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Abstract. Computing with membranes is a new computability model and it
is basically a non imperative and procedural model. For that reason it is very
hard to establish the verification of the P systems. In this paper a computing P
system (according to the definition given in section 2) which computes the set
{12,22 ... ,n?} for a given n > 1, is presented. A formalization of its syntax
is given and the verification of this computing P system is established through
the characterization of its successful computations.

1 Introduction

In October 1998, Gheorghe Paun ([1]) introduces a new computability model, of a dis-
tributed parallel type, based on the notion of membrane structure. This model, called
transition P-systems, start from the observation that the processes which take place in the
complex structure of a living cell can be considered computations.

The membrane structure of a P system is a hierarchical arrangement of membranes
(understood as vesicles in a space), embedded in a skin membrane that separates the
system from the environment. When a membrane has not any membrane inside, it is
called elementary. Each membrane encloses a space between it and the membranes directly
included in it (if any). This space (the region of the membrane) can contain a multiset
(a set where the elements can be repeated) of objects (represented by symbols of a given
alphabet) and a set of (evolution) rules for them. Each membrane defines an unique
region; that is, each region is delimited (from the outside) by an unique membrane.

In [1], Gh. P&un illustrates the way of working of this new model giving an example of
a transition P system gemerating exactly all squares of natural numbers greater or equal
to 1. In [4] a formal verification of that P system has been given. In this paper we present
a computing P system II (according to the definition given in Section 2) such that for
every natural number n > 1, the P system II with input n returns the set of squares
{12)22 ... n?}.

The paper is organized as follows: Section 2 briefly presents some basic concepts about
computing transition P systems. Section 3 gives a computing P system II, formalizing its
syntaxis according to [3]. In section 4 some properties of this P system are studied in order
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to characterize the successful computations of it. In Section 5, this P system is shown to
be able to compute the partial function f: N— — P(N) defined as follows:

I ifn=20
f(”)_{ (12,22, ... n2} ifn#£0

2 Preliminaries about transition P systems

Following [3], a membrane structure is a rooted tree, where the nodes are called mem-
branes, the root is called skin, and the leaves are called elementary membranes. A cell (or
super-cell) over an alphabet, A, is a pair (u, M), where u = (V (1), E(p)) is a membrane
structure, and M is an application, M : V(u) — M(A) (the set of multisets over A).
Over the elements of E(u) a directionality, E*(u) can be considered induced from the
node root.

Let (u, M) be a cell over an alphabet, A. Let € V(u). An evolution rule associated
to = is a 3-tuple r = (d_;, Uy, 0) where

— d} is a multiset over A.

— U, is a function from V(u) U {here,out} to M(A) where here,out ¢ V(u) (here #
out).

— 5, € {~6,8}, with ~0,6 ¢ A (—6 #6).

A collection R of evolution rules associated to C'is a function with domain V' (u) such
that for every membrane x € V (i), R, = {r{,...,ri } is a finite set (possibly empty) of
(evolution) rules associated to x. A priority relation over R is a function, p, with domain
V() such that for every membrane = € V(u), p, is a strict partial order over R, (possibly

empty).
A transition P-system is a 4-tuple II = (A, Cy, R, iy), where:

e A is a non-empty finite set (usually called base alphabet).
o Cy = (no, Mp) is a cell over A.

e R is an ordered pair (R, p) where R is a collection of (evolution) rules associated to
Cy, and p is a priority relation over R.

e i is a node of g, which specifies the output membrane of II.

A configuration, C, of a P system, II = (4, Cy, R,ip) with Cy = (po, Mp), is a cell
C = (u, M) over A, where V() C V(up), and p has the same root as p9. The configuration
Cy will be called the initial configuration of II. Let x € V (ug), we say that the (evolution)
rule r € R, is semi-applicable to C if:

e The membrane associated to node z exists in C, that is, x € V(u).

e Dissolution is not allowed in root node, that is, if x is the root node of u, then
0 = 6.

e The membrane associated to x has all the necessary objects to apply the rule, that
is, d, < M (z).
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e Nodes where the rule tries to send objects (by means of in,) are children of z, that
is, Vy € V() (0r(y) # 0 — (2,y) € E*(n))

