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Ants Can Solve Constraint Satisfaction Problems
Christine Solnon

Abstract—In this paper, we describe a new incomplete approach
for solving constraint satisfaction problems (CSPs) based on the
ant colony optimization (ACO) metaheuristic. The idea is to use
artificial ants to keep track of promising areas of the search space
by laying trails of pheromone. This pheromone information is used
to guide the search, as a heuristic for choosing values to be assigned
to variables. We first describe the basic ACO algorithm for solving
CSPs and we show how it can be improved by combining it with
local search techniques. Then, we introduce a preprocessing step,
the goal of which is to favor a larger exploration of the search space
at a lower cost, and we show that it allows ants to find better solu-
tions faster. Finally, we evaluate our approach on random binary
problems.

Index Terms—Ant colony optimization (ACO), constraint satis-
faction problems (CSPs), local search.

I. INTRODUCTION

SOLVING constraint satisfaction problems (CSPs) involves
finding an assignment of values to variables that satisfies a

set of constraints. This general problem has many real-life ap-
plications, such as scheduling, resource allocation, pattern re-
gognition, and machine vision.

TosolveCSPs,onemayexplorethesearchspaceinasystematic
andcompleteway,untileitherasolution is foundor theproblemis
proventohavenosolution[31].Inordertoreducethesearchspace,
this kind of complete approach is usually combined with filtering
techniques that narrow the variables domains with respect to
some partial consistencies. Completeness is a very desirable
feature, but it often becomes intractable on hard combinatorial
problems. This is particularly true when filtering techniques
cannot reducedomainsenough tomakecompletesearch feasible.
Hence, incomplete approaches have been proposed that leave
out exhaustivity, trying to quickly find approximately optimal
solutions in an opportunistic way. In these approaches, the search
space is usually explored stochastically, using heuristics to guide
thesearch toward themostpromisingareas.

In this paper, we describe an incomplete approach for solving
CSPs based on the ant colony optimization (ACO) metaheuristic
[7], [8]. The idea is to keep track of promising areas of the search
space, by laying “pheromone” trails. This pheromone informa-
tion is used to guide the search, as a heuristic for choosing values
to be assigned to variables.

A. Ant Colony Optimization Metaheuristic

ACO is a stochastic approach that has been proposed to
solve different hard combinatorial optimization problems such
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as traveling salesman problems [6], [9], [10], graph coloring
problems [4], quadratic assignment problems [12], [20], and
vehicle routing problems [1], [13]. The main idea of ACO is
to model the problem as the search for a minimum cost path
in a graph. Artificial ants walk through this graph, looking for
good paths. Each ant has a rather simple behavior so that it will
typically only find rather poor-quality paths on its own. Better
paths are found as the emergent result of the global cooperation
among ants in the colony.

The behavior of artificial ants is inspired from real ants: they
lay pheromone trails on the graph edges and choose their path
with respect to probabilities that depend on pheromone trails
and these pheromone trails progressively decrease by evapora-
tion. In addition, artificial ants have some extra features that do
not find their counterpart in real ants. In particular, they live
in a discrete world (a graph) and their moves consist of tran-
sitions from nodes to nodes. Also, they are usually associated
with data structures that contain the memory of their previous
actions. In most cases, pheromone trails are updated only after
having constructed a complete path and not during the walk, and
the amount of pheromone deposited is usually a function of the
quality of the path. Finally, the probability for an artificial ant
to choose an edge often depends not only on pheromones, but
also on some problem-specific local heuristics.

B. Motivations and Overview of the Paper

When using the ACO metaheuristic to solve a new combina-
torial optimization problem, one of the main tasks is to model
the problem as the search of a feasible minimum cost path over
a weighted graph, where feasibility is defined with respect to a
set of constraints. In most cases, these constraints are satisfied
in ana priori way, i.e., ants only construct “feasible” paths that
never violate constraints: at each step of the walk, the next vertex
to visit is chosen within a set of feasible candidates (the neigh-
borhood) that only contains vertices that are actually consistent
with respect to the constraints of the problem. This set of fea-
sible candidates is supposed never to be empty so that ants are
always able to construct feasible paths. For example, in the trav-
eling salesman problem, the constraints impose that each city
must appear exactly once in any feasible solution. Therefore,
each ant maintains a list of visited cities, and at each step of the
walk, it chooses the next city to visit among the set of cities that
have not yet been visited.

