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Creo poder hacer muy clara la relacion de mi conceptografia con el len-
guaje comiin si la comparo con la que hay entre el microscopio y el ojo.
Este 1iltimo, por el campo de su aplicabilidad y la movilidad con que
se sabe adaptar a las mds diversas situaciones, posee gran superioridad
frente al microscopio. Considerado como aparato dptico, muestra si duda
muchas imperfecciones, las cuales pasan desapercibidas, por lo comiin,
solo como consecuencia de su estrecha conexién con la vida mental. Pero
tan pronto como los propdsitos cientificos establecen mayores exigencia
en la precision de las distinciones, el ojo resulta insuficiente. Por el con-
trario, el microscopio es de lo mds apropiado para tales fines, aunque,
por ello, no es utilizable para otros.

Gottlob Frege (1879) Conceptografia (Un lenguaje de formulas,
semejante al de la aritmética, para el pensamiento puro) p. 8-9.



Resumen

Sea T' un conjunto y < una relacién binaria bien fundamentada, definida en 7'. El propésito de
este trabajo es realizar una formalizacién en PVS de la prueba de la buena fundamentacién de
la relacién de orden inducida por < entre los multiconjuntos finitos de elementos de 7'. La prue-
ba que hemos formalizado en PVS estd basada en la realizada por W. Buchholz, descrita por T.
Nipkow en An Inductive Proof of the Wellfoundedness of the Multiset Order ([2]]).

En la literatura hay diversas definiciones de buena fundamentacién de una relacién binaria.
En el articulo de P. Rudnicki y A. Trybulec, On Equivalents of Well-Foundedness (An experiment in
MIZAR) ([3]])), se establece la equivalencia entre distintas definiciones de relacién bien fundamen-
tada. Concretamente, se prueba que si 7" es un conjunto y < una relacioén binaria sobre 7', entonces
las siguientes afirmaciones son equivalentes:

1. Todo subconjunto no vacio de 7' tiene elemento <-minimal.

2. En (T, <) se tiene el principio de induccién bien fundamentada.
3. En (7, <) se tiene el principio de definicién por recursién.

4. Unicidad de las funciones definidas recursivamente sobre 7'.

5. En (T, <) no existen cadenas descendentes infinitas.

La primera de estas expresiones coincide justamente con la definicién de relacién bien funda-
mentada establecida en el preludio de PVS. Ahora bien, la caracterizacién de buena fundamenta-
cién que usaremos no es ninguna de las anteriores, sino la que proporciona P. Aczel en su articulo
An Introduction to Inductive Definitions ([1]]) y que usa el conjunto denominado parte bien funda-
mentada de una relacion. Este conjunto se define inductivamente como el menor subconjunto de
T, W(T, <) tal que:

reW(T, <) —Vy<zyeW(T, <)

Se verifica que la relacién (7', <) es bien fundamentada si y s6lo si W (T, <) =1T.

El esquema de la formalizacién realizada en PVS es el siguiente:

= En el capitulo 1 definimos (inductivamente) la parte bien fundamentada de 7" con respecto
a <,y probamos que la relacién (7, <) es bien fundamentada si y sélo si W (7', <) =T.

= En el capitulo 2 definimos (inductivamente) la clausura transitiva de una relacién binaria

(T, <) y probamos que es bien fundamentada si (7, <) lo es, usando la caracterizacion esta-
blecida.



= En el capitulo 3 definimos la relaciéon N <; M si N se obtiene sustituyendo un elemento a de
M por un multiconjunto K de elementos menores que a. Probamos que si (7, <) es bien fun-
damentada, entonces (M (T'), <;) también es bien fundamentada, donde M (T") representa
los multiconjuntos finitos de elementos de 7. Finalmente, definimos <,,,,,;, como la clausura
transitiva de <; y probamos que si (7, <) es bien fundamentada, entonces (M (T"), <,u1) €s
bien fundamentada.
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Capitulo 1

Buena fundamentacion de una relacion
binaria

1.1. Introduccion

Dada una relacién binaria < definida en un conjunto 7', la parte bien fundamentada de < es
el conjunto W (7', <) de elementos a de T para los que no existe una cadena infinita descenden-
te comenzando en a. Este conjunto se puede definir también, inductivamente, como el menor
subconjunto de 7' cerrado bajo el conjunto de reglas

Vy <ayeW(T,<)—aecW(T, <)

En este capitulo, definimos en PVS el conjunto W (7', <) y probamos que la relaciéon < es bien
fundamentada si y s6lo si W (T, <) = T. También se prueba que < es bien fundamentada si en
(T, <) se verifica el principio de induccién bien fundamentada. Por ltimo, establecemos que si
existe una aplicacion de (7, <) en los ordinales conservando el orden, entonces la relacién < es
bien fundamentada.

Usamos la definicién de relacion bien fundamentada del preludio de PVS; es decir, la relacion
< es bien fundamentada en 7" si todo subconjunto no vacio de 7' tiene elemento minimal.

1.2. Parte bien fundamentada de una relacion binaria

Nota 1.2.1 En el desarrollo de la teoria PVS condicién suficiente de buena fundamentacion, wf_cs,
se considera un conjunto no vacio 7'y una relacién binaria < en 7'.

wf_cs[T: TYPE+, <:pred[[T,T]]]: THEORY
BEGIN

Nota 1.2.2 Se usarén las siguientes variables:

p: VAR pred[T]
x,y: VAR T
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Nota 1.2.3 PVS proporciona el soporte necesario para construir definiciones inductivas. En gene-
ral, las definiciones inductivas se presentan mediante las reglas que generan los elementos del
conjunto. Asi, un elemento pertenece a dicho conjunto si y sélo si ha sido generado de acuerdo
con las reglas. Es decir, se define el menor conjunto cerrado bajo dichas reglas.

