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L Calculo con longitud

Célculo con longitud

» Programa:
longitud [] =0 -- longitud.1
longitud (_:xs) = 1 + longitud xs -- longitud.2

» Propiedad: longitud [2,3,1] = 3

» Demostracion:
longitud [2,3,1]

=1+ longitud [2,3] [por longitud.?2]
=1+ (1 + longitud [3]) [por longitud.?2]
=14 (14 (1 + longitud [1)) [por longitud.?2]
=1+(1+(1+0) [por longitud.1]
=3
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L Propiedad de intercambia

Propiedad de intercambia

» Programa:

intercambia :: (a,b) -> (b,a)

intercambia (x,y) = (y,x) -- intercambia
» Propiedad:

(¥x :: a)(Yy :: b)intercambia(intercambia(x, y)) = (x, y).

» Demostracién:
intercambia (intercambia (x,y))
= intercambia (y,x) [por intercambial
= (x,y) [por intercambial
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LEsquema de induccién sobre listas

Esquema de induccién sobre listas
Para demostrar que todas las listas finitas tienen una propiedad P
basta probar:

1. Caso base xs=[]:

P([D).

2. Caso inductivo xs=(y:ys):
Suponiendo P(ys) demostrar P(y:ys).
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L Asociatividad de ++

Asociatividad de ++

» Programa:

Prelude
(#+) :: [a] -> [a]l -> [a]
] ++ ys = ys -- ++.1
(x:x8) ++ ys = x : (X8 ++ ys8) -- ++.2

» Propiedad: (Vxs,ys, zs :: [a])xs++(ys++zs8) =(xs++ys) ++zs
» Comprobacién con QuickCheck:

prop_asociatividad_conc :: [Int] -> [Int] -> [Int] -> Bool

prop_asociatividad_conc xs ys zs =
xs++(yst+zs)==(xs++ys) ++zs

Main> quickCheck prop_asociatividad_conc
0K, passed 100 tests.
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Asociatividad de ++

» Demostracién por induccién en xs:
» Caso base xs=[]: Reduciendo el lado izquierdo

xs++(ys++zs)
= [1++(ys++zs) [por hipétesis]
= ys++zs [por ++.1]

y reduciendo el lado derecho

(xs++ys)++zs
([1++ys)++zs [por hipétesis]
ys+tzs [por ++.1]

Luego, xs++(ys++zs)=(xs++ys) ++zs
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LAsociatividad de ++
;

Asociatividad de ++

» Demostracién por induccién en xs:
» Caso inductivo xs=a:as: Suponiendo la hipétesis de induccidn
as++(ys++zs)=(as++ys) ++zs
hay que demostrar que
(a:as)++(ys++zs)=((a:as) ++ys)++zs
(a:as)++(ys++zs)

= a: (as++(ys++zs)) [por ++.2]
= a: ((as++ys)++zs) [por hip. de induccién]
= (a: (as++ys))++zs [por ++.2]
= ((a:as)++ys)++zs [por ++.2]
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L [] es la identidad para ++ por la derecha
:

[1 es la identidad para ++ por la derecha

» Propiedad: (Vxs :: [a])xs++[]1=xs

» Comprobacién con QuickCheck:

prop_identidad_concatenacidén :: [Int] -> Bool

prop_identidad_concatenacidén xs = xs++[] == xs

Main> quickCheck prop_identidad_concatenacién
0K, passed 100 tests.
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L [1 es la identidad para ++ por la derecha

[1 es la identidad para ++ por la derecha

» Demostracién por induccién en xs:
» Caso base xs=[]:

= [1++[]
= [por ++.1]
» Caso inductivo xs=(a:as): Suponiendo la hipétesis de induccién
as++[]=as

hay que demostrar que
(a:as)++[]1=(a:as)
(a:as)++[]
= a:(as++[1) [por ++.2]
= a:as [por hip. de induccién]
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Relacién entre length y ++

» Programas:

length :: [a] -> Int
length [] =0 -- length.1
length (x:xs) = 1 + n_length xs -- length.2

(++) :: [a] -> [a] -> [a]

] ++ ys = ys .
(x:x8) ++ ys = x : (xs ++ ys) —— ++.92
» Propiedad:

(Vxs,ys :: [a])length (xs++ys)=(length xs)+(length ys)
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Relacion entre length y ++

» Comprobacién con QuickCheck:

prop_length_append :: [Int] -> [Int] -> Bool
prop_length_append xs ys = length(xs++ys)==(length xs)+(le

Main> quickCheck prop_length_append

0K, passed 100 tests.