However, this kind ofa priori constraint satisfaction may only
be applied to loosely constrained problems, when the difficulty
is not to find feasible solutions, but the best feasible one with
respect to some given objective function. This paper investigates
ACO capabilities for solving CSPs, i.e., the goal is no longer to
optimize an objective function under some constraints, but to
find an assignment that actually satisfies all the constraints. A

1089-775/02$17.00 © 2002 IEEE
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main motivation underlying this paper is to provide a generic
tool to handle a whole class of problems. Hence, the proposed
algorithm may be used to solve any CSP in a generic way.

The paper is organized as follows. In Section II, we intro-
duce some definitions and terminology about CSPs and we re-
call some results on phase transitions. Section III describes the
basic ACO algorithm for solving CSPs, called Ant-Solver. Sec-
tions IV and V show how Ant-Solver can be improved by inte-
grating local search (LS) techniques and by introducing a pre-
processing step. Finally, Section VI reports experimental results
on random binary CSPs and Section VII compares our paper
with some other related approaches and discusses future work.

II. BACKGROUND

A. Constraint Satisfaction Problems

A CSP [31] is defined by a triple ( , , ) such that is a
finite set of variables, is a function that maps every variable

to its domain , i.e., the finite set of values that
can be assigned to , and is a set of constraints, i.e., relations
between some variables which restrict the set of values that can
be assigned simultaneously to these variables.

An assignment is a set of vari-
able-value pairs and corresponds to the simultaneous assign-
ment of values to variables , respectively.
An assignment violates a constraint if each variable
involved in is assigned in and the relation defined by is
not satisfied when replacing each variable ofby its associated
value in . The cost of an assignment, denoted by ,
is defined by the number of constraints that are violated by.
A solution of a CSP ( , , ) is a complete assignment for all
the variables in , which satisfies all the constraints in, i.e.,
a complete assignment with zero cost.

Most real-life CSPs are overconstrained, so that no solution
exists. Hence, the CSP framework has been generalized to
max-CSPs [11]. In this case, the goal is no longer to find a
consistent solution, but to find a complete assignment that
maximizes the number of satisfied constraints. Hence, a
solution of a max-CSP is a complete assignment with minimal
cost. In this paper, we implicitly solve max-CSPs. Artificial
ants naturally solve optimization problems. In our context of
constraint satisfaction, they aim at minimizing the number of
violated constraints. This approach could also be extended to
valued CSPs [26] in a rather straightforward way.

B. Random Binary CSPs

Binary CSPs only have binary constraints, i.e., each con-
straint involves two variables exactly. Binary CSPs may be
generated at random. A class of randomly generated CSPs is
characterized by four components , where is
the number of variables, is the number of values in each
variable domain, is a measure of the connectivity
( determines the number of constraints), and is a
measure of the tightness of the constraints (determines the
number of incompatible pairs of values for each constraint).

Experiments reported in this paper were obtained with
random binary CSPs generated according to model A as
described in [19], i.e., for each pair of distinct variables, we add

Fig. 1. Ant-Solver algorithmic scheme.

a constraint between them with probabilityand then for each
constraint, we rule out a pair of values for the two constrained
variables with probability . As incomplete approaches cannot
detect inconsistency, we report experiments performed on
feasible instances only, i.e., CSPs that do have at least one
solution. To generate feasible instances, we first generate a
solution randomly and then, for each constraint, we forbid
ruling out pairs of values that belong to the generated solution.

C. Phase Transitions

When considering a class of combinatorial problems, rapid
transitions in solvability may be observed as an order parameter
is changed [2]. These “phase transitions” occur when evolving
from instances that are underconstrained and, therefore, solved
rather easily, to instances that are overconstrained, whose in-
consistency is thus proven rather easily. Harder instances usu-
ally occur between these two kinds of “easy” instances, when
approximately 50% of the instances are satisfiable.

In order to predict the phase-transition region, [14] introduces
the notion of “constrainedness” of a class of problemsand
shows that when is close to one, instances are critically con-
strained, and belong to the phase-transition region. For a class of
random binary CSPs , [3] defines this constrained-
ness by .

One might think that phase transitions only concern complete
approaches, as they are usually associated with transitions from
solvable to unsolvable instances, and incomplete approaches
cannot detect unsolvability. However, different studies (e.g., [3],
[5]) have shown that very similar phase-transition phenomena
may also be observed with incomplete approaches such as LS.

III. D ESCRIPTION OFANT-SOLVER

Ant-Solver, the proposed algorithm for solving CSPs,
follows the classical ACO algorithmic scheme for static
combinatorial optimization problems [7], [8] and is shown in
Fig. 1. At each cycle, each ant constructs a complete assign-
ment and then pheromone trails are updated. The algorithm
stops iterating either when an ant has found a solution or
when a maximum number of cycles has been performed. In
this section, we first define the construction graph on which
artificial ants lay pheromone trails and we describe pheromone
initialization. Then, we describe the assignment construction
and the pheromone updating steps. Finally, we discuss setting
parameters.

