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Introduction and motivation

(•) Main topic: relationship between induction and

minimization for ∆1 formulas.

I∆1 is P− joint with

∀x (ϕ(x, v) ↔ ψ(x, v)) → Iϕ,x

where ϕ(x, v) ∈ Σ1 and ψ(x, v) ∈ Π1.

Open problem: L∆1 ⇐⇒ I∆1 ?

(•) Idea: to change the semantic part of the axioms

schemes on ∆1 formulas by a syntactic condition:

the equivalence between a Σ1 formula and a Π1 for-

mula is proved in a theory T.

∆1(T) = {ϕ ∈ Σ1 : there exists ψ ∈ Π1

such that T ` ϕ ↔ ψ}



Relativized Fragments

(•) Induction and minimization:

I∆1(T) = P− + { Iϕ : ϕ(x, v) ∈ ∆1(T) }
L∆1(T) = P− + {Lϕ : ϕ(x, v) ∈ ∆1(T) }

Remark:

(–) IΣ1 =⇒ L∆1(T) =⇒ I∆1(T) =⇒ I∆0.

Goal: Determine R(I∆1(T)), that is, the class of

the provably total recursive functions in I∆1(T).

(•) Union of theories:

T1 ∨ T2 = {ϕ1 ∨ ϕ2 : ϕ1 ∈ T1 and ϕ2 ∈ T2}
Remark:

(–) Suppose T1,T2 =⇒ I∆0. Then

R(T1 ∨ T2) = R(T1) ∩R(T2)



Conservativeness properties

Theorem 1: I∆1(T) =⇒ IΣ1 ∨ ThΠ2(T).

Corollary 1:

(a) IΣ1 is ThΠ2(T) conservative over I∆1(T).

(b) If IΣ1 =⇒ T and T is Π2–axiomatizable, then

I∆1(T) =⇒ T

Corollary 2: Suppose T =⇒ I∆0. Then

(a) PR ∩R(T) ⊆ R(I∆1(T)).

(b) If T =⇒ I∆1(T), then

I∆1(T) ⇐⇒ IΣ1 ∨ ThΠ2(T)

Hence it holds that

PR ∩R(T) = R(I∆1(T))



Provably total primitive recursive functions

Theorem 2: Suppose T =⇒ Iopen. Then

I∆1(T)− =⇒ IΣ−1 ∨ ThΠ2(T)

Corollary 3: Let T be a sound extension of I∆0.

R(I∆1(T)−) = PR ∩R(T)

Proof : (⊆): It follows by Theorem 2.

(⊇) It holds by the following remarks:

(1) T + ThΠ1(N ) =⇒ T + I∆−
1 =⇒ I∆1(T)−.

(2) R(T + ThΠ1(N )) = R(T).

Problem: Find an operator, O, satisfying

PR ∩R(T) = [Basic; Comp,O]



C–bounded recursion

Definition: Let C be a class of functions.

We say that a function f : ωn+1 → ω is defined

from g1, g2 by C–bounded recursion if there exists

h ∈ C such that f (~x, y) ≤ h(~x, y) and

f (~x, 0) = g1(~x), and f (~x, y + 1) = g2(~x, y, f (~x, y))

EC is the smallest class of (primitive recursive) func-

tions containing the basic functions and closed under

composition and C–bounded recursion.

Goal: Obtain conditions on T under which it holds

that ER(T) = PR ∩R(T).

Lemma: If T ` exp and R(T) is closed under

bounded minimization, then

ER(T) ⊆ PR ∩R(T)



C–Bounded Recursive Arithmetic

The theory C–BRA is given by:

(–) Language: LCpr = ∪i∈ωLi, where

L0 = L plus a function, Bf , for each basic function.

Lj+1 = Lj plus a function, ft, for each term of Lj,

and a function, ft1,t2,h, for each h ∈ C and each t1, t2

terms of Lj such that R(t1, t2) is bounded by h.

(–) Axioms:

(1) P−

(2) BS(x) = x+1, BΠn
i
(x1, ..., xn) = xi, BO(x) = 0

(3) ft(~x) = t(~x)

(4) ft1,t2,h(~x, 0) = t1(~x)

(5) ft1,t2,h(~x, y + 1) = t2(~x, y, ft1,t2,h(~x, y))

(6) Open Induction

Remark: If C = PR, then C–BRA is essentially

the Primitive Recursive Arithmetic.



J. Avigad’s results on universal theories

Saturated models of universal theories, Avigad

Annals of Pure and Applied Logic 118(2002)

Definition: A is ∃2–closed if for each ϕ ∈ ∃2 such

that B |= ϕ, where A ≺∀1 B, it holds that A |= ϕ.

Theorem Av1: Let A be a ∃2–closed model.

Suppose that A |= ∀~x∃y ϕ(~x, y,~a), where ϕ is an

open formula. Then there is a universal formula

ψ(~z, ~w) and terms t1, . . . tk such that

|= ψ(~z, ~w) → ∨
1≤j≤k ϕ(~x, tj(~x, ~z, ~w), ~z)

Theorem Av2: Let T2 be a universal theory and

let T1 in the language of T2. If every ∃2–closed

model of T2 is a model of T1, then every ∀2 theorem

of T1 is a theorem of T2.



C–BRA is Π2 conservative over I∆1(T)

Theorem 3: Let T be a sound extension of I∆0

and let C = R(T). Then for every Π2 sentence, θ,

it holds that

I∆1(T) ` θ =⇒ C–BRA ` θ

Proof : (Sketch)

Claim 1: In C–BRA, every bounded formula is

equivalent to an open formula.

Claim 2: C–BRA is a universal theory.

Claim 3: Every ∃2–closed model of C–BRA is a

model of I∆1(T).

Corollary 4: Let T be a sound extension of I∆0.

Then PR ∩R(T) ⊆ ER(T).

Proof : Let us observe that

PR ∩R(T) ⊆ R(I∆1(T)) ⊆ ER(T)



Final remarks and open problems (I)

Result: Let T be a sound extension of I∆0 +exp

such that R(T) is closed under bounded minimiza-

tion. Then R(I∆1(T)−) = PR ∩R(T) = ER(T).

(•) Problem: Can “T ` exp” be eliminated?

Answer: Yes, if ER(T) is ∆0–generated.

Definition: C is ∆0–generated if for each f ∈ C
there exist g1, g2 ∈ C with ∆0 definable graph such

that f = g1 ◦ g2.

Remark: If M2 ⊆ C and C is closed under com-

position, the following conditions are equivalent:

(–) C is ∆0–generated.

(–) There exists T =⇒ I∆0 such that C = R(T).

Remark: EM2
= E2 and EFph = Fpspace, so

E2 = M2 ⇐⇒ E2 is ∆0–generated

Fpspace = Fph ⇐⇒ Fpspace is ∆0–generated



Final remarks and open problems (II)

Suppose IΣ1 =⇒ T =⇒ I∆0, T sound and Π2–

axiomatizable, and C = R(T) closed under bounded

minimization. Then

(–) I∆1(T) is Π2–axiomatizable.

(–) C–BRA extends I∆1(T).

(•) Problem:

C–BRA =⇒ L∆1(T)︸ ︷︷ ︸
conservative?

=⇒ I∆1(T) =⇒ T

Answer: Yes, if T ` exp.

Remark:

(T ≡ I∆0): Observe that M2–BRA ≡ IE2
∗ .

Is IE2
∗ conservative over I∆0?

(T ≡ I∆0 + Ω1):

Is Fph–BRA conservative over I∆0 + Ω1?