We say that the rule r € R, is applicable to C, if it is semi-applicable to C' and there is
no semi-applicable rules in R, with higher priority. That is to say:
=3r" (r' € Ry A pz(r',7) A 1’ semi-applicable to C)
We will say that 7 € NN is an applicability vector over x € V(i) for C, and we will
denote it as p'€ Ap(z,C), if:

e The node is still alive, that is, p # 0=>ze€ V().

e It has correct size, that is, Vj (j > s — p(j) = 0), (where s, is the number of rules
associated to z).

e Every rule can be applied as many times as the vector p indicates, that is,

Vi (1<) < s, — plj) < Nap(r?,C,x))

Sx
e All the rules can be applied simultaneously, that is, Zﬁ( J) @ dpe < M(x).

g
J=1

e It is maximal, that is, -37 € NN (< 7 A 7 € Ap(z,O)).

We will say that P : V(ug) — NN is an applicability matriz over C, denoted P €
Map(C), if for every € V(up) we have that P(z) € Ap(z,C). We define A(P,C) =
{z: 2eV(p) NI (L<j<se APe(j) #0 A b =0)}. For each node z € V(p), we
define the donors of x for C in the application of P as follows:

0 Jif z € A(P,C)
Don(z,P,C)=1¢ {yeV(u):ycAP,C) Nx~,y A

Jif o ¢ A(P,C)
ANYzeV(p)(x~y,z~,y— 2z APC))}

We define the ezecution of P over C, denoted P(C), as the configuration of II, C’ =
(i, M'"), where:

e 4/ is the rooted tree obtained from p by means of:

= V() =V(p) - A(P,C)
— If 2,y € V(i'), then:

To =N

(x,y) € E*(1) < Fxg,...,xp € V(p)(21,...,20-1 € A(P,C) A
€ E*(p))

=y AVi(0<i<n-— (x;,zi1)

M'@)u ) My ,ifz¢APCO)
° M'(m) = yeDon(z,P,C)
0 L ifz e A(P,C)

We will say that a configuration C7 of a P system II yields a configuration Cy by a
transition in one step of 11, denoted C1 = Co, if there exists a non—zero applicability
matrix over C1, P, such that P(Cy) = Cj.

The computation tree of a P system 11, denoted Comp(II), is a rooted labeled maximal
tree defined as follows: the root of the tree is the initial configuration, Cy, of II. The
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children of a node are the configurations that follow in one step of transition. Nodes and
edges are labeled by configurations and applicability matrices, respectively, in such way
that two labeled nodes C,C" are adjacent in Comp(II), by means an edge labeled with
P, if and only if P € Map(C) — {0} A C" = P(C). The maximal branches of Comp(IT)
will be called computations of II. We will say that a computation of II halts if it is a finite
branch. The configurations verifying Map(C) = {0} will be called halting configurations.

We say that a computation Cy =1 C1 =11 ... =11 Cp, where C, = (un, M,), of a
P system II = (A, Cy, R, ip) is successful if it halts and i is a leaf of the rooted tree pu,
(also, we will say that C,, is successful). We will denote as S(II) the set of the successful
configurations of II. The numerical output of a successful computation, C, is O(C) =
| Mg, (i0)| where C,, is the last configuration of C. The output of a P system II is O(II) =
{|M¢, (ip)| : Cpn € S(II)} ={O(C) : C is a successful computation of II}.

A computing P system of order k is a 6-tuple I = (A, B, Cyp, R, 79, jo) such that

e The 4-tuple II' = (A, Cy, R, ip) is a P system.

e B = (ay,...,ax) is a k-tuple of elements of A, pairwise distinct (distinguished ele-
ments of the base alphabet to encode the input data).

e jo is a node of pg which specifies the input membrane of II.