A. Construction Graph and Pheromone Trails Initialization

The graph on which artificial ants lay pheromone, called the
construction graph, associates a vertex with each variable-value
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Fig. 2. Assignment construction algorithmic scheme.

pair of the CSP. There is an edge between any pair of ver-
tices corresponding to two different variables. More formally,
the construction graph associated with a CSP (, , ) is the
nondirected graph such that

and

Ants communicate by laying pheromone on graph edges.
The amount of pheromone on edge ( , )
is noted , . Intuitively, this amount of
pheromone represents the learnt desirability of assigning
value to variable and value to variable si-
multaneously. Notice that since the graph is not directed,

.
As proposed in the - Ant System [30], we

explicitly impose lower and upper bounds and on
pheromone trails (with ). The goal is to
favor a larger exploration of the search space by preventing the
relative differences between pheromone trails from becoming
too extreme during processing. Also, pheromone trails are set
to at the beginning of the algorithm, thus, achieving a
higher exploration of the search space during the first cycles. In
Section V, we shall propose to introduce a preprocessing step
in order to initialize pheromone trails more suitably and speed
up convergence.

B. Construction of Assignments by Ants

The construction of complete assignments by ants is de-
scribed in Fig. 2. Ants start with an empty assignment and
then iteratively select a variable to be assigned and choose a
vertex in the graph corresponding to a value assignment for this
variable, until all variables have been assigned. The selection
of a variable (described in Section III-B1) is performed with
respect to some given procedure, whereas the choice of a
value for the variable (described in Section III-B2) is made
probabilistically, depending on pheromone trails.

Notice that by selecting a variable before choosing a value
for it, the set of candidate vertices at each step—the neighbor-
hood—is restricted to the set of all possible values for a single
variable, instead of the set of all possible values for all unas-
signed variables. Such a restriction of the neighborhood is moti-
vated mainly by the fact that the computation of transition prob-
abilities is significantly more expensive than for other applica-
tions, such as the traveling salesman problem or the quadratic
assignment problem.

1) Selection of a Variable:When constructing an as-
signment, the order in which the variables are assigned is

rather important, as the satisfaction of a constraint can only
be checked once all its variables have been assigned. Vari-
able-ordering heuristics have been studied widely [27], [31].
Some commonly used variable orderings are the following: 1)
most constraining first ordering, which selects an unassigned
variable that is connected (by a constraint) to the largest number
of unassigned variables; 2) most constrained first ordering,
which selects an unassigned variable that is connected (by
a constraint) to the largest number of assigned variables; 3)
smallest domain ordering, which selects an unassigned variable
that has the smallest number of consistent values with respect
to the partial assignment already built; or 4) random ordering,
which randomly selects an unassigned variable.

To solve a CSP with Ant-Solver, one has to implement the
variable selection procedure which, given a partial assignment,
returns the next variable to be assigned. In all experiments re-
ported in this paper, we have used the smallest domain ordering.

2) Choice of a Value:Once a variable has been selected,
ants have to choose a value for it. The goal is to choose the
“most promising” value for the variable, i.e., the one that will
participate in the smallest number of conflicts in the final com-
plete assignment. However, if it is straightforward to evaluate
the number of conflicts with the already assigned variables, it
is more difficult to anticipate the consequences of the choice of
a value on the further assignments of the remaining unassigned
variables. Hence, there are very few heuristics for guiding this
choice and these heuristics usually are problem-dependent, so
they cannot be applied to general CSPs (e.g., [27] for the car-
sequencing problem).

The main contribution of ACO for solving CSPs is to provide
a general heuristic for choosing values: this choice is made ran-
domly with a probability that depends on a pheromone factor
(to evaluate the learnt desirability of the value) and a heuristic
factor (to locally evaluate its quality). More formally, let us con-
sider an ant that has already visited a setof vertices and whose
next selected variable to be assigned is. The probability for
this ant to select vertex is defined proportionally to the
attraction capability of this vertex with respect to all candidate
vertices such that

where is the pheromone factor of ,
is its heuristic factor, and and are the parame-

ters that determine their relative weights.
A main difference with many ACO algorithms is that

pheromone and heuristic factors do not only depend on some
local relation between the candidate vertex and the
last visited vertex in , but on a global relation between
the candidate vertex and the whole set of visited
vertices. Indeed, when choosing a value for, all assignments
stored previously in are equally important. Therefore, the
pheromone factor depends on all pheromones laid
on all edges between and the visited vertices in
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The heuristic factor also depends on the whole set
of visited vertices. It is inversely proportional to the number