» Demostracién por induccién en xs:
» Caso base xs=[]:
length([1++ys)
= length ys
= 0+(length ys)
(length []1)+(length ys)

[por ++.1]
[por aritmétical
[por length.1]
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Relacion entre length y ++

» Demostracién por induccién en xs:

» Caso inductivo xs=(a:as): Suponiendo la hipdtesis de induccién
length(as++ys) = (length as)+(length ys)

hay que demostrar que

length((a:as)++ys) = (length (a:as))+(length ys)

length((a:as)++ys)

= length(a: (as++ys))

=1 + length(as++ys)

=1 + ((length as) + (length ys))
= (1 + (length as)) + (length ys)
= (length (a:as)) + (length ys)

[por ++.2]

[por length.2]

[por hip. de induccién
[por aritmétical

[por length.?2]
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Relacién entre take y drop

» Programas:

take :: Int -> [a]l -> [a]

take 0 _ = [] -- take.1
take _ [] =[] -- take.2
take n (x:xs8) = x : take (n-1) xs -- take.3

drop :: Int -> [a] -> [a]

drop 0 xs = X8 -- drop.1
drop _ [] = [] -- drop,2
drop n (_:xs) = drop (n-1) xs -- drop.3

(++) :: [a] -> [a] -> [a]
] ++ ys = ys -- ++.1

(x:x8) ++ ys = x : (xs ++ ys) - ++.2
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Relacién entre take y drop

» Propiedad: (Vn:: Nat,xs :: [a])take n xs ++ drop n xs = xs

» Comprobacién con QuickCheck:

prop_take_drop :: Int -> [Int] -> Property
prop_take_drop n xs =
n >= 0 ==> take n xs ++ drop n xs == xs

Main> quickCheck prop_take_drop
0K, passed 100 tests.
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Relacién entre take y drop

» Demostracién por induccién en n:
» Caso base n=0:
take 0 xs ++ drop O xs
=[] ++ xs [por take.1y drop.1]
— xs [por ++.1]

» Caso inductivo n=m+1: Suponiendo la hipétesis de induccién 1
(Vxs :: [a])take m xs ++ drop m xs = xs
hay que demostrar que
(Vxs :: [a])take (m+1) xs ++ drop (m+1) xs = xs
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Relacion entre take y drop

Lo demostraremos por induccién en xs:
» Caso base xs=[]:

take (m+1) [] ++ drop (m+1) []
[por take.2 y drop.2]

= [ ++ []
-0 [por ++.1]
» Caso inductivo xs=(a:as): Suponiendo la hipétesis de induccion

2
take (m+1) as ++ drop (m+1) as = as

hay que demostrar que
take (m+1) (a:as) ++ drop (m+1) (a:as) = (a:as)

take (m+1) (a:as) ++ drop (m+1) (a:as)

= (a:(take m as)) ++ (drop m as)
= (a:((take m as) ++ (drop m as)) [por ++.2] 24 7 36

[por take.3 y drop
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La concatenacidn de listas vacias es vacia

» Programas:

Prelude
null :: [a] -> Bool
null [] = True -- null.1
null (_:.) = False -- null.2

(++) :: [a] -> [a] -> [a]

(] ++ ys = ys -- (+1) .1
(x:x8) ++ ys =x : (x8 ++ y8) -- (++).2
» Propiedad: V(xs :: [a])null xs = null (xs ++ xs).
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La concatenacidn de listas vacias es vacia

» Demostracién por induccién en xs:
» Caso 1: xs = []: Reduciendo el lado izquierdo

null xs
=null [] [por hipétesis]
= True [por null.1]

y reduciendo el lado derecho

null (xs ++ xs)

=null ([J ++ [ [por hipétesis]
=null [] [por (++).1]
= True [por null.1]