A computing P system II = (A, B,Cy, R,ip,jo) of order k computes the partial map
f:NF— — P(N) if for every (ny,...,ns) € N* we have that

oVt (1 <t <k — (Mcg(jo))(ar) = ng), with B = (ay,...,a); that is, the input
membrane of the initial configuration of the P system encodes (nq,...,ng).

e Forevery (ni,...,n;) € N¥, f(ny,...,ng) halts if and only if the P system with input
(n1,...,nk) halts (there are successful configurations) and, also, f(ni,...,nx) =
{{Mc(io)| : C € S(II') N C = (uc, Mc)}

Note that a partial map, f : N*— — P(IN), is not computed by one P system but by
a collection of similar P systems, where, in their definition, only the multiset of objects of
the input membrane differs.

3 A computing P system that computes squares

In this section we present a computing P system, II, of order 1 that computes the partial
function f: N— — P(N) defined as follows:

I ifn=20
f(”)_{ (12,22, ... n2} ifn#£0

The computing P system II we present here can be graphically described as follows:
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ac — bc

f — ff

b — b (e,in)
99— g>g— abd

P system M withinput n

where membrane 4 is the output one, and n € N is an input data.
Now, according to the paper [3], we formalize the syntax of II.
The computing P system II is a 6-tuple (A, B, Cy, R, 9, jo), where:

(a) The base alphabet is A = {a,b,c,e, f,g} and B = (a).

(b) The initial configuration, Cy = (uo, My), is defined as follows:

o = (1,((1,2),(2,1,3,4),(3,2,5),(4,2),(5,3))). That is, yo is the membrane struc-
ture given by means of the following rooted tree (with nodes labeled by natural
numbers):

My is the application from {1,2,3,4,5} to M(A) defined as follows: Mjy(1l) =
My(2) = Mp(3) = My(4) = 0 and My(5) = {a™f}, for the input data n € N.

(¢) R =(R,p), where:

e R is the application with the domain {1,2,3,4,5} defined as: R(1) = R(4) = 0,
R(2) = {r},r3,r3,}, R(3) = {r}} and R(5) = {r},r3,r3}, where:
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| Rule | d; | vy(here) | vi(here) | 0 |

r? b b e —
5 leg| g - |-
r% g a — +
i [ fF] g - |+
0 ac bc — —
5 ac be — +
rs | f ff - -

e p is the application with domain {1,2,3,4,5} defined as: p(1) = p(3) = p(4) =
p(5) =0 and p(2) = {(r3,73)}.

(d) The output membrane is ig = 4 and the input membrane is j, = 5.

Given n € N, we will denote by II(n) the P system II with input data n.

4 Characterizing successful configurations of II(n)

The main goal of this paper is to present a formal proof of the fact that the computing
P system II presented in the previous section actually computes the partial function f :
N— — P(N) defined as follows:

T ifn=0
f(”):{ (12,22, ... n2} ifn#0

To establish the verification of II(n) in relation to the function f(n), we consider a predicate
over Comp(II(n)) x N) being, in some way, an invariant of the process of computation in
the P system II(n). That is, this predicate will be true for every computation, C, of II(n)
and for every natural number. Also, from the truthfulness of the predicate over all the
configurations of II(n) must extract relevant information to establish the soundness and
completeness of II(n) related to the computing of f(n).

The process of verification of a P system II(n) is based on the analysis of the content of
every membrane in every computation that can be obtained in II(n). Given a computation,
C, of II(n) we will denote by Cj, the configuration obtained after the execution of k steps in
the computation C. In a natural way, a partial function STEP : Comp(IT) x NxV (uo)— —
M (A) can be defined to assign to every computation, C, of II(n), every natural number, k,
and every membrane, i, of the P system II(n), the content of the i-th membrane after the
execution of k steps in the computation C. In this moment, if the i-th membrane has been
dissolved then the value of STEP(C, k, 7) is not defined, and we will note STEP(C, k, i) 1.
Otherwise, we denote STEP(C, k, i) |. In general, we denote STEP(C, k, i) = Cx(i). Also,
we denote by |C| the length of the computation C, that could be, eventually, infinite.

Definition 4.1 For every membrane i and every computation C of Il(n), we define

0(C,i) =min{m : Cpn(7) 1}

Since no membrane is dissolved in the initial configuration of a P system, we have
0(C,i) > 1, for every C € Comp(II(n)) and every membrane i of II(n).
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As first result, we will prove that there is only one computation of the P system II
with data input n = 0. Moreover, this computation does not halt (and, therefore, it is not
successful).