Definicién 1.2.4 La parte bien fundamentada de T respecto de < es el menor subconjunto W (T', <
) de T tal que para todo x se verifica que si Vy < x.y € W (T, <), entonces x € W (T, <).

well_founded_part(x): INDUCTIVE bool =
FORALL y: y < x IMPLIES well_founded_part(y)

Nota 1.2.5 La definicién inductiva de la parte bien fundamentada en PVS genera, de manera
automatica, los siguientes axiomas de induccién:

» axioma de induccién débil de la parte bien fundamentada:
Vo.(Vy.(y < x — P(y))) — P(x)
Vex € W(T, <) — P(x)

= axioma de induccién de la parte bien fundamentada:
Ve.Vy(y <x—ye W(T,<)ANP(y))) — P(x)
Ve.x € W(T, <) — P(x)

1.3. Caracterizaciones de buena fundamentacion

Lema 1.3.1 Si (7, <) es bien fundamentada, entonces W (T, <) =T.

well_founded_part_cn: LEMMA
well_founded?[T] (<) IMPLIES FORALL x: well_founded_part (x)

Demostracién: Por induccién sobre (7, <) con el predicado x € W (T, <). O

Lema 1.3.2 Si W(T, <) =T, entonces (T, <) es bien fundamentada.

well_founded_part_cs: LEMMA
(FORALL x: well_founded_part(x)) IMPLIES well_founded?[T] (<)

Demostraciéon: Sea P C T no vacio. Tenemos que demostrar que P posee un elemento minimal;
es decir,
Jyye PAVe e Px £y

Supongamos que
—Jyy € PA\Vx € Px £y
entonces
VyVe<yax g P)—ygP

Luego, P = W(T, <) (por el axioma de inducciéon débil de la parte bien fundamentada), P° =T
(por hipétesis) y P = () (contradiccién con la definicién de P). O
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Teorema 1.3.3 (7', <) es bien fundamentada si y sé6lo si W (T, <) =T.

well_founded_part_cns: THEOREM
well_founded?[T] (<) IFF (FORALL x: well_founded_part(x))

Demostracién: Consecuencia de los lemas previos. O

Teorema 1.3.4 (T, <) es bien fundamentada si y sélo si se verifica el principio de induccién bien
fundamentada en (T, <).

well_founded_induct_cns: THEOREM
well_founded?[T] (<) IFF
(FORALL (p: pred[T]):
(FORALL (x: T): (FORALL (y: T): y<x IMPLIES p(y)) IMPLIES p(x))
IMPLIES
(FORALL (x:T): p(x)))

Demostracién:
(=) Se prueba por induccién bien fundamentada en (7, <).
(<) Se realiza un razonamiento analogo al del lema O

Teorema 1.3.5 (Condicién suficiente de buena fundamentacién) : Si existe una aplicacion de (T', <
) en los ordinales conservando el orden, entonces la relacién < es bien fundamentada.

well_founded_cs_ordinal: THEOREM
(EXISTS (f:[T->ordinal]): FORALL x,y: x<y IMPLIES f(x)<f(y))
IMPLIES
well_founded?[T] (<)

Demostracién: Sea f una aplicacion de (7', <) en los ordinales que conserva el ordeny P C T no
vacio. Tenemos que demostrar que P posee un elemento mininimal (i.e. existe un y € P tal que
paratodoz € P, x £ y).

Consideremos el conjunto @ = f[P] (i.e. Q = {f(x) : © € P}). Se verifica que () posee un ele-
mento minimal (puesto que ) C Ord, Q # () y Ord esta bien fundamentado (well_founded_le)).
Sea v un elemento minimal de ). Existe un y € P tal que f(y) = u. Veamos que y es un elemento
minimal de P. Para ello consideramos un = € P. Entonces

= f(z) € Q (por definicién de Q)),
» f(z) £ u (por definicién de u),
» f(z) £ f(y) (por definicién de y),

= 2 £ y (porque f conserva el orden).



1.3. Caracterizaciones de buena fundamentacion

Nota 1.3.6 Y con esto termina la teoria wf_cs.

END wf_cs




Capitulo 2

Buena fundamentacion de la clausura
transitiva de una relacion

2.1. Introduccion

En este capitulo definimos en PVS la clausura transitiva de una relacién binaria, de manera
inductiva. Y probamos que la clausura transitiva de una relacién bien fundamentada también es
bien fundamentada. Por tltimo, definimos en PVS la clausura reflexiva transitiva de una relacion
binaria y probamos sus propiedades fundamentales.

2.2. Clausura transitiva de una relacion

En esta seccion se define (de manera inductiva) la clausura transitiva (<*) de una relaciéon
binaria (<) definida en 7, y se establecen sus propiedades fundamentales.

Nota 2.2.1 En el desarrollo de esta teoria se considera un conjunto no vacio 7.

cl_tr[T:TYPE+]: THEORY
BEGIN

Nota 2.2.2 Se usaran las variables z, y, z para los elementos de T'y < para representar una relacion
binaria en 7.

x,y,z,t: VAR T
<,rel : VAR pred[[T,T]]

Definicion 2.2.3 (Definicion inductiva de la clausura transitiva de la relacion <) Sea < una rela-
cioén binaria en T. Definimos la clausura transitiva de < como la menor relacion <% tal que:

Ve,yeTox <yVIz(r <t zAz<y)—ao<ty

tr_cl(<)(x,y): INDUCTIVE bool =
x < y OR EXISTS z: tr_cl(<)(x,z) AND z < y
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Nota 2.2.4 De esta forma, estamos definiendo el conjunto de elementos menores que y mediante
<*; es decir, los elementos generados por el conjunto de reglas {z < y,3z.(x <T 2z Az < y)}. La
definicién inductiva de la clausura transitiva de < genera, de manera automatica, los siguientes
axiomas de induccién:
= axioma de induccién débil:
Vy.(r <yV3z.(z<yAP(z) — Py)
Vy.(x <"y — P(y))

m axioma de induccién fuerte:
Vy.(r <yVIz.(z <t 2Az<yAP(z) — Ply)
Vy.(x <Ty — P(y))

Nota 2.2.5 Veamos que, en efecto, cualquier otra relacién que verifica las mismas reglas de for-
macion contiene a la relacién <*.

