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Introduction and Motivation(I):

Question: How much parametric induction is available if we only

assume parameter free induction?

• Axiom schemes in Arithmetic:

(–) The induction axiom for ϕ, Iϕ, is

ϕ(0,v) ∧ ∀x (ϕ(x,v)→ ϕ(x + 1,v)) → ∀xϕ(x,v)

(–) The collection axiom for ϕ, Bϕ, is

∀x ∃y ϕ(x, y,v) → ∀z ∃u ∀x ≤ z ∃y ≤ uϕ(x, y,v)

v  parameters, that is, extra free variables in ϕ.

• Subsystems of Peano Arithmetic(PA):

Σn–induction: IΣn = P− + {Iϕ : ϕ(x,v) ∈ Σn}
Σn–collection: BΣn = I∆0 + {Bϕ : ϕ(x, y,v) ∈ Σn}

• Parameter free fragments: IΣ−n , IΠ−n , BΣ−n , ...

(Kaye-Paris-Dimitracopoulos, J.Symb.Logic’88)
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Introduction and Motivation(II):

Main idea: To study variants of the Σn–induction and Σn–collection

schemes where the parameters are restricted to belong to some class

of definable elements of the model.

• LOCAL axiom schemes in Arithmetic:

(–) The induction axiom for ϕ and z, Izϕ, is

ϕ(0,v) ∧ ∀x (ϕ(x,v)→ ϕ(x + 1,v)) → ϕ(z,v)

(–) The collection axiom for ϕ and z, Bz
ϕ, is

∀x∃y ϕ(x, y,v) → ∃u ∀x ≤ z ∃y ≤ uϕ(x, y,v)

v  extra free variables in ϕ.

z  the element for which the axiom holds.

• Σn–Definable elements:

Kn(A) = {a ∈ A : a is Σn–definable in A}
In(A) = {b ∈ A : ∃a ∈ Kn(A) such that b ≤ a}
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Fragments up to definable elements:

• Let Γ be Σk, Πk. Let A,B denote Kn(A), or In(A).

IND(Γ, A,B)≡
{

local induction for Γ–formulas with

parameters “v ∈ A” and for elements “z ∈ B”.

COL(Γ, A,B)≡
{

local collection for Γ–formulas with

parameters “v ∈ A” and for elements “z ∈ B”.

• How to express the quantifiers “∀z ∈ Kn+1(A)” or “∀z ∈ In+1(A)”

in the language of Arithmetic L = {0, 1,+, ·,≤,=}?

Lemma. Suppose A |= IΣ−n . For each a ∈ Kn+1(A) there is b

Πn–minimal in A such that a = (b)0.

“∀z ∈ Kn+1(A)” Φ(z)

m
{∀z, z′ [z′ = (µu) δ(u) ∧ z = (z′)0 → Φ(z)] : δ(u) ∈ Π−n }
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Our results

Fragments up to definable elements are interesting because...

(A) provide precise answers to our initial question:

How much parametric induction is available if we only as-

sume parameter free induction?

IΣ−n+1  parametric induction up to Σn+2–definable elements

IΠ−n+1  parametric induction up to Σn+1–definable elements

(B) provide useful characterizations of classic fragments of PA.

Most remarkably, we obtain (modulo IΣn)

L∆−n+1 ≡ COL(Σn+1, ∅,Kn+1(A))

As a consequence, from Slaman’s Theorem we derive:

I∆−n+1 ≡ L∆−n+1 (over IΣn + exp)

Methods: refinements of arguments in the paper [KPD’88].
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Induction up to definable elements(I)

Parameter free Σn+1–induction:

Theorem. IΣ−n+1 ` IND(Σ0(Σn+1), In+2(A), In+2(A)).

Proof:

Step 1: IΣ−n+1 `MIN(Πn+1,Kn+2(A),A).

Step 2: For each ϕ(x, v) ∈ Σ0(Σn+1), a, p ∈ In+2(A),

∀x ≤ a (ϕ(x, p) ↔ x ∈ b)
So, every Σ0(Σn+1) is equivalent to a ∆0–formula below In+2(A).

Parameter free Πn+1–induction:

Theorem. Suppose A |= IΣ−n . The following are equivalent:

(a) A |= IΠ−n+1.

(b) A |= IND(Σn+1,Kn+1(A),Kn+1(A)).

(c) (+BΣn) A |= IND(Σ0(Σn+1), In+1(A), In+1(A)).