To shorten notation the applicability vector will be expressed with a finite number of
components (as many as rules the membrane has). We denote by 0 the vector with all
null components, irrespectively which is its size.

If C = (u, M) is a cell, where V(u) ={ai1,...,a,} C N with a; < --- < a,, we denote
M = (M(ay),...,M(ay)). For simplicity of notation, we represent the multisets by means
of the associated word, and ) will be the empty multiset.

Proposition 4.1 Let C be a computation of II(0). Then, for every k > 0, we have Cy, =
(o, (0,0,0, (Z),cka)), and the only applicability matriz over Cy, is 7 = (0,0,0,0, (0,0, 2%)).

Proof. Let us prove the result by induction on k. For the base case, £k = 0, we note
that the initial configuration of I1(0) is Co = (o, (0,0,0,0,cf)), where pg is the membrane
structure associated to II. Also, rg’ = f — ff is the only rule to be applied and, for this
reason, the only applicability matrix of Cy is 5 = (0,0,0,0, (0,0,1)).

Assume the result holds for ¥ > 0. Then C, = (uo,(ﬁ,@,ﬁ,@,cﬂk)) and the only
applicability matrix over Cj is # = (0,0,0,0,(0,0,2%)). Consequently, Cp41 = p(Ci) =
(o, (@,@,@,@,CkaH)). It is clear that the only applicability matrix over Cyy1 is ' =
(0,0,0,0,(0,0,2%1)).

a

Corollary 4.1 There exists an unique computation of IL(0). Furthermore, that computa-
tion does not halt.

Proof. To prove the existence, we consider the initial configuration of II(0), Cp =
(10, (0,0,0,0,¢f)). From Proposition 1 C; = p(Cy), where p = (0,0,0,0,(0,0,1)).
In general, if C, = (Mo,(@,@,@,@,cka)) then we consider Cr11 = p(Ck), where p =
(0,0,0,0,(0,0,2%)). The uniqueness of the computation follows directly from Proposi-
tion 1.

Moreover, we have proved that C does not halt, since for each k > 0 there exists an
applicability matrix over C to apply. O

To characterize the successful computation of the P system II(n), with n > 1, we study
what happens when membrane 5 is dissolved. We first determine the content of membrane
5 in each moment of the computation when it is not dissolved.

Proposition 4.2 Letn > 1. For everym € N (m < n) and every computation C of II(n)
such that m < §(C,5) we have Cp, = (o, (0,0,0,0,a™~™cb™ f2™)).

Proof. Let n > 1. We consider the P system II(n) with input data n. The proof is by
induction on m. For the base case, m = 0, it is enough to note that the initial configuration
of II(n) is Co = (o, (0,0,0,0,a™cf)).

Let m € N be such that m < n and let us suppose that the result holds for m. Let
C be a computation of II(n) such that m + 1 < §(C,5). Then m < §(C,5) holds, and
consequently, C,, = (o, (0,0,0,0,a”™cb™ f2™)). Since m + 1 < §(C,5) and m < n, we
conclude that that the only applicability matrix over C,, is p = (0,0,0,0, (1,0,2™)), and
finally
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Cng1 = ﬁ(cm) = (/Lo, ((Z), @’ (Z)7 @’ animilcbbmf2m+1)) _
= (pto, (0,0,0,0, "~ (4D cprmt1 p2 7)) O

Next we present a predicate over the configurations of II(n) to be an invariant along
the execution of the P system II(n). Let us consider the formula:

0(C,p,n) =C € Comp(Il(n)) A1 < p<nAp=0d(C,5) — C successful AO(C) = p?

Now, the task is to establish a necessary condition for the computation C of II(n) (with
n > 1) to be successful.

Proposition 4.3 For every n > 1 there exists an unique computation, C, of II(n) such
that 6(C,5) > n. Furthermore, 6(C,5) = oo and, therefore, the computation C does not
halt.

Proof. Let n > 1. Let us first prove the existence. Let Cy be the initial configuration of
II(n). For every k € N such that 1 < k < n we denote py = (0,0,0,0,(1,0,2871)) and
Dy, = (o, (0,0,0,0, 0 F bt f2°)).