Lema 2.2.6 La relacién <* es la menor relacion binaria cerrada bajo las reglas {x < y,3z.(z <7
2Nz <y}

tr_cl_less_rules: LEMMA
(FORALL x,y : (x < y OR EXISTS z: rel(x,z) AND z < y )
IMPLIES
rel(x,y))
IMPLIES
FORALL x,y: tr_cl(<)(x,y) IMPLIES rel(x,y)

Demostraciéon: Directamente, usando el axioma de inducciéon débil 22224 O

tr_cl_weak_induction_2: LEMMA
FORALL (<, P: [[T,T] -> boolean]):
(FORALL x,y: (x < y OR (EXISTS z: P(x,z) AND z < y)) IMPLIES P(x,y))
IMPLIES (FORALL x,y: tr_cl(<)(x, y) IMPLIES P(x,y))

Nota 2.2.7 Con objeto de demostrar la transitividad de la relacién <* hemos de probar que el
conjunto de reglas {z < z,3z.(» < x Az < y)} también genera los pares de la relacion <*. Para
ello, enunciamos los siguientes lemas.

Lema 2.2.8 Los pares de elementos que verifican la regla bdsica + < y pertenecen al conjunto
definido por <™.

tr_cl_cs_basic: LEMMA
x <y IMPLIES tr_cl(<)(x,y)

Demostraciéon: Directamente por la definiciéon de <*. O
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Lema 2.2.9 Sean z,y,z € T. Se verifica: z < x Nx <ty — z <t y.

tr_cl_transitive_10: LEMMA
(z < x AND tr_cl(<)(x,y))
IMPLIES
tr_cl(<) (z,y)

Demostracién: Sean 21, z; fijos. Hay que probar

Vy(zn <zi Aoy <ty — 2z <" y)
0, lo que es l6gicamente equivalente,

Vy(r, <t y—zn £ Ve < y)

Para ello, basta usar el axioma de induccién débil de la clausura transitiva con el predicado
P(y) = (21 £ 1) V (21 <' y). Asi, hay que probar la premisa de dicho axioma:

Vy.(xy <y V3It(t<yAP(t)) — Ply)
La disyuncién de la hipétesis hace que se distingan dos casos:

1 <y— P(y)

Es decir, 1 <y — z1 £ 21V z1 <" y, que se transformaen (z; < 1 Az <y) — 2z <"y, lo
que se prueba por la definicién de <™ y el lema

= 3t.(t <yAP(t)) — Ply)

Sea t; un tal elemento. Hemos de probar que
b <y AP(t) — P(y)

Es decir: t1 <yAN (21 7{ 1V 2y <t tl) — (21 7{ r1 V2 <t y)

Elcaso (t1 <y Az £ x1) — (21 £ 21 V 21 <T y) se prueba directamente por simplificacién
proposicional.

Finalmente, el caso (t; < y Az < t1) — (21 £ 71 V 21 <T y) se tiene directamente por la
definicién de <.

Teorema 2.2.10 La relaciéon <™ es transitiva.

tr_cl_transitive: THEOREM
transitive?(tr_cl(<))
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Demostracién: Por la definicién de relacién transitiva, si consideramos z; y 21, hay que probar:
Vy.(z1 <Ty Ay <t 2) — 2 <F 29)

O, lo que es equivalente
Vy. (o <ty — (gt 21 v <t 2)
Para ello, basta usar el axioma de induccién débil de la clausura transitiva con el predicado
P(y) =y £% 21 Va1 <' 2. Asi, hay que probar la premisa de dicho axioma:
Vy.(xy <y V3It.(t <yAP(t)) — Ply)

La disyuncién de la hipétesis hace que se distingan dos casos:

= 1 <y— P(y)

Esdecir, z; <y —y £ 21 Vo1 <' 21, que se transformaen (1 <y Ay <t z1) — x1 <t 2,
lo que se prueba por el lema

= 3t.(t <yAP(t)) — Ply)

Sea t; un tal elemento. Hemos de probar que
th <y AP(t) — P(y)

Esdecir:t; <yA(ty €T 21V <t z1) my £ 20 Vg <t 2.
Elcasoty <y Aty £ 21 —y £1 21 Vop <t z se prueba usando el lema 229

Finalmente, el caso t; < y Axy <" 21 — y £ 21 Vo1 < 2z se prueba directamente por
simplificacién proposicional.

0
Lema2211 Vo, y e Tao <ty — (z<yVIz(r<zAz<Ty))
tr_cl_equiv_cn: LEMMA
tr_cl(<) (x,y) IMPLIES (x < y OR EXISTS z: x < z AND tr_cl(<)(z,y))
Demostraciéon: La prueba es analoga a la de los resultados 2210y Z.2.9 O
Lema2212 Ve,y e T.(x <yVIz(xr <zAz<Ty))—ax<ty
tr_cl_equiv_cs: LEMMA
(x < y OR EXISTS z: x < z AND tr_cl(<)(z,y)) IMPLIES tr_cl(<)(x,y)
Demostraciéon: Usando el lema 229 O

Lema2213 Vo,y e To <yVIz(zr <zAz<Ty)e—xz<ty
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tr_cl_equiv: LEMMA
tr_cl(<)(x,y) IFF (x < y OR EXISTS z: x < z AND tr_cl(<)(z,y))