Proof: For each ϕ(x, v) ∈ Σ0(Σn+1), a, p ∈ In+1(A),

∀x ≤ a (ϕ(x, p) ↔ x ∈ b)
So, every Σ0(Σn+1) is equivalent to a ∆0–formula below In+1(A).
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Induction up to definable elements(II)

Application: Σn+2–conservation results

Lemma. IΠ−n+1 ` COL(Σn+1, ∅,Kn+1(A)).

Proof: Assume θ ∈ Πn defines a total function. Apply local induc-

tion for z ∈ Kn+1(A) and for the Σn+1–formula:

∃u ∀x ≤ z∃y ≤ u θ(x, y)

Theorem. BΣn+1 is Σn+2–conservative over IΠ−n+1.

Proof: Assume that BΣ−n+1 ` ϕ but there exists A |= IΠ−n+1 + ¬ϕ,

where ϕ ∈ Σn+2. Then

(–) In+1(A) |= BΣ−n+1. [[A |= IΣ−n suffices]]

(–) In+1(A) |= ThΠn+2(A). [[Lemma+usual proof]]

So, In+1(A) |= BΣ−n+1 + ¬ϕ. Contradiction.
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Collection up to definable elements(I)

Main result: characterization of the scheme of parameter free

∆n+1–minimization L∆−n+1 in terms of collection principles.

Theorem. Suppose A |= IΣ−n . The following are equivalent:

(a) A |= ThΣn+2(BΣn+1).

(b) A |= COL(Σn+1, ∅,Kn+1(A)).

(c) (+IΣn) A |= L∆−n+1.

Proof: (a)⇐⇒(b): Using basic properties of In+1(A).

(b)⇐⇒(c): As in Gandy’s proof of BΣn+1 ≡ L∆n+1.

Let θ(x, y) ∈ Πn such that A |= ∀x ∃y θ(x, y), a ∈ Kn+1(A).

Step 1: Define θ′(x, y) ≡ y = (µt) (θ(x, t)). Then

(–) ∀x ∃!y θ′(x, y).

(–) θ′(x, y)→ θ(x, y)

Step 2: We reason as in Gandy’s proof to obtain some b such that

A |= ∀x ≤ a∃y ≤ b θ′(x, y).

Remark. The assumption A |= IΣn only is used in Step 1.
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Collection up to definable elements(II)

Application: Σn+2–conservation results

Theorem. BΣn+1 is Σn+2–conservative over IΣn + L∆−n+1.

Corollary.

1. L∆−1 ≡ ThΣ2(BΣ1).

2. IΣn + L∆−n+1 ≡ ThΣn+2∪Πn+2(BΣn+1).

Application: Parameter free version of Paris’ Problem:

(–) Paris’ Problem: I∆n+1 ≡ L∆n+1?

(–) Parameter free version: I∆−n+1 ≡ L∆−n+1?

Slaman’s Theorem. Suppose A |= IΣn + exp. Then

A |= I∆n+1 ⇐⇒ A |= BΣn+1

Proof: Assume collection fails for θ(x, y, a) ∈ Σn+1 in [0, b]. Then

we construct ϕ(x, a, b) ∈ ∆n+1 defining a proper nonprincipal cut.
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Collection up to definable elements(III)

Theorem. Suppose A |= IΣn + exp.

A |= I∆−n+1 ⇐⇒ A |= L∆−n+1

Proof: Assume L∆−n+1 fails in A.

Step 1: By our characterization of L∆−n+1, there are θ(x, y) ∈ Σn+1

and a ∈ Kn+1(A) such that collection fails for θ(x, y) in [0, a].

Step 2: By Slaman’s proof, there are ϕ(x, a) ∈ Σ1 and ψ(x, a) ∈ Π1

(–) A |= ∀x (ϕ(x, a)↔ ψ(x, a)).

(–) induction fails for ϕ(x, a).

Step 3: Take δ(v) ∈ Σn+1 defining a in A. Define:

ϕ′(x) ≡ ∃v (δ(v) ∧ ϕ(x, v))

ψ′(x) ≡ ∀v (δ(v)→ ϕ(x, v))

Corollary.

1. I∆−1 + exp ≡ L∆−1 + exp.

2. IΣn + I∆−n+1 ≡ IΣn + L∆−n+1.
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Concluding Remarks

• Fragments up to definable elements provide useful new axiomati-

zations of parameter free fragments IΣ−n+1, IΠ−n+1, L∆−n+1.

• As an application, we derive new conservation (or, even collapse)

results for fragments of Arithmetic.

Future work: To drop the additional assumptions in the axioma-

tizations of IΠ−n+1 and L∆−n+1 obtained. Remarkably,

Question 1. L∆−n+1 ≡ ThΣn+2(BΣn+1)?

Question 2. Does I∆−n+1 imply L∆−n+1 over IΣ−n ?