Lemma 1: For every k such that 1 < k < n we have pj, is an applicability
matriz over Di_1 and Cy, = p(Cx—1) = Dy.

Proof. The proof is by induction on k.

To prove the case k = 1, since p; = (0,0,0,0,(1,0,1)) is an applicability
matrix over Dy, hence C; = p1(Co) = (o, (0,0,0,0,a" Lebf?)) = D;.

Let k£ be such that 1 < k < n and let us suppose that the result holds
for k. Since p, = (0,0,0,0,(1,0,2571)) is an applicability matrix over
D1, hence Cr = pi(Cr_1) = (uo,(@,@,@,@,a”*kcbkﬁk)) = Di. Then
Per1 = (0,0,0,0,(1,0,2%)) is an applicability matrix over Dy. Also, Cpiq =
Prer1(Cr) = (110, (0,0,0,0, " *1ebb+1 £27)) = Dy O

From lemma 1 we deduce that C, = (uo,(®,0,0,0,cb"f*")) = D,. For every
q € N such that ¢ > 1, we denote pr, = (0,0,0,0,(1,0,2°79° 1)) and Dy, =
(/1/07 (97 ®7 ®7 ®7 Cbnf2n+q))'

Lemma 2: For every ¢ > 1 we have ppiq s an applicability matriz over
Dyig—1 and, also, Cpiq = Pryq(Cntg—1) = Dnq-

Proof. By induction on q.
To prove the base case, ¢ = 1, it suffices to have in mind that p,y1 =
(0,0,0,0,(0,0,2™)) is an applicability matrix over D,. Also, Chy1 =
Pn+1(Cn) = (o, (@, 0,0,0, CbnfThLl)) = Dp41.

Let ¢ > 1 and let us suppose the result holds for ¢. We have C,1,
Dpivg = (p0, (0,0,0,0,¢b" f2%)).  Then friqiq = (0,0,0,0,(1,0,2"9)
is an applicability matrix over Dy 4. Also, Cpigtg = Dntqtq(Cntq)
(IUO’ (@, (D’ @, (Da Cbnf2n+q+1)) = Dn+q+1-

~—

O

The computation C of II(n) built as above verifies that 6(C,,5) = oo and, therefore, it
does not halt.
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Finally we establish the uniqueness. For it, let us suppose that C,C’ are computations
of II(n) such that 6(C,5) > n and 6(C’,5) > n. From Proposition 2 we deduce that for ev-
ery m € N such that m < n is is verified that C,, = (uo, (0,0,0,0,a” ™cb™f2")) =
Cl,. Since C, = (o, (0,0,0,0,cb" f2")), it results for every ¢ > 1 that Cny, =

(o, (0,0,0,0, cb”f2n+q)) = ;H-q' Therefore, the computation C does not halt. O

Corollary 4.2 Let n > 1. Let C be a successful computation of II(n). Then Yk (k <
0(C,5) — k < n).

Proof. Let n > 1. Let C be a computation of II(n) such that there exists k > n verifying
that k£ < §(C,5). Then, n < 6(Cy,5) and, therefore, from Proposition 4.3 we deduce that
the computation C does not halt, which is impossible. O
Next, let us see that for every n > 1 a successful computation of II(n) whose output is 1

can be built.

Proposition 4.4 Let n > 1. There exists an unique computation, C, of II(n) such that
0(C,5) = 1. Furthermore, this computation is successful, its length is 8 and its output is

o(C) = 1.

Proof. Let n > 1. To build a computation, C, of II(n) such that 6(C,5) = 1, we note
that Co(5) |, and therefore, in the first step of the computation C the rules r5 = ac — bcd
and r§ = f — ff must be applied (in a maximal manner). That is, to get §(C,5) = 1, the
only applicability matrix that can be applied over Cy is p; = (0,0,0,0, (1,0,1)). Hence,
C1 = p1(Co) = (u1,(0,0,0,0,a"  cbf?)), where u; = (1,((1,2),(2,3,4),(3,2),(4,2))).
But, the only applicability matrix over C; is p» = (0,0, (1),0). Therefore, Co = p1(C1) =
(2, (0,a" Lebg, 1)), where po = (1,((1,2),(2,1,4),(4,2))). Then, the only applicabil-
ity matrix over Cy is p» = (0,(1,0,1),0). Hence, C3 = p1(C2) = (us, (acbh,e)), where
H3 = (17 ((17 4), (4, 1)))

Having in mind that membranes 1 and 4 have no rules, it results that the configuration
C3 halts. Moreover, we deduce that Cs is a successful configuration, because ig = 4 € us.
Therefore, |C| = 3 and the output of the computation C is O(C) = [C3(4)| = [{e}| = 1.