Demostracién: Por los lemas 2211y 2212 [

Teorema 2.2.14 La clausura transitiva, <*, de una relacién binaria <, es menor que cualquier
relacion transitiva que contiene a <.

tr_cl_less_transitive: THEOREM
transitive?(rel) AND
(FORALL x,y: x < y IMPLIES rel(x,y))
IMPLIES
FORALL x,y: tr_cl(<)(x,y) IMPLIES rel(x,y)

Demostracién: Sea <; una relacién transitiva que contiene a <, y sea z; un elemento de 7. Hay
que probar que

Vy.(o1 <y — 21 <1 )
Para ello, basta usar el axioma de induccién débil de la clausura transitiva 224 con el predicado

Ply) =z <1 v. ]

Nota 2.2.15 Como consecuencia, se tiene que la clausura transitiva, <*, de una relacién binaria <
es la menor relacién transitiva que contiene a <.

END cl_tr

2.3. Buena fundamentacion de la clausura transitiva de una re-
lacion

En esta seccion se prueba que la clausura transitiva de una relacién bien fundamentada tam-
bién es bien fundamentada.

Nota 2.3.1 Como en la seccién anterior, se considera un conjunto no vacio 7. Se usarén las varia-
bles z,y, z para los elementos de 7'y < para representar una relacién binaria en 7'.

wf_cl_tr[T:TYPE+]: THEORY
BEGIN

< : VAR pred[[T,T]]
x,y,2z: VAR T
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Nota 2.3.2 Usamos la teoria c/_tr en la que se ha definido la clausura transitiva de una relaciéon
binaria; y la teoria wf_cs en la que hemos establecido una caracterizaciéon de la buena fundamen-
tacion de una relacién, usando la parte bien fundamentada de dicha relacién.

IMPORTING cl_tr
IMPORTING wf_cs

Lema2.3.3 Seax € T.5iVy.(y < x — y € W(T,<*)), entonces Vy.(y <* z — y € W(T, <*)).

well_founded_part_cl_tr_11: LEMMA
(FORALL y: y < x IMPLIES well_founded_part[T,tr_c1(<)](y))
IMPLIES
(FORALL z: tr_cl(<)(z,x) IMPLIES well_founded_part[T,tr_cl(<)](z))

Demostracion: Sea x tal que Vy.(y < z — y € W(T,<*)), y sea z con z <* z. Entonces,

» siz <x,2z€ W(T,<*) por hipétesis.
» siJu.(z <" uAu < z), entonces:

o uc W(T, <*) por hipétesis, y
e 2 € W(T,<*) por la definiciéon de W (T, <*).

Teorema 2.3.4 Sea < una relacién binaria en T'. Se verifica W (T, <) C W (T, <*).

well_founded_part_cl_tr: THEOREM
well_founded_part[T,<] (x)
IMPLIES
well_founded_part[T,tr_cl(<)](x)

Demostracion: Usando el axioma de induccién débil (LZ5) generado por la definicion de W (T, <
), con el predicado P(x) =z € W(T, <*), basta probar lo siguiente:

Ve.(Vy.(y <ax—ye W(T, <)) -z e W(T, <)
En efecto, sea a € T tal que Vy.(y < a — y € W(T, <*)). Hay que probar que a € W (T, <*). Para

ello, por la definicién de parte bien fundamentada, es suficiente probar que Vz.(z <* a — 2z €
W(T, <*)), lo que se tiene por el lemaZ3.3 O

Teorema 2.3.5 Si (7', <) es una relacién binaria bien fundamentada, entonces (T, <*) también lo
es.

well_ founded_cl_tr: THEOREM
well_founded?[T] (<) IMPLIES well_founded?[T] (tr_cl(<))

Demostracion: Usando el teorema [[L3] hay que probar que si W (7', <) = T', entonces W (T, <*)
T, lo que se tiene aplicando Z3.4.

ool

END wf_cl_tr
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2.4. Clausura reflexiva transitiva de una relacion

En esta seccion se define (de manera inductiva) la clausura reflexiva transitiva (<*) de una
relacion binaria (<) definida en 7', y se establecen sus propiedades fundamentales.

Nota 2.4.1 En el desarrollo de esta teoria se considera un conjunto no vacio 7'.

cl_rtr[T:TYPE+]: THEORY
BEGIN

Nota 2.4.2 Se usaran las variables z, 3, z para los elementos de 7'y < para representar una relacion
binaria en 7.

X,y,z,t: VAR T
<,rel : VAR pred[[T,T]]

Definicion 2.4.3 (Definicion inductiva de la clausura reflexiva transitiva de la relacion <) Sea <
una relacion binaria en T'. Detinimos la clausura retlexiva transitiva de < como la menor relacién
<* tal que:

Ve,yeTix=yVIz(r <" zANz<y)—zx<"y

rtr_cl(<) (x,y): INDUCTIVE bool =
x =y OR EXISTS z: rtr_cl(<)(x,z) AND z < y

Nota 2.4.4 De esta forma, estamos definiendo el conjunto de elementos menores que y mediante
<*; es decir, los elementos generados por el conjunto de reglas {z = y,3z.(zr <* 2 Az < y)}. La
definicién inductiva de la clausura reflexiva transitiva de < genera, de manera automaética, los
siguientes axiomas de induccion:

m axioma de induccién débil:
Vy(xr=yV 3z.(z <y A P(2)) — Py)
Vy.(x <"y — P(y))

m axioma de induccién fuerte:
Vy(r=yVIz.(zr <" 2zANz<yAP(z))) — Py)
Vy.(r <"y — P(y))

Lema 2.4.5 Los pares de elementos que verifican la regla bdsica x = y pertenecen al conjunto
definido por <*.

