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Knowable — roots

Alonzo Church. First Anonymous Referee Report on Fitch’s ‘A

Definition of Value’. January or February 1945. (To Ernest Nagel,
coeditor of the Journal of Symbolic Logic.)

Frederic B. Fitch. A logical analysis of some value concepts. The
Journal of Symbolic Logic, 28(2):135–142, 1963.



Successful — roots of the Moore-sentence p ∧ ¬Kp

G.E. Moore. A reply to my critics. In P.A. Schilpp, editor, The
Philosophy of G.E. Moore, pages 535677. Northwestern University,
Evanston IL, 1942. The Library of Living Philosophers (volume 4).

“ ‘I went to the pictures last Tuesday, but I don’t believe that I
did’ is a perfectly absurd thing to say, although what is asserted is
something which is perfectly possible logically” (page 543). The
absurdity follows from the implicature ‘asserting ϕ implies Bϕ’
pointed out in Moore’s Ethics, 1912.



Successful and knowable

◮ ‘postulate of success’: after revision with ϕ, ϕ is believed.

Successful formulas: ϕ→ [ϕ]Kϕ is valid
If ϕ is true, then after announcing it ϕ is known.

◮ ‘Fitch’s knowability’: if ϕ is true, ϕ is knowable.

Knowable formulas: ϕ→ ♦Kϕ is valid
If ϕ is true, then there is an announcement after which ϕ is
known.

Fitch’s paradox proves that some unknown truths are unknowable:
∃p(p ∧ ¬Kp) is inconsistent with ∀q(q → ♦Kq),
because from these two follows ♦K (p ∧ ¬Kp).



Successful and knowable — example

p

1——0 ⇒ 1

p → [p]Kp p,Kp

p → ♦Kp



Arbitrary announcement logic

Language ϕ ::= p | ¬ϕ | (ϕ1 ∧ ϕ2) | Kaϕ | [ϕ1]ϕ2 | �ϕ

Structures pointed Kripke models with equivalence relations

Semantics

M, s |= p iff s ∈ Vp

M, s |= ¬ϕ iff M, s 6|= ϕ

M, s |= ϕ ∧ ψ iff M, s |= ϕ and M, s |= ψ

M, s |= Kaϕ iff for all t ∈ S : s ∼a t implies M, t |= ϕ

M, s |= [ϕ]ψ iff M, s |= ϕ implies M|ϕ, s |= ψ

M, s |= �ϕ iff for all epistemic ψ : M, s |= [ψ]ϕ

M|ϕ: restriction of model M to the states where formula ϕ is true.
Abbreviations: ♦ϕ for ¬�¬ϕ, K̂aϕ for ¬Ka¬ϕ, 〈ϕ〉ψ for ¬[ϕ]¬ψ.



Example of the semantics: ♦(Kap ∨ Ka¬p) is valid

♦ϕ is true in a model, iff
there is an epistemic ψ such that 〈ψ〉ϕ is true, iff
there is a ... model restriction such that ϕ is true in the restriction.

1——0 ⇒ 1
p

♦(Kap ∨ Ka¬p), 〈p〉(Kap ∨ Ka¬p) p,Kap

1——0 ⇒ 0
¬p

♦(Kap ∨ Ka¬p), 〈¬p〉(Kap ∨ Ka¬p) ¬p,Ka¬p

Moore-sentence: p ∧ ¬Kp

p ∧ ¬Kp ⇒ Kp,¬p ∨ Kp,¬(p ∧ ¬Kp)



Validities, theory

◮ |= �(ϕ ∧ ψ)↔ (�ϕ ∧�ψ)

◮ |= �ϕ→ ϕ

◮ |= �ϕ→ ��ϕ

◮ |= ♦�ϕ→ �♦ϕ

– more expressive than epistemic logic
– complete finitary axiomatization
– non-compact
– undecidable [French & vDitm, AiML 2008]
– model checking PSPACE-complete [Agotnes et al., manusc. 08]

[Balbiani, Baltag, v Ditmarsch, Herzig, Hoshi, de Lima 2007 & 08]
What can we achieve by arbitrary announcements? TARK 2007.
‘Knowable’ as ‘known after an announcement.’ RSL, to appear.



Validities |= �ϕ→ ��ϕ

A sequence of two announcements is again an announcement.

[ψ][χ]ϕ↔ [ψ ∧ [ψ]χ]ϕ



Validities |= ♦�ϕ→ �♦ϕ

χ ψ

χ′ ψ′



Implicit quantification over atomic propositions

M, s |= ♦ϕ

iff
M ′, s |= 〈p〉ϕ for an atom p not occurring in ϕ,
where M ′ only differs from M in the valuation of atoms not in ϕ.



Implicit quantification over atomic propositions

M, s |= ♦ϕ

iff
M ′, s |= 〈p〉ϕ for an atom p not occurring in ϕ,
where M ′ only differs from M in the valuation of atoms not in ϕ.

