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Abstract. We study the strength of forms of the pigeonhole principle
(PHP) for increasing functions in subsystems of PA. We prove that
almost all models of I∆0 (resp. BΣ1) satisfy these forms of PHP for ∆0

(resp. ∆1) formulas.

Definition 1. B(Σn, a) is I∆0 plus the collection schema for Σn formulae,
up to a, i.e.,

∀x<a∃yϕ(x, y) → ∃z∀x<a∃y < zϕ(x, y),
for all ϕ ∈ Σn.

Definition 2. PHP (Σn, a) is the (strong or full) pigeon hole principle ax-
iom schema for Σn formulae ϕ up to a, i.e.,

ϕ does not define a bijective map : a → a− 1.

PHP ∗(Σn, a) will denote PHP (Σn, a), but with ϕ strictly increasing and
PHP ∗(Σn) denotes ∀aPHP ∗(Σn, a).

Definition 3. We define PHP (∆n, a) to be the axiom schema for ∆n for-
mulae, i.e., the schema

∀x<a∀y<a(ϕ(x, y, v̄) ↔ ψ(x, y, v̄)) →
ϕ does not define a bijective map from a into a− 1,

where ϕ(x, y, v̄) ∈ Σn and ψ(x, y, v̄) ∈ Πn.
Similarly, we define PHP ∗(∆n, a).

Theorem 1. i) For n ≥ 1,
IΣn ` B(Σn+1, a) ↔ PHP (Σn+1, a) ↔ PHP (∆n+1, a).
ii) I∆0 + exp ` PHP (Σ1) ↔ PHP ∗(Σ1) ↔ PHP ∗(∆1) ↔ I∆1 ↔ BΣ1.
iii )Let K |= I∆0 not of the form aN, for any a ∈ K. Then K |= PHP ∗(∆0).
iv) Let K |= BΣ1 not of the form aN, for any a ∈ K. Then K |= PHP ∗(∆1).

Problem. Does P− ` PHP ∗(∆1) → BΣ1?

A Partial Answer.

Proposition 2. P− ` PHP ∗(∆1, a) → I(∆1, a),
where I(∆1, a) is the induction schema for ∆1 formulae up to a, i.e.,

∀x<a + 1(ϕ(x, p̄) ↔ ψ(x, p̄)) →
[ϕ(0, p̄) ∧ ∀x<a(ϕ(x, p̄) → ϕ(x + 1, p̄)) → ϕ(a, p̄)],

for all ϕ ∈ Σ1 and ψ ∈ Π1.
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(Note that ∀aI(∆n, a) is equivalent to the usual I∆n). So the relationships
among the above schemas are

P− ` PHP (∆1) → BΣ1
∗→ PHP ∗(∆1) → I∆1,

where ∗ means “in most cases”. If we add exp to I∆1, then the converse
implications hold. If we do have not exp, it seems that we go from I∆1 back
to BΣ1 in most cases (see [6] or [8]). So we can ask another question:

Problem. Does P− ` BΣ1 → PHP (∆1)?

This problem seems to be related to the problem I∆0 ` PHP (∆0)? (see [1])
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