of new violated constraints when assigningto

C. Updating Pheromone Trails

After every ant has constructed a complete assignment,
pheromone trails are updated according to ACO: all pheromone
trails are decreased uniformly, in order to simulate evaporation
and allow ants to forget bad assignments, and then the best ants
of the cycle deposit pheromone. More formally, at the end of
each cycle, the quantity of pheromone on each edge () is
updated as follows:

if then

if then

where is the evaporation parameter such that ,
is the set of the best assignments constructed

during the cycle, i.e.,

and is the quantity of pheromone deposited on
edge ( ) by the ant that has built assignment

if

otherwise

Contrary to many ACO algorithms, ants deposit pheromone
not only on the edges belonging to the path they followed, but on
all edges between any pair of visited vertices, i.e., on all edges
belonging to the clique defined on the set of visited vertices.
The quantity of pheromone laid is inversely proportional to the
assignment cost, so that the more constraints are violated, the
less pheromone is deposited.

D. Parameters Setting

Ant-Solver is parameterized by, , , and . We now
briefly study the influence of these parameters with respect to
two criteria: the success rate, i.e., the percentage of runs that
find a solution, and the time spent to find a solution.

The number of ants is set to eight: with smaller
values, success rates are decreased (as the best assignments
constructed at each cycle usually have higher costs); with
greater values, running times increase while success rates are
not improved (as the best assignments found at each cycle are
not significantly better than with eight ants).

determines the weight of heuristic factors when computing
transition probabilities. It is set to ten: with smaller values, ants
globally find worse assignments and it takes them longer to
reach a solution.

determines the weight of pheromone factors in the compu-
tation of transition probabilities and determines pheromone
evaporation. Both parameters have an influence on the ex-
ploratory behavior of ants: to emphasize exploration, one may
decrease (so that ants become less sensitive to pheromone
when they choose values) or decrease(so that pheromone
evaporates more slowly and relative differences between
pheromone trails increase more slowly). When emphasizing
exploration of the search space in this way, success rates are
improved, but as a counterpart running times are increased.
This is illustrated in Fig. 3 on CSPs. As a con-
clusion, when setting and , one can either choose values that
favor pheromone guidance—such as and —or
values that favor exploration—such as and .
In the former case, Ant-Solver will quickly find rather good
assignments, but it may not find a solution. In the latter case,
Ant-Solver will need more time to find good assignments, but
it will more often succeed in finding a solution. One should
note that this holds for the various tightness values, although
it is more emphasized for the hardest instances.

IV. BOOSTINGANT-SOLVER WITH LOCAL SEARCH

Local Search (LS) has shown to be effective to solve large
CSPs, e.g., the “million queens problem” in [23]. The basic
idea is to construct a complete assignment and then gradually
and iteratively repair it by changing some variable-value as-
signments. LS may be combined with the ACO metaheuristic
in a very straightforward way: ants construct assignments, ex-
ploiting pheromone trails, and LS improves their quality by it-
eratively performing local moves. Actually, the best performing
ACO algorithms for many combinatorial optimization problems
are hybrid algorithms that combine probabilistic solution con-
struction by a colony of ants with LS [9], [30]. In this section,
we propose to combine LS with Ant-Solver. In this case, one
can view Ant-Solver as a way of taking benefit of the different
locally optimal assignments found previously by LS in order to
guide it toward the most promising areas of the search space
when constructing new assignments to be repaired.

The hybrid algorithm is derived from the algorithm of Fig. 1
as follows: once each ant has constructed an assignment, and
before updating pheromone trails, we apply a LS procedure
to improve the assignment constructed. Various LS procedures
may be used to improve assignments (see, e.g., [16] for an ex-
perimental comparison of some of them). However, as pointed
out in [18], when choosing the LS procedure to use in a meta-
heuristic, such as evolutionary algorithms, iterated LS or ACO,
one has to find a tradeoff between computation time and solu-
tion quality. In other words, one has to choose between a fast,
but not-so-good LS procedure or a slower, but more powerful
one. For all experiments reported in this paper, we have used a
LS procedure based on the min-conflicts heuristic (MCH) [23].
More precisely, at each step, we choose a conflicting variable
(involved in some violated constraints) randomly and then we
choose a value for this variable which minimizes the number of
conflicts. This repair procedure stops iterating when the number
of violated constraints is not improved after successive
iterations.
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(a)

(b)