Luego, null xs = null (xs ++ xs).
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LLa concatenacion de listas vacias es vacia

La concatenacidn de listas vacias es vacia

» Demostracién por induccién en xs:

» Caso xs = (y:ys): Reduciendo el lado izquierdo

null xs
=null (y:ys) [por hipétesis]
= False [por null.2

y reduciendo el lado derecho

null (xs ++ xs)

=null ((y:ys) ++ (y:ys)) [por hipétesis]
=null (y:(ys ++ (y:ys)) [por (++).2]
= False [por null.2

Luego, null xs = null (xs ++ xs).
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Relacién entre sum y map

» Programas:

Prelude
sum :: [Int] -> Int
sum [] =0 -- sum.1
sum (x:x8) = x + sum xs8 -- sum.2

map :: (a -> b) -> [a]l -> [b]
map f [] = [] -- map.1
map f (x:xs) = f x : map f xs -- map.2

> Propiedad: Vxs:: [Int] . sum (map (2%) xs) = 2 * sum xs
» Comprobacién con QuickCheck:

prop_sum_map :: [Int] -> Bool
prop_sum_map xs = sum (map (2%) xs) == 2 * sum xs
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Relacién entre sum y map

» Demostracién por induccién en xs:

» Caso []: Reduciendo el lado izquierdo
sum (map (2%) xs)

= sum (map (2%) [1) [por hipétesis]
= sum [1) [por map.. 1]
=0 [por sum. 1]

y reduciendo el lado derecho

2 * sum XS

=2 * sum [] [por hipétesis]
=2x*0 [por sum.1]
=0 [por aritmética]

Luego, sum (map (2%) xs) = 2 * sum xs
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Relacién entre sum y map

» Demostracién por induccién en xs:
» Caso xs=(y:ys): Entonces,

sum (map (2%) xs)

=sum (map (2%) (y:ys))

=sum (2%) y : (map (2%) ys)
= (2%) y + (sum (map (2%) ys))
= (2%) y + (2 * sum ys)

= (2 % y) + (2 * sum ys)

=2 x (y + sum ys)

=2 * sum (y:ys)

= 2 * sum xs

[por hipétesis|

[por map. 2]

[por sum.?2]

[por hip. de induccién]
[por (2%)]

[por aritmétical

[por sum.?2]

[por hipétesis]
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Equivalencia de funciones

» Programas:

inversal. inversa2 :: [a] -> [a]
inversal [] ]
inversal (x:xs) inversal xs ++ [x]

inversa2 xs = inversa2fux xs []
where inversa2fux [] ys
inversa2Aux (x:xs) ys

ys
inversa2Aux xs (x:ys)

» Propiedad: (Vxs :: [a])inversal xs = inversa2 xs
» Comprobacién con QuickCheck:

prop_equiv_inversa :: [Int] -> Bool
prop_equiv_inversa xS = inversal xs == inversa2 xs
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Equivalencia de funciones

» Demostraciéon: Es consecuencia del siguiente lema:

(Vxs,ys :: [a])inversal xs ++ ys = inversa2Aux xs ys

En efecto,
inversal xs
= inversal xs ++ [] [por identidad de ++]
= inversa2Aux xs ++ [] [por el lema]
= inversa2 xs [por el inversa2.1]
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Equivalencia de funciones

» Demostracién del lema: Por induccién en xs:

» Caso base xs=[]:
inversal [] ++ ys

=[] ++ ys [por inversal.1]
=ys [por ++.1]
= inversa2Aux [] ++ ys [por inversa2Aux. 1]

» Caso inductivo xs=(a:as): La hipétesis de induccién es
(Vys :: [a])inversal as ++ ys = inversa2Aux as ys

Por tanto,

inversal (a:as) ++ ys

= (inversal as ++ [a]) ++ ys [por inversal.2]
= (inversal as) ++ ([a] ++ ys) [por asociativa de ++]
= (inversal as) ++ (a:ys) [por ley unitaria]
= (inversa2Aux as (a:ys) [por hip. de induccién]

= (inversa2Aux (a:as) ys [por inversa2Aux.2] ,
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