The uniqueness of such a computation C of II(n) verifying C;(5) 1 follows from the
above construction. O
We now proceed to prove that the critical point of the computations of the P system

II(n), with n > 1, is the dissolution of membrane 5.

Proposition 4.5 Let n > 1. Let m be such that 2 < m < n. For every computation, C,
of II(n) such that 6(C,5) = m we have:

1. Cop = (i, (0,0, ™mcb™ 2" 1)), where ' is the rooted tree:
(17 ((17 2)7 (27 17 37 4)7 (37 2)7 (47 2)))

2. For every k (0 < k < m—1), Cppr14erx = (0, (0,a" ™cb™g
p' = (1,((1,2),(2,1,4),(4,2))).

3. Coma1 = (1", (@™ ™ 1eb™ ™)), where p” = (1,((1,4), (4,1))).

2mE ekmY) where
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4. The computation C is successful, its length is |C| = 2m+ 1, and its output is O(C) =

m?2.

Proof. (1) The proofis by induction on m. To prove the base case, m = 2 < n, we consider
a computation, C, of II(n) such that 6(C,5) = 2. Since 1 < §(C,5), from Proposition 4.2
it follows that C; = (uo, (0,0,0,a" cbf?)). Since 6(C,5) = 2 < n, it results that in the
second step of the computation C the rules r§ = ac — bed and r§ = f — ff must be
applied (in a maximal manner). Therefore, Co = 5(C1) = (1, (0,0, a"2cb2f2*, 1)), where
W= (1,((1,2),(2,1,3,4),(3,2),(4,2))) and 7= (0,0,0,0, (0, 1,2)).

Let m € N such that 2 < m < n and let us suppose that the result holds for m. Let
C be a computation of II(n) such that §(C,5) = m + 1. Since m < 6(C,5) and m < n,
from Proposition 4.2 it follows that C,, = p(C — 1) = (o, (0,0,0,a"™cb™ f2™)). Since
0(C,5) = m + 1, in the (m + 1)-th step of the computation C, the membrane 5 must be
dissolved. Hence, the rules 75 = ac — bed and r§ = f — f f must be applied (in a maximal
manner). Therefore,

Cm+1 — ﬁ(cm) — (:U'l7 (@7 @, anfmflcbm+1f2m+1’®))

where 1/ = (1,((1,2),(2,1,3,4),(3,2),(4,2))) and p'= (0,0,0,0,(0,1,2™)).
(2) Let n > 1. Let m € N such that 2 < m < n. Let C be a computation of II(n)
such that §(C,5) = m. Let us first prove that for every k such that 0 < &k < m — 1
we have Cry146 = (1, (0,a"™cb™g®" " k™)), where 1" = (1, ((1,2), (2,1,4), (4,2))).
The proof is by induction on k. To prove the base case, k = 0, from (1) it follows that
Con = (i, (0,0, a™meb™ 2" | 0)), where i/ = (1,((1,2),(2,1,3,4),(3,2), (4,2))), hence, the
only applicability matrix over C,, is = (0,0, (2™~ 1),0), and finally

Cm+1 = ﬁ(cm) = (,U'”a (@, a’n_memgzm_l ) @))
where 1" = (1,((1,2),(2,1,4), (4,2))).