Fig. 3. Influence of� and� on (a) the success rate and (b) the number of constructed assignments when solvingh100; 8; 0:14; p i CSPs (average results on 300
instances for each value ofp ). (a) With respect to the success rate criterion, the best results are obtained when� = 2,� = 0:01, then when� = 2, � = 0:02, then
when� = 3, � = 0:01, then when� = 2, � = 0:03, and the worst results when� = 3, � = 0:02. (b) With respect to the time criterion (which is proportional
to the number of constructed assignments), the best results are obtained when� = 2, � = 0:03, then when� = 3, � = 0:02, then when� = 2, � = 0:02, then
when� = 3, � = 0:01, and the worst when� = 2, � = 0:01.

Fig. 4 shows the evolution of average costs during processing
for five different runs of Ant-Solver and five different runs of
Ant-Solver with MCH LS, on a same instance (with ,

, , and ). For the five runs
of Ant-Solver, the average number of violated constraints de-
creases from more than 20 at the beginning of the search to less
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Fig. 4. Evolution of the average number of violated constraints by cycle on ah100; 8; 0:14; 22i instance (with� = 2, � = 10, � = 0:01, andnbAnts = 8).
Dotted lines correspond to five different runs of Ant-Solver. Continued lines correspond to five different runs of Ant-Solver with MCH LS.

than ten after 150 cycles. Finally, in four runs at least one ant has
found a solution, between cycle 150 and cycle 200, whereas in
the fifth run, none of the ants was able to find a solution. Differ-
ently, when combining Ant-Solver with MCH LS, ants find far
better assignments from the first cycle on: the average number
of violated constraints decreases from nine at the beginning of
the search to less than five at cycle 90. Finally, in all the five
runs, a solution was found before cycle 110. This shows that
LS actually improves the solution process, with respect to both
success rates and running times. More experimental results are
reported in Section VI.

V. BOOSTINGANT-SOLVER WITH PREPROCESSING

When exploring the search space in a stochastic way, one usu-
ally has to find a tradeoff between two antagonistic goals. On
the one hand, one has to guide the search toward “promising”
areas of the search space, usually close to the best solutions
found so far. Indeed, a study of the shape of the search space
shows that for some combinatorial optimization problems (such
as the traveling salesman or the quadratic assignment problems)
better local optima tend to be closer to global optima [30]. Ac-
tually, this property underlies the motivation of evolutionary ap-
proaches, which are of little interest in situations for which the
correlation between solution fitness and the distance to optimal
solutions is too low [17], [21].

On the other hand, one also has to favor a large exploration
of the search space in order to discover new and hopefully more
successful areas of the search space. Diversifying the search is
particularly important during the first cycles in order to avoid
premature convergence—search stagnation—toward local op-

tima. As pointed out previously, this exploratory ability of ants
can be emphasized both by decreasingand . However, in this
way the algorithm converges more slowly and it takes longer to
find a solution.

In this section, we first study the evolution of the influence of
pheromone on ants during processing with respect to the cost of
administrating it. We then propose to introduce a preprocessing
step that favors a larger exploration of the search space at a lower
cost, so that more solutions can be found in a shorter time.

A. Impact Versus Cost of Pheromone

In order to favor a larger exploration and, more particularly,
at the beginning of the search, Ant-Solver derives its features
from the - Ant System, i.e., pheromone trails are
limited to an interval [ , ] and are initialized to .
Hence, after cycles of Ant-Solver, the pheromone trail
on edge ( ) is such that ,
where is the pheromone evaporation parameter and usually
has a value very close to zero. As a consequence, during the first
cycles, pheromone trails have very similar values and do not sig-
nificantly influence the computation of transition probabilities.

Fig. 5 illustrates this on four runs of Ant-Solver on a same
random binary problem, with different values forand . This
figure displays the evolution of the dispersion of the colony,
i.e., the average distance between all pairs of constructed as-
signments for each cycle (where the distance between two as-
signments is defined as the number of different variable-value
assignments). At the beginning of the search, the dispersion of
the colony is very high: the assignments constructed take ap-
proximately 85% of different values. During this first phase,
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Fig. 5. Evolution of the dispersion of ants. Each curve displays results obtained for one run on a sameh100; 8; 0:14; 0:23i instance, with different values of�
and�.

ants are not influenced by pheromones, and they explore the
search space widely. Then, after a significant number of cycles,
the average distance decreases progressively. During this second
phase, ants are increasingly influenced by pheromones so that
they converge and focus on a smaller area of the search space.
Note that, for low values of and , the exploration phase is
longer: when and , the dispersion starts to
decrease slowly after 200 cycles, whereas when and

, it decreases quickly and, after 200 cycles, it has al-
ready reached a very low value.

However, if the influence of pheromone is reduced deliber-
ately at the beginning of the search in order to favor exploration,
administrating pheromone is tedious and time consuming. In-
deed, let us consider a CSP (, , ) and let be the
number of variables and be the number
of vertices of the associated construction graph. To construct a
complete assignment, the computation of pheromone values for
all transition probabilities requires operations. Then, at
the end of each cycle, pheromone laying requires opera-
tions for each rewarded assignment and pheromone evaporation
requires operations. The other operations, which do not
deal with pheromone, are the selection of variables, the compu-
tation of heuristic factors, and the local repair phase. The com-
plexity of these operations mainly depends on the kind of con-
straints considered (e.g., global constraints, binary constraints,
numerical constraints). However, when choosing appropriate
data structures that allow incremental computations, the com-
plexity of these operations is usually an order lower than .
Actually, when increases, most of the computation time is used
to administrate pheromone. For example, on

random binary CSPs, assignments are constructed nearly three
times faster when pheromone is not used.

B. Description of the Preprocessing Step

The introduction of a preprocessing step is motivated by
the fact that pheromone is rather expensive to administrate,
whereas it has an effect on ants’ search only after some 100
or so cycles. The idea is to collect a significant number of
assignments by performing “classical” LS, i.e., by iteratively
constructing complete assignments, without using pheromone,
and repairing them. For easy problems that are far enough from
the phase transition region, LS usually finds solutions quickly,
so that this preprocessing step stops iterating on a success and
the whole algorithm terminates. However, for harder problems
within the phase- transition region, LS more often fails in
finding a solution. In this case, the goal of the preprocessing
step is to collect a representative set of assignments, thus
constituting a kind of sampling of the search space. Then, we
select from this sample set the best assignments and we use
them to initialize pheromone trails. Finally, we continue the
search with Ant-Solver.

We shall call the set of all assignments con-
structed during the preprocessing step, the number of
best assignments that are selected from to initialize
pheromone trails, and the
best assignments contained in .

To determine the number of assignments that should be
collected in , one has to find a tradeoff between
computing a large number of assignments, which is more
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Fig. 6. Preprocessing step.

representative of the search space, and a smaller number of
assignments, which is more quickly computed. Experiments
show that the harder a problem is, the more assignments
should be computed. Therefore, instead of fixing the number of
assignments that should be computed in , we only
fix , the number of assignments that will be selected from

to initialize pheromone trails, and we introduce a
limit on the quality improvement of these best assignments.

The preprocessing procedure is more precisely described
in Fig. 6. This procedure iteratively collects assignments
in until the average cost of the best as-
signments in has not been improved by more
than a percentage given by. The assignments are com-
puted by applying LS on complete assignments that are
constructed according to the algorithm in Fig. 2, but where
values are chosen with respect to quality factors only, i.e.,
the probability of choosing a value for a variable is

.
Finally, at the end of the preprocessing step, if no solution

is found, the best assignments of are used to
initialize pheromone trails: the pheromone trail on each edge
( ) of the construction graph is set to

where is the quantity of pheromone deposited on
edge ( ) for assignment as defined in Section III.

C. Experimental Study of the Preprocessing Step

The preprocessing step is parameterized by , the number
of assignments that are extracted from the sample set to initialize
pheromone trails, and, the limit on the quality improvement of
the best assignments of the sample set. We studied the in-
fluence of these two parameters on instances
(with the other parameters set to , ,
and ). We performed experiments with different
values of (ranging from 50 to 400) and (ranging from
0.005 to 0.03). With respect to running times, the best results
are obtained with the highest values ofand the smallest values
of , on all the classes of problems. With respect to suc-
cess rates, the best results are usually obtained with the smallest
values of and the largest values of . However, we noticed
that success rates often decrease when . A good
tradeoff between running time and success rate appears to be

and .
Table I displays results obtained with Ant-Solver with MCH

LS and preprocessing when and . One

TABLE I
RESULTS OBTAINED BY ANT-SOLVER WITH PREPROCESSING ON

h100; 8; 0:14; p i CSPS (WITH n = 200 AND � = 0:02)

For each value of , the table displays the percentage of runs that have succeeded during
preprocessing, the percentage of runs that have succeeded after preprocessing, the number
of assignments constructed during preprocessing, the number of assignments constructed
after preprocessing, the time spent for preprocessing, and the time spent after preprocessing.

can notice that for easy problems many solutions are found
during preprocessing, whereas for harder problems within the
phase-transition region, only few solutions are found during pre-
processing. Also, the number of assignments constructed during
preprocessing increases with the hardness of instances. More
experimental results are given in the next section.

VI. EXPERIMENTAL RESULTS

We now experimentally compare the different algorithms
that we have presented in this paper, i.e., Ant-Solver, MCH LS,
Ant-Solver with MCH LS, and Ant-Solver with MCH LS and
preprocessing. All these algorithms are implemented in C++.
To solve a new CSP with one of these algorithms, one only
has to implement a C++ class that describes the problem to be
solved. This class specifies the number of variables, the number
of values associated with each variable, the evaluation function
(which returns the number of new unsatisfied constraints when
assigning a value to a variable with respect to a partial assign-
ment), the variable selection function, and the LS procedure.

For Ant-Solver, Ant-Solver with MCH LS, and Ant-Solver
with MCH LS and preprocessing, we set the parameters to
, , , and . For LS, Ant-Solver with

MCH LS, and Ant-Solver with MCH LS and preprocessing, we
used a LS procedure based on the MCH that stops iterating when
the number of violated constraints is not improved after
successive iterations. For Ant-Solver with MCH LS and prepro-
cessing, we set to 200 and to 2%. For all algorithms, we
used the smallest domain ordering to select at each step the next
variable to assign. Finally, we limited all runs to 200 s of CPU
time. All experiments were performed on a PC with an AMD
Athlon Processor, 256-MB RAM, and 900 MHz.

Fig. 7 displays some experimental results obtained on
random binary CSPs.1 When considering

success rates, one can remark that Ant-Solver with MCH LS
and preprocessing is slightly more successful than Ant-Solver
with MCH LS. This shows that the preprocessing step allows
to solve a few more instances. Then, Ant-Solver with MCH LS
and preprocessing and Ant-Solver with MCH LS are both much
more successful than Ant-Solver. This shows that combining
LS with Ant-Solver improves the solution process. Finally,

1We have also performed experiments onh100;8; 0:05; p i and
h200;8; 0:05; p i binary CSPs and on graph coloring problems with
three colors and from 200 to 600 vertices. On all these problems, we obtained
results very similar to those displayed in Fig. 7.
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(a)

(b)

Fig. 7. Comparison of MCH LS, Ant-Solver (AS), Ant-Solver with MCH LS (ASLS), and Ant-Solver with MCH LS and preprocessing (ASLAP) on
h100; 8; 0:14; p i CSPs (average results on 300 instances for each value ofp ). (a) Success rates with respect top . (b) CPU time (average on successful runs)
with respect top .

MCH LS is far less successful than Ant-Solver and it has hardly
solved four percent of the hardest instances, when .

When considering the time criterion, one can remark that
Ant-Solver with MCH LS and Ant-Solver with MCH LS and

preprocessing are always much more efficient than Ant-Solver.
The benefit of providing ants with LS abilities is even more re-
markable for tightly constrained instances that are beyond the
phase-transition region, when . For these instances,
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LS is usually capable of finding a solution after the construc-
tion of very few assignments while ants slowly converge to the
solution. Also, Ant-Solver with MCH LS and preprocessing is
always much faster than Ant-Solver with MCH LS. This shows
that preprocessing speeds up the solution process.

A. Experimental Comparison With Random Walk

The LS procedure considered in our first experiments is based
on the greedy MCH, incapable of escaping from local optima.
This LS procedure gives good results for instances that are far
enough from the phase-transition region. However, it gives very
poor results for instances within the phase-transition region, as
the search space landscape of these instances contains many
more local optima [3], [33].

To help it escape from local optima, greedy LS can be com-
bined with different metaheuristics. We now compare our ap-
proach to the random walk MCH LS (RWLS), which is one of
the best performing extensions of MCH [24], [32]. At each step,
the RWLS procedure either randomly changes the value of a
variable with probability or repairs a conflicting variable
using the MCH with probability . We set the proba-
bility of performing a random move to 0.07.2

First experiments on instances showed
that RWLS clearly outperforms Ant-Solver: indeed, RWLS al-
ways finds a solution much faster than Ant-Solver. However, the
RWLS performance is drastically degraded when the number
of constraints is increased. This is illustrated in Table II, which
reports experimental results obtained when increasing the con-
nectivity probability —that determines the number of con-
straints. We considered three classes of instances (all of them
having 100 variables and eight values in each variable domain):
when , instances have around 1500 constraints, when

, instances have around 2500 constraints, and when
, instances have around 3500 constraints. For each

value of , we considered instances within the phase-transition
region by setting in such a way that the constrainednessis
equal to one (i.e., when , , when ,

, and when , ).
Table II shows the evolution of success rates within succes-

sive running time limits by reporting the percentage of suc-
cessful runs every 50 s. From this table, one can remark that,
when , RWLS finds solutions much faster than Ant-
Solver: RWLS solves 87% of the instances in less than 50 s and
100% in less than 150 s, whereas Ant-Solver with MCH LS and
preprocessing requires 300 s to solve all the instances. How-
ever, when the number of constraints increases, RWLS becomes
much less successful. For example, when , RWLS
solves 10% of the instances, in less than 50 s, but then the suc-
cess rate increases very slowly so that it has hardly solved half
of the instances after 350 s. For these instances, Ant-Solver with
MCH LS and preprocessing is much more successful and is ca-
pable of solving 99% of them within 350 s.

VII. CONCLUSION

We described in this paper Ant-Solver, a generic algorithm
for solving CSPs based on the ACO metaheuristic. Pheromone

2We made experiments with different values ofp ranging from 0.01 to
0.1. The best results were obtained whenp = 0:07.

TABLE II
COMPARISON OFANT-SOLVER WITH MCH LS, ANT-SOLVER WITH

MCH LS AND PREPROCESSING, AND RWLS

Each line successively displays the percentage of successful runs after 50, 100, 150, 200,
250, 300, and 350 s of CPU time (over 100 runs).

is used to learn the global desirability of a set of variable-value
assignments and it is used as a heuristic for choosing values
when constructing an assignment. Experiments reported in this
paper show that ants “alone,” without LS abilities, are able to
solve hard instances, although they are rather slow at finding
solutions.

This ACO algorithm may be combined with any LS proce-
dure, thus boosting performances of both approaches. For all
experiments reported in this paper, we used the MCH for LS.
Further work will concern the integration in Ant-Solver of other
greedy LS heuristics (such as GSAT [25]), but also of LS pro-
cedures capable of escaping from local minima (such as tabu
search [15] or random walk). Indeed, experimental comparisons
of Ant-Solver with RWLS reported in Section VI show that
these approaches have complementary features: RWLS can find
solutions to some problems very quickly, while it fails solving
others; Ant-Solver requires more time to converge, but it actu-
ally solves many more instances. Therefore, the combination of
RWLS with Ant-Solver could allow one to take advantage of
both features.

In this paper, we also introduced a preprocessing step that
favors, at a lower cost, a larger exploration of the search space at
the beginning of the search. The idea is to initialize pheromone
trails with respect to a representative sample of the search space.
We showed on random binary CSPs that this preprocessing step
improves the solution process, both with respect to success rates
and running times. This preprocessing step could be introduced
as well in other ACO algorithms and it would be interesting to
evaluate its use on other problems, like the traveling salesman
problem or the quadratic assignment problem.

A main motivation of this paper was to provide a generic
tool that can be used to solve any CSP: to solve a new problem
with Ant-Solver, one only has to implement a C++ class that
describes the variables, their domains, the evaluation function,
and the LS procedure. However, an efficient implementation of
this class is not always straightforward. In particular, one has
to introduce appropriate data structures so that the number of
constraints violated can be evaluated incrementally when con-
structing assignments or when repairing them by LS. Actually,
Ant-Solver could be integrated within a modeling language for
LS, such as Localizer [22]. Such a language would allow one to
design efficient and incremental procedures for LS more easily.
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A drawback of the genericity of Ant-Solver is that, on some
particular problems, it may be less efficient than specialized al-
gorithms dedicated to these problems. In particular, many CSPs
involve global constraints, e.g., “AllDiff” constraints (that con-
strain a set of variables to take different values) or “AtMost”
constraints (that fix the maximal number of variables that may
take a given value). To handle such global constraints, one can
translate them into an equivalent set of simpler constraints and
then use Ant-Solver. However, one usually obtains better results
when using specialized algorithms for these global constraints.
For example, in [29], we have described an ACO algorithm for
handling permutation constraints (that constrain a set ofvari-
ables to be assigned with a permutation ofknown values).
Many CSPs involve such global permutation constraints, e.g.,
the queens, the all-interval series problem, and the car-
sequencing problem [28]. For these particular constraints, we
have introduced a dedicated graph that is much smaller than the
construction graph used in Ant-Solver, which takes permutation
constraints into account in ana priori way, so that the search
space is reduced and solutions are found quicker. Hence, fur-
ther work will also concern the integration of dedicated graphs
within Ant-Solver in order to deal more efficiently with such
global constraints.
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