(zero, suc-

cessor, projections) and closed under composi-

tion and C–bounded recursion.

Question: Under which conditions on C does it

hold that PR ∩ C = EC?

Remark.

PR ∩ C ⊆ EC
↓ ↓

R(L∆1(T)) ⊆ R(T?)

↓ ↓
L∆1(T) 99K T?

Π2-conservativeness



C–Bounded Recursive Arithmetic

Language: LCpr =
⋃

j∈ω Lj, where

L0 = L + {Bf : f is a basic function}
Lj+1 = Lj + {ft : t is a term of Lj}+

{ft1,t2,g : t1, t2 terms of Lj, g ∈ C such that

the function defined by primitive recursion

from t1,t2 is bounded by g}
Axioms: P− together with

(1) Bs(x) = x + 1, BΠn
i
(~x) = xi, BO(x) = 0,

(2) ft(~x) = t(~x),

(3) ft1,t2,g(~x, 0) = t1(~x)

ft1,t2,g(~x, y + 1) = t2(~x, y, ft1,t2,g(~x, y)),

(4) Open Induction.

Lemma. It holds that

1. C–BRA is universally axiomatizable.

2. C–BRA admits definition by cases.

3. In C–BRA each ∆0–formula is equivalent

to an open formula.

Lemma. RLCpr
(C–BRA) = EC

(Proof ): Herbrand’s Theorem.



A conservation result for C–BRA

Theorem. Let T be a (sound) Π2–axiomatized

extension of I∆0 and C = R(T).

For each Π2–sentence, θ, if L∆1(T) proves θ

then C–BRA proves θ.

(Proof ): We follow Avigad’s work in [1] “Satu-

rated models of universal theories” APAL, 2002.

Definition. A is Herbrand saturated if for

each ϕ(~x) ∈ ∃2 and ~a ∈ A such that B |= ϕ(~a),

for some B, A ≺∀1 B, it holds that A |= ϕ(~a).

Lemma. Every Herbrand saturated model of

C–BRA is a model of L∆1(T).

As proved in [1], by previous Lemma, the Theorem

follows.

Corollary. Let C be a ∆0–generated function

algebra. Then PR ∩ C ⊆ EC.
(Proof ): Take T satisfying C = R(T). Then

PR ∩ C ⊆ R(I∆1(T)) ⊆ R(L∆1(T)) ⊆ EC



PR ∩ C = EC

Lemma. If C1, C2 are rudimentary, C1 ⊆ C2

and C1 is unbounded in C2, then

C2 is ∆0–generated =⇒ C1 = C2.

(Proof ): Take f ∈ C2 with ∆0–definable graph

and g ∈ C1 such that f ≤ g.

h(~x, z) = (µy)≤z (f (~x) = y)︸ ︷︷ ︸
∈M2

Then h ∈M2 and f (~x) = h(~x, g(~x)); so, f ∈ C1.

Theorem. If C is a ∆0–generated function al-

gebra closed under bounded minimization, then

EC is ∆0–generated ⇐⇒ PR∩ C = EC.
(Proof ): Since C is closed under bounded mini-

mization, PR ∩ C is unbounded in EC.

Corollary. If C is ∆0–generated, contains exp

and is closed under bounded minimization, then

PR ∩ C = EC.
(Proof ): Since exp ∈ C, EC is ∆0–generated.



Applications and final remarks(I)

From Logic to Computer Science:

Classes Flth and Fph are:

(–) contained in PR.

(–) ∆0–generated. In fact, Flth = R(I∆0) and

Fph = R(I∆0 + Ω1).

(–) closed under bounded minimization.

Therefore,

Flth = EFlth ⇐⇒ EFlth is ∆0–generated

Fph = EFph ⇐⇒ EFph is ∆0–generated

But EFlth = Flinspace = E2 (R.W. Ritchie),

and EFph = Fpspace (D.B. Thompson).

Corollary.

1. If Flinspace is ∆0–generated then

Flinspace = Flth.

2. If Fpspace is ∆0–generated then

Fpspace = Fph.



Applications and final remarks(II)

From Computer Science to Logic:

Open problem: BΣ−1 ⇐⇒ UI∆1 ?

(•) If T extends I∆0 + exp and C = R(T) is

closed under bounded minimization,

R(I∆1(T)) = R(L∆1(T)) = EC = PR ∩ C.

An (apparently) weaker hypothesis for (•):
(IC): C = R(T) and T has ∆1–induction.

Question (?) If C is ∆0–generated and satisfies

(IC), every function in C is bounded by a nonde-

creasing function in C.

Corollary. If Question (?) holds, BΣ−1 + exp

and UI∆1 +exp are equivalent modulo Π1–true

sentences.