For each £ > 0 such that ¥ < n — 1 assume that the result holds for k. The in-
duction hypothesis states that Cpyiix = (1, (0,0 ™cbmg?" " ebm)), where p =
(1,((1,2),(2,1,4),(4,2))). Since m —1 —k > 0 and m > 0, the only applicability matrix
over Cpp14k is §= (0, (m,2m~17%=10),0). Hence

Cm—i—l—i—k—i—l = ﬁ(cm—l—l—l—k) = (M”’ (@,an—mcmemelfkfl’emekm)) =

_ (M//’ (@, anfmcbmg2m_1_(k+l) , e(kJrl)m))
(3) Let¢ n > 1. Let m € N such that 2 < m < n. Let C be a computa-
tion of II(n) such that §(C,5) = m. From (2), Cop (1", (0, a™™cbmg, em=1m)),
where p” = (1,((1,2),(2,1,4),(4,2))). Hence, the only applicability matrix over Cap,
is p= (0, (m,0,1),0), and, consequently,

Comy1 = ﬁ(c2m) = (:u”/’ (@, an—m—f—lcbm, eme(m—l)m)) =

_ (,Um7 (@7 anferlcbm’ em2))
where " = (1,((1,4), (4,1))).
(4) Let n > 1. Let m € N such that 2 < m < n. Let C be a computation of II(n)
such that 6(C,5) = m. From (3), we deduce that Cay,+1 is a halting configuration, since
the only non empty membrane are 1 and 4, and both of them have no rules. Therefore,
IC| = 2m + 1. Moreover, the computation C is successful, and its output is O(C) =

(Com1(4)] = [{{e™}} = m?. O

Corollary 4.3 Let n > 1. For every p such that 1 < p < n there exists at most one
computation, C, of II(n) such that 6(C,5) = p.
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Proof. Let n > 1. If p = 1, from Proposition 4.4 it follows that there exists an unique
computation, C, of II(n) such that §(C,5) = p.

Let p be such that 2 < p < n. Let C,C’ be computations of II(n) such that §(C,5) =
4(C',5) = p. From (4) in Proposition 4.5 we deduce that [C| = |C'| = 2p + 1. Also,
Proposition 4.2 shows that Vk (0 < k < p — C, = C;). Let us see that Vk (p < k <
2p+1—Cp=Cyp).

e The case k = p follows from (1) in Proposition 4.5.
e The case p+ 1 < k < 2p follows from (2) in Proposition 4.5.
e The case k = 2p + 1 follows from (3) in Proposition 4.5.
Consequently, C = C'. O

Now we can characterize the successful computations of II through the moment when
membrane 5 is dissolved.

Corollary 4.4 Let n > 1. Let C be a computation of II(n). The following conditions are

equivalent:

(a) C is a successful computation.
(b) 1 <46(C,5) <n.
(c) 1<6(C,5) <nA|Cl=26C,5)+1A0(C)=46(C,5)2.

Proof. Let n > 1. Let C be a successful computation of II(n). From proposition 4.3 we
deduce that §(C,5) < n.

Let C a successful computation of II(n) such that 1 < 6(C,5) < n. If §(C,5) = 1, then
from Proposition 4.5 we deduce that |C| =3 and O(C) = 1. If 2 < §(C,5) < n, then from
(4) of Proposition 4.5 we deduce that |C| = 26(C,5) +1 A O(C) = 6(C,5)>.

Let C be a successful computation of II(n) such that 1 < §(C,5) < nA|C| = 26(C,5)+1A
O(C) = §(C,5)2. If §(C,5) = 1 then from Proposition 4.4 it is deduced that C is successful.
If 2 < 6(C,5) < n then from (4) of Proposition 4.5 we deduce that the computation C is
successful. |

Corollary 4.5 For every n > 1 there exists an unique non halting computation of II(n).

Proof. Let n > 1. If C is a computation of II(n) that it does not halt, than it is not
successful and, hence, §(C,5) > n. From Proposition 4.3 we deduce that it is unique. O

5 Soundness and Completeness of the computing P sys-
tem II

To establish that the computing P system II described in section 3 actually computes the
partial function f: N— — P(IN) defined by

I ifn=0
f(”)_{ (12,22, ... n2} ifn#£0
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we must to prove that:
(a) No computation of II(0) is successful.
(b) For every n > 1 we have:

e For every successful computation, C, of II(n) thereis p € N such that 1 <p <n
and the output of the computation C is p? (soundness).

e For every p € N such that 1 < p < n, there exists at least one successful
computation, C, of II(n) whith the output O(C) = p? (completeness).