rtr_cl_cs_basic: LEMMA
x = y IMPLIES rtr_cl(<) (x,y)
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Demostracién: Directamente por la definiciéon de <*. O

Lema 2.4.6 Los pares de elementos que verifican la relacion = < y pertenecen al conjunto definido
por <*. Es decir, la relacién <* contiene a la relacion <.

rtr_cl_cs_rel: LEMMA
x < y IMPLIES rtr_cl(<)(x,y)

Demostracién: Usando la definicién de <* y el lema O

Teorema 2.4.7 La relacion <* es reflexiva.

rtr_cl_reflexive: THEOREM
reflexive?(rtr_cl(<))

Demostracion: Trivial. O

Nota 2.4.8 Con objeto de demostrar la transitividad de la relacién <* probamos que el conjunto
de reglas {z = z,dz.(z < x A x <* y)} también genera los pares de la relacién <*. Andlogamente,
para el conjunto de reglas {z < z,3z.(z < zAx <* y)}. Para ello, enunciamos los siguientes lemas.

Lema 2.4.9 Seanx,y,z € T. Se verifica: z =x Nx <"y — z <*y.

rtr_cl_transitive_10: LEMMA
(z = x AND rtr_cl(<) (x,y))
IMPLIES
rtr_cl(<) (z,y)

Lema 2.4.10 Sean x,y,z € T. Se verifica: z < x Nx <*y — z <* .

rtr_cl_transitive_11: LEMMA
(z < x AND rtr_cl(<) (x,y))
IMPLIES
rtr_cl(<) (z,y)

Teorema 2.4.11 La relacion <* es transitiva.

rtr_cl_transitive: THEOREM
transitive?(rtr_cl(<))

Lema24.12 Vo,y e Tix <*y — (x=yVIz.(z < 2Nz <"y))

rtr_cl_equiv_cn: LEMMA
rtr_cl(<) (x,y) IMPLIES (x = y OR EXISTS z: x < z AND rtr_cl(<)(z,y))
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Lema24.13 Ve,y € T.(x=yV Iz (z < zANz<'y)) -z <"y

rtr_cl_equiv_cs: LEMMA
(x = y OR EXISTS z: x < z AND rtr_cl(<)(z,y)) IMPLIES rtr_cl(<) (x,y)

Lema24.14 Ve,y e Tx <yVIz(z<zAz<'y)—x<'y

rtr_cl_equiv: LEMMA
rtr_cl(<)(x,y) IFF (x = y OR EXISTS z: x < z AND rtr_cl(<)(z,y))

Teorema 2.4.15 La clausura reflexiva transitiva, <*, de una relacion binaria <, es menor que cual-
quier relacion reflexiva transitiva que contiene a <.

rtr_cl_less_transitive: THEOREM
reflexive?(rel) AND transitive?(rel) AND
(FORALL x,y: x < y IMPLIES rel(x,y))
IMPLIES
FORALL x,y: rtr_cl(<)(x,y) IMPLIES rel(x,y)

Nota 2.4.16 Como consecuencia, se tiene que la clausura reflexiva transitiva, <*, de una relaciéon
binaria < es la menor relacién reflexiva transitiva que contiene a <.

IMPORTING cl_tr

Lema 2.4.17 Dada una relacion binaria <, la relaciéon <* contiene a <™.

tr_cl_subset_rtr_cl: LEMMA
tr_cl(<)(x,y) IMPLIES rtr_cl(<)(x,y)

Nota 2.4.18 Las demostraciones de los resultados incluidos en esta teoria son andlogas a las de la
teoria c1_tr.

END cl_rtr




Capitulo 3

Relacion de orden bien fundamentada en
multiconjuntos

3.1. Introduccion

Sea T'un conjunto y < una relacién binaria bien fundamentada definida en 7'. En este capitulo
definimos una relacién binaria <;, (en PVS, less_1), sobre los multiconjuntos finitos de elemen-
tos de 7', y probamos que es bien fundamentada. La prueba estd basada en la realizada por W.
Buchholz, descrita por T. Nipkow en “An Inductive Proof of the Wellfoundedness of the Multiset
Order". Finalmente, definimos la relacién <,,, entre multiconjuntos finitos (less_bag en PVS),
como la clausura transitiva de la relacién <; y probamos que es una relacién bien fundamentada.
La prueba usa el resultado siguiente: la clausura transitiva de una relaciéon bien fundamentada es
bien fundamentada.

3.2. Relacién de orden bien fundamentada en multiconjuntos

finite_bags_order[T: TYPE+, <: (well_founded?[T])]: THEORY
BEGIN

IMPORTING finite_bags_lems[T]

Nota 3.2.1 Se usardn A, B, M, N, K, My, K, K, como variables sobre multiconjuntos finitos de
elementos de T, y z,y, a, b como variables sobre elementos de T'.

A,B,M,N,K,M_0,K1,K2,M1: VAR finite_bag
X,Y,a,bi VAR. T

Nota 3.2.2 Para evitar la creacién de numerosos TCCs anélogos, establecemos el siguiente juicio:

JUDGEMENT insert(x,A) HAS_TYPE finite_bag

17
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Definicién 3.2.3 Un multiconjunto M es menor que un elemento a (se notard M < a) si todos los
elementos de M son menores que a.

less(M,a): bool =
FORALL b: member(b,M) IMPLIES b < a

Definicién 3.2.4 Un multiconjunto N es menor que ) segin <; (N <; M) si N se obtiene susti-
tuyendo un elemento a de M por un multiconjunto finito de elementos menores que a. Es decir si
existe un elemento a de T', y dos multiconjuntos M, y K, tales que:

L M:MQU{G,},
= N=MyUKy

m K <a.

less_1(N,M): bool
EXISTS M_0,a,K: M = insert(a,M_0) AND
N = plus(M_0,K) AND
less(K,a)