Proof of |= ♦�ϕ→ �♦ϕ (Church-Rosser) by contradiction:

M, s |= ♦�ϕ ∧ ♦�¬ϕ
⇒ apply the above
M ′, s |= 〈p〉�ϕ ∧ 〈q〉�¬ϕ
⇒
M ′, s |= 〈p〉[q]ϕ ∧ 〈q〉[p]¬ϕ
⇒
M ′, s |= 〈p ∧ q〉(ϕ ∧ ¬ϕ)



Interaction between K , [ ], and �

◮ Preserved: |= ϕ→ �ϕ

Positive: ϕ ::= p|¬p|ϕ ∨ ϕ|ϕ ∧ ϕ|Kaϕ|[¬ϕ]ϕ|�ϕ
[v Benthem 1999], [v Ditm. & Kooi 2006], [Balb. et al. 2007]

◮ Successful: |= [ϕ]ϕ
[Gerbrandy 1999 & 2007], [Qian 2004], [v Ditm. & Kooi 2006]

◮ Knowable: |= ϕ→ ♦Kaϕ

[v Benthem 2004], [Moss & Parikh 1992], [Balb. et al. 07]

◮ Cartesian: 6|= ¬Kaϕ (Baϕ satisfiable)
[Tennant 1997]

◮ Self-refuting: |= [ϕ]¬ϕ

◮ Crazy: |= ϕ→ Ba¬ϕ
[Aucher 2008]



Fragments, and interaction between K , [ ], and �

◮ Positive: ϕ ::= p|¬p|ϕ1 ∨ ϕ2|ϕ1 ∧ ϕ2|Kaϕ|[¬ϕ1]ϕ2|�ϕ

◮ Preserved: |= ϕ→ �ϕ

◮ Successful: |= [ϕ]ϕ

◮ Knowable: |= ϕ→ ♦Kaϕ OR: ϕ ∧ ♦Kaϕ is satisfiable

◮ Positive formulas are preserved. (And vice versa?)
Inductive case: M, s |= [¬ϕ]ψ iff (M, s |= ϕ or M|¬ϕ, s |= ψ)

◮ Preserved formulas are successful.
|= ϕ→ �ϕ implies |= ϕ→ [ϕ]ϕ iff |= [ϕ]ϕ.

◮ Successful formulas are knowable.
|= [ϕ]ϕ iff |= ϕ→ 〈ϕ〉Kaϕ implies |= ϕ→ ♦Kaϕ.

◮ Some successful formulas are not positive: ¬Kap.

◮ What is the syntactic fragment of the successful formulas?
Is there a knowable but not successful formula?



Arbitrary event logic

◮ arbitrary informative events:

M, s |= ♦ϕ

iff
there is an action model 〈U, e〉 such that M, s |= 〈U, e〉ϕ

◮ arbitrary events (including factual change)

♦ϕ is valid for all consistent ϕ! (on finite models)

[Hoshi 2006], [Balbiani et al. 2007], [v Ditmarsch & Kooi 2008], ...



Future event logic

◮ future events:

M, s |= ♦ϕ

iff
there is an (M ′, s ′) : (M, s)←(M ′, s ′) and M ′, s ′ |= ϕ

♦ϕ is true in an epistemic state
iff
ϕ is true in a refinement.

[vDitmarsch & French, TARK 2008 / KRAMAS 2008]



Future event logic

◮ future events:

M, s |= ♦ϕ

iff
there is an (M ′, s ′) : (M, s)←(M ′, s ′) and M ′, s ′ |= ϕ

♦ϕ is true in an epistemic state
iff
ϕ is true in a refinement.

[vDitmarsch & French, TARK 2008 / KRAMAS 2008]

↔ bisimulation: atoms, forth, back

→ simulation: atoms, forth

← refinement: atoms, back



Results for future event logic

◮ action model execution is a refinement

◮ decidable (and for extensions too)

◮ expressivity (somewhat open but) known
(via encoding to bisimulation quantified logics, roughly
comparable with mu-calculus)

◮ complexity open

◮ axiomatization open and hard



Group announcement logic

Knowledge, knowability, and ability

There is an announcement by agents in subgroup G ⊆ A such that:

◮ group announcement:

M, s |= 〈G 〉ϕ
iff
there are epist. ψ1, . . . , ψ|G | : M, s |= 〈K1ψ1 ∧ . . .K|G |ψ|G |〉ϕ

Two group announcements make one: 〈G 〉〈G 〉ϕ→ 〈G 〉ϕ.
Group announcement logic can formalize protocols.
Different version of the semantics embeds coalition logic.

◮ 〈a〉ϕ: agent a has the ability to make ϕ true?

◮ 〈a〉ϕ does not imply Ka〈a〉ϕ.

◮ Ka〈a〉ϕ does not imply that a knows which ann. to make. (?!)



Being able to, knowing that, but not knowing how
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ϕ = K2q ∧ (¬K2p ∨ K̂1(K2p ∧ ¬K2q))

◮ s |= 〈1〉ϕ, because s |= 〈K1q〉ϕ; (but t |= 〈K1q〉¬ϕ)

◮ t |= 〈1〉ϕ, because t |= 〈K1p〉ϕ; (but s |= 〈K1p〉¬ϕ)

◮ therefore s |= K1〈1〉ϕ.

It is counter-intuitive to say that 1 can make ϕ come about in s:
1 has to use different announcements in indiscernible states.
There is no announcement for 1 after which ϕ is true in s and t.



Knowledge de re and knowledge de dicto

1. agent i knows de dicto that she can achieve goal ϕ:
for all t ∼i s, there is an epistemic ψ, (M, t) |= 〈Kiψ〉ϕ

2. agent i knows de re that she can achieve goal ϕ:
there is an epistemic ψ, for all t ∼i s, (M, t) |= 〈Kiψ〉ϕ

1. knowledge de dicto is expressed by the formula Ki 〈i〉ϕ

2. knowledge de re is expressed by the formula 〈i〉Kiϕ

(and this is a result!)

Validities where de re, de dicto and ability interact:

◮ Ki 〈i〉ϕ→ 〈i〉ϕ Knowledge de dicto implies ability.

◮ 〈i〉Kiϕ→ Ki 〈i〉ϕ Knowledge de re implies knowl. de dicto.

◮ 〈i〉Kiϕ↔ Ki 〈i〉Kiϕ

[Ågotnes & v Ditmarsch 2008], [Jamroga & vd Hoek 2004],
[Ågotnes et al. 2008]