In other words, we must to prove that no computation of II(0) is a halting one and,
also, that Yn > 1 (O(II(n)) C f(n)) (soundness) and that Vn > 1 (f(n) C O(II(n)))

(completeness).

Theorem 5.1 (Soundness) For every n > 1 and every successful computation, C, of
I(n), there is p € N such that 1 < p < n and O(C) = p*. That is to say, Vn >

1 (O(TI(n)) C f(n))-

Proof. Let n > 1. Let C be a successful computation of II(n). From Corollary 4.5 it
follows that 1 < 6(C,5) < nA|C| = 26(C,5)+1A0(C) = 6(C,5)?. If §(C,5) = 1, Proposition
4.4 shows that O(C) =1, and if 6(C,5) = m (2 < m < n), from (4) in Proposition 4.4 it
follows that O(C) = m?. O

To establish the completeness of II we consider the following formula
¢(n,p) =3C € Comp(Il(n)) (p = 0(C,5))

Proposition 5.1 Letn > 1. For every p € N such that 1 < p < n there exists an unique
computation, C, of II(n) such that 6(C,5) = p.

Proof. Let n > 1. We begin by proving the existence by induction on p. The base case,
p = 1, follows directly from Proposition 4.4. For each p be such that 1 < p < n assume that
the result holds for p. Let C a computation of II(n) such that §(C,5) = p. Since 0 < p—1 <
p = 6(C,5), from Proposition 4.2 it follows that C,—1 = (uo, (0, 0,0, 0, a™ PFiepp=1 f2°1)).
Since 51 = (0,0,0,0,(1,0,2P~1)) is an applicability matrix over C,_1, we define
CZ/> = ﬁl(Cp_l) = (/Lo, (@, 0,0,0, anfpcbp]dp))

Since p2 = (0,0,0,0,(0,1,27)) is an applicability matrix over C,, we define C,,; =
p2(C,) = (1, (0,0,0, a™ P Lebpt 27 () where the membrane structure g/ =
(1,((1,2),(2,1,3,4),(3,2),(4,2))). Therefore, the computation of II(n): Cp =1 C1 =1
«.=nC,=nC, = ..., verifies that §(C,5) = p+ 1, which proves the result holds for
p+1.

The uniqueness of such a computation C, of II(n) verifying §(C,5) = p, follows from
Corollary 4.3. O

Corollary 5.1 For every n > 1 it is verified that Vp (1 < p <n — ¢(n,p)).

Theorem 5.2 (Completeness) Let n > 1. For every p € N such that 1 < p < n, there

exists a computation, C, of II(n) such that C is successful and its output is O(C) = p?.
That is, Yn > 1 (f(n) C O(I(n))).
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Proof. Let n > 1. Let p be such that 1 < p < n. From Proposition 5.1 it follows that
there is an unique computation, C, of II(n) such that §(C,5) = p. If p = 1 the result
follows from Proposition 4.4. If 2 < p < n the result follows from (4) of Proposition 4.5.

O

Summarizing, we can describe the set of all computations of the P system II(n), for
every n > 1, as follows:

3(C5)=1

5(C,5)= 2
3(C,5)=3

8(C5)=n

[e')

Note that for every n > 1, the P system II(n) has exactly n + 1 computations, where
only one does not halt (and, therefore, it is not successful).

6 Conclusions

The formal verification of mechanical procedures in a computing model use to be a complex
task. If the mechanical procedures of the model are not described through an imperative
language then this task gets harder. As it is known, the P systems are, basically, of a
procedural kind and, consequently, the task to give formal verification of a P system is
very complicated.

In this work the problem of formal verification of a computing P system to compute a
partial function that for every n > 1 returns the set {12,...,n?} has been studied. For it,
the critical points of the computations of the system (the instants where some important
fact happens) are established and characteristic properties of successful computations are
obtained.

The study of formal verification of P systems can represent an important step through
the treatment of them with reasoning automated systems. Also, together with the obtained
formalization in [3], this paper can be useful for a possible implementation of P systems
into conventional electronic computers.
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