Lema 3.2.5 S5i N <; M U {a}, entonces se verifica una de las dos condiciones siguientes:
u HMoiN:MQU{CL}/\MO <y M.

m K . N=MUKANK < a.

less_1_insert_cn: LEMMA
less_1(N, insert(a,M))
IMPLIES
(EXISTS M_0: N = insert(a,M_0) AND less_1(M_0,M)) OR
(EXISTS K: N = plus(M,K) AND less(K,a))

Demostracién: Por ser N <; M U {a}, existen M,, b, K tales que:
» M U{a} =My U{b}
s N=MUK
= K <b

Consideramos dos casos:

1. a =0

En este caso, basta probar que N = M U K, usando las definiciones de las operaciones entre
multiconjuntos.
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2. a#b.
Ahora, tomamos M, = (M, \ {a}) U K y probamos:

a) N = My U {a}. Es decir, M UK = ((My \ {a}) U K) U {a}, usando las definiciones de
las operaciones entre multiconjuntos.

b) My <y M. Es decir, (M \ {a}) U K <4 M. Para ello, basta tomar M, \ {a}, by K como
los elementos necesarios para probar la relacion.

0

Nota 3.2.6 Incluimos aqui algunas propiedades sobre las operaciones con multiconjuntos que he-
mos necesitado.

Lema3.2.7 MUQP =M

plus_emptybag: LEMMA

plus (M,emptybag) = M

Lema3.2.8 M U (N U {z}) = (M UN)U {z}

insert_plus: LEMMA
plus(M,insert(x,N)) = insert(x,plus(M,N))

Lema 3.2.9 Si (K U{z}) < a, entonces x < a.

less_insert_cn: LEMMA
less(insert(x,K),a) IMPLIES x < a

Lema 3.2.10 Si (K U {z}) < a, entonces K < a.

less_insert_cn2: LEMMA
less(insert(x,K),a) IMPLIES less(K,a)

Nota 3.2.11 Importamos la teorfa "wf_cs", instancidndola con los multiconjuntos finitos con ele-
mentos en 7, M(T), y la relacién <;. De esta forma, la prueba de que (M(T'), <;) es una relacién
bien fundamentada consistird en probar que la parte bien fundamentada de M(T'), relativa a la
relacion <, coincide con M(T). Es decir, que W(M(T), <;) = M(T).

wf_part: LIBRARY = ". L/wE"
IMPORTING wf_part@wf_cs[finite_bagl[T],less_1]

Nota 3.2.12 El esquema de la prueba de W (M(T'), <;) = M(T) es el siguiente:

» W(M(T),<1) € M(T) es trivial.
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» La prueba de M(T") C W(M(T), <;) se realiza por induccién sobre multiconjuntos finitos,
segun el siguiente esquema de induccién:

P(0) AVa, M.(P(M) — P(M U {a}))
VM.P(M)

siendo P(M) = M € W(M(T), <4).

Por tanto, hay que probar:
1. 0 € W(M(T), <1), que se tiene por la definicion de W (M (T'), <4).
2. Ya(VM € W(M(T),<1) - M U{a} € W(M(T), <y).

Este resultado estd formalizado en el lema BZTf Se demuestra por induccién bien
fundamentada en a, (puesto que [T, <] es bien fundamentada), con el predicado:

Pla) =VM(M € W(M(T),<1) = MU{a} € W(M(T), <4))
Con ello, la prueba se reduce a demostrar
(Vb.(b < a— P(b))) — P(a)

Este resultado estd formalizado en el lema

Hay que demostrar que si se verifica
Vb.b<a— VMM e WM(T),<q) = MU{b} € W(M(T), <1))] (%)
entonces
VM(M e WM(T),<1) = MU{a} € WM(T), <)

0, lo que es equivalente,
VM e WM(T), <1). MU {a} € WM(T), <)

La prueba se hace usando el axioma de induccién débil de la parte bien fundamentada
W(M(T), <1), con el predicado

Q(M) =MU {CL} S W(M(T), <1) v M ¢ W(M(T), <1)

Por tanto, con la hipétesis (), hemos de probar VM (VN <; M.Q(N)) — Q(M).
Es decir:
siVM(VN < M(N € WM(T),<1) = NU{a} € W(M(T), <),
entonces M U {a} € W(M(T),<1) VM & W(M(T),<1)
Asi, la prueba se reduce al lema B.2Z.T4, que queda como sigue:
si
o Mye W(M(T), <)
o VM <y My. (M € WM(T),<1) = MU{a} € WM(T), <1))
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o Vb <a.(VM.M e W(M(T), <) - MU{b} € W(M(T), <y)
entonces, My U {a} € W(M(T), <y).

Por dltimo, probamos el lema auxiliar que establece una condicién suficiente
paraque M UK € W(M(T), <4).

Lema 3.2.13 Seaa € T y sean M, K multiconjuntos finitos tales que:
» M e WM(T), <1)
n K <a
» Vb < a.(VM.M e W(M(T),<1) = MU{b} € WM(T), <1)
Entonces, M UK € W(M(T), <1).

well_founded_part_less_1_plus: LEMMA
well_founded_part (M) AND
less(K,a) AND
(FORALL b: b<a IMPLIES (FORALL M: well_founded_part(M) IMPLIES
well_founded_part(insert(b,M))))
IMPLIES
well_founded_part (plus(M,K))

Demostracién: Sea M € W(M(T'), <1) y a un elemento de 7. Probamos el lema, por induccién en

K, segtin el esquema
P(0)AVb, K.(P(K) — P(K U{b}))

VK.P(K)

siendo P(K) =M UK € W(M(T), <1).
Tenemos dos casos:

1. K = (. Entonces, M U K = M vy, por hipétesis, M € W (M(T), <;).

2. K = X U{b}, verificando X la hipétesis de induccion.

Entonces,

» por una parte, por el lemaB2Z8 MUK = MU (X U{b}) = (MUX)U{b}

por otra parte, como K = X U {b} <; q, por el lemaB.ZT0se tiene X < a

por tanto, por hipétesis de induccion M U X € W(M(T), <4)

ademads, por el lema se tiene que b < a
luego, por hipétesis del lema, (X U M) U {b} € W(M(T), <1)
por tanto, M UK € W(M(T'), <1)

Lema 3.2.14 Seaa € T y sean M, M, multiconjuntos finitos tales que:
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] M() € W(M(T), <1)
w VM <y My.(M € WM(T),<1) = MU{a} € WM(T),<1))
n Vb <a.(VM.MeW(M(T),<1) = MU{b} € W(M(T), <4)

Entonces, My U {a} € W(M(T), <y).

well_founded_part_less_1_insert_10: LEMMA

well_founded_part(M_0) AND

(FORALL M: less_1(M,M_0) IMPLIES (well_founded_part (M)
IMPLIES
well_founded_part(insert(a,M)))) AND

(FORALL b: b < a IMPLIES

(FORALL M: well_founded_part(M) IMPLIES
well_founded_part (insert(b,M))))
IMPLIES
well_founded_part(insert(a, M_0))

Demostracién: Considerando la definicién inductiva de W (M(T"), <,), hemos de probar lo si-

guiente:
VMl.(Ml <1 MO U {a} — M1 c W(M(T), <1)

Sea M, tal que M; <; My U {a}. Por el lemaB.2.5 tenemos dos casos:

1. HNZMlzNU{CL}YN<1MQ.

En este caso, por ser N <; M,, de la definicién inductiva de W(M(T), <;) se tiene que N €
W(M(T'), <1). Luego, por hipétesis, NU{a} € W(M(T), <;). Por tanto, My € W(M(T), <3).

2. 3K : M, = MyUKy K < a.
Este caso se prueba por aplicaciéon directa del lema[3.2.13

Lema 3.2.15 SiVb < a.(VM € W(M(T), <1).M U{b} € W(M(T)), entonces
VM e W(M(T), <1).MU{a} € W(M(T), <1).

well_founded_part_less_1_insert_12: LEMMA
(FORALL b: b<a IMPLIES
(FORALL M: well_founded_part(M) IMPLIES
well_founded_part (insert(b,M))))
IMPLIES
(FORALL M: well_founded_part(M) IMPLIES
well_founded_part(insert(a,M)))




3.2. Relacién de orden bien fundamentada en multiconjuntos 23

Demostracién: Usamos el axioma de induccién débil de la parte bien fundamentada W (M(T'), <4
), con el predicado Q(M) = (M U{a} € WM(T),<1) VM ¢ W(M(T),<,) y aplicamos el lema
B214 O

Lema 3.2.16 Si M € W(M(T), <), entonces M U {a} € W(M(T), <y).

well_founded_part_less_1_insert: LEMMA
FORALL M, a : well_founded_part(M) IMPLIES
well_founded_part(insert(a,M))

Demostracién: Por induccién bien fundamentada en a, segtin el esquema "wf_induction[T,<]"(puesto
que < es una relacion bien fundamentada sobre 7):

VeeT.(VyeT.(y<xz— Ply)) — P(x))
Ve e T.P(x)

siendo P(z) =VM(M € W(M(T), <1) — MU{x} € W(M(T), <), usando el lemaB2ZT3 O

Lema 3.2.17 Todo multiconjunto finito con elementos en T’ pertenece a la parte bien fundamenta-
da deT, relativa a <,. Es decir, M(T) C W(M(T), <4).

well_founded_part_less_1_all: LEMMA
FORALL M: well_founded_part (M)

Demostracién: Por induccién sobre multiconjuntos finitos, segtn el siguiente esquema de induc-
cion:
P(D) ANVa, M.(P(M) — P(M U{a}))
VM.P(M)

con el predicado P(M) = M € W(M(T), <;). Entonces,

» En el caso del multiconjunto vacio, ) € W (M(T'), <), pues ningtin multiconjunto N verifica
N <4 0.

» El paso inductivo se tiene de forma inmediata a partir del lemaB.2.16

Teorema 3.2.18 (M(T'), <,) es una relacién bien fundamentada.

wf_less_1: THEOREM
well_founded?[finite_bag[T]] (less_1)

Demostracién: Por el teorema [[L3] es suficiente probar que la parte bien fundamentada relativa a
la relacién <; coincide con el conjunto de los multiconjuntos finitos sobre 7'. Es decir, W (M(T'), <y
) = M(T). Esto se tiene, directamente, por el lema B.2.17 O
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Nota 3.2.19 Importamos la teoria "wf_cl_tr"instancidndola sobre los multiconjuntos finitos de 7',
en la que se prueba que la clausura transitiva de una relacién bien fundamentada también es bien
fundamentada.

IMPORTING wf_part@uf_cl_tr[finite_bag[T]]

Definicién 3.2.20 Definimos la relacion de orden entre multiconjuntos finitos <., como la clau-
sura transitiva de la relacion <.

less_bag: PRED[[finite_bagl[T],finite_bagl[T]]] = tr_cl(less_1)

Teorema 3.2.21 (M(T'), <psq) €s una relacién bien fundamentada.

wf_less_bag: THEOREM
well_founded?[finite_bagl[T]] (less_bag)

Demostracién: Por definicién, <, es la clausura transitiva de la relaciéon <, que es bien funda-
mentada, por el lemaB.ZT8 Entonces, por el teorema se tiene que <y, es bien fundamenta-
da. O

3.3. Equivalencia entre relaciones binarias en M(T).

Finalmente, queremos establecer la relacién que existe entre la relacion N <;,, M, y la definida
como el resultado de sustituir un multiconjunto K de elementos de M por otro multiconjunto K,
formado por elementos acotados superiormente por elementos de K. Para ello, en primer lugar,
definimos la relacién <,,,;; como sigue:

Definicién 3.3.1 N <, M si existen multiconjuntos My, K, K, tales que:
= K #0
s M = MyU K,
s N =MyUK,

» Va.(a € Ky — 3Jb.(be Ky ANa<b))

less_mult(N,M): bool =
EXISTS M_0, K1, K2: nonempty_bag? (K1) AND
M = plus(M_0, K1) AND
N = plus(M_0, K2) AND
FORALL a: member(a,K2) IMPLIES
EXISTS b: member(b,K1) AND a < b
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Vamos a probar que, en el caso de que la relacién binaria < sea transitiva, las relaciones <., y
<muit coinciden. El esquema de la prueba es el siguiente:

u <bagg<mult

Como <, =<7 es la menor relacion transitiva que contiene a <, es suficiente probar que
<muit €S transitiva y contiene a <;.

u <multg<bag

Se prueba por induccién en el multiconjunto de elementos del mayor, que se sustituye.

Lema 3.3.2 Si < es una relacion transitiva en T, entonces la relacion <,,,;; es transitiva en M(T).

less_mult_transitive_cs: LEMMA
transitive?[T] (<) IMPLIES transitive?[finite_bag] (less_mult)

Demostracién: Sean X, Y, Z multiconjuntos tales que X <, Y yY <, Z. Vamos a probar que
X <mult Z.
Por definicién de <1, existen multiconjuntos My, K, Ko, My, Ly, L, tales que:

1) K (5) L1 #0
(2) Y=MUK, (6) Z=MUL,
(3) MO U KQ (7) = M1 U L2
(4) (GEKQﬁHb(bEKl/\CL<b)) (8) ( 6L2—>E|b(b€L1/\(l<b))
Hemos de determinar multiconjuntos M, K7, K} tales que
w K| #0
s 7 =M UK
= X =M, UK},

» Va.(a € K — 3Jb.(be K] Na <))
Para ello, consideremos las siguientes cuestiones:

= ;Cuadles son los elementos que, con seguridad, se han quitaqdo de Z?: los elementos de L,
y los elementos de K que sean también de 1/;. Por tanto, tomamos

K| = (KiNM)UL,

» ;Cudles son los elementos de M; que quedan?: los que no se han quitado, es decir, M; \ (KN

M,). Por tanto, tomamos
M(I] = M1 \ (Kl N Ml)

= ;Qué elementos le faltan a M| para obtener X = M, U K,?: teniendo en cuenta que M, \
(K1 N M) € M,, tomamos

Ky = (Mo \ (My\ (K1 N M) UKy
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Asi, hemos de probar que estos conjuntos verifican las condiciones para que X <,,.+ Z. En
efecto:

= K| # (. Por (5).

s 7 =M UK
MUK, = (M, \ (KyNM))U(KyNM)UL, =M UL, = Z, usando el lema "differen-
ce_descom_lem", pues Ky N M; C M;.
= X =M, UK},
Es suficiente comprobar que, para todo elemento se tiene
(Mp U Ks)(x)
= My(z) + K (x)
= My (z) — min(Ky(z), My(x)) + My(x) — My (z) + min(K(x), My (z)) + Ks(2)
= Mo(z) + Ks(z) = X()
» Va.(a € Ky — 3b.(be K{ Na < b))

Para probarlo, tengamos en cuenta que, por (2) y (7), M; \ (K N M;) € My y que también
Mo\ (M \ (K1 N M) C L.

Sea z tal que x € K. Tenemos dos casos:
En este caso, z € Ly y, por (8) (Jy € Ly).(x < y). Como L; C K, se tiene que y € K.

2. ¢ € K2
Por (4), (3y € K;).(x < y). Entonces:
e siy € M, se tiene que y € K; N M, y, por tanto, y € KJ.

e siy ¢ M, entonces por (2) y (7),y € Loy, por (8), (3z € L1).(y < 2). Luego, z € K]
y, como < es transitiva, se tiene que r < z.

0

Lema 3.3.3 La relacion <,,,,;: contiene a la relacion <;.

less_1_subset_less_mult: LEMMA
less_1(N,M) IMPLIES less_mult(N,M)

Demostracién: Por definicion de <; existe un elemento a de 7', y dos multiconjuntos M, y K, tales
que:

L M:MQU{G,},
= N=MyUKYy

s K <a.
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Para probar que N <,,,,;y M basta tomar K, el multiconjunto cuyo tnico elemento es a, y compro-
bar que My, K;, K verifican las condiciones para que N <,,,;; M. O

Lema 3.3.4 Si < es una relacion transitiva en T’, entonces la relacion <,,,;; contiene a <yq.

less_bag_subset_less_mult: LEMMA
transitive?[T] (<)
IMPLIES
(less_bag(N,M) IMPLIES less_mult(N,M))

Demostracién: Usando los lemas Z22.14], y O

less_bag_subset_less_mult_bis: LEMMA
transitive?[T] (<)
IMPLIES
(FORALL M,N: less_bag(N,M) IMPLIES less_mult(N,M))

Lema 3.3.5 Sean M, N, M,, K;, K, multiconjuntos tales que:
= K #0
s M= MUK,
s N = MUK,
» Va.(a € Ky — 3b.(be Ky ANa < b))

Entonces, N <p,q M.

less_mult_subset_less_bag_lem: LEMMA
(nonempty_bag? (K1) AND
M = plus(M_0, K1) AND
N = plus(M_0, K2) AND
FORALL a: member(a,K2) IMPLIES EXISTS b: member(b,K1) AND a < b)
IMPLIES
less_bag(N,M)

Demostracion: Por induccién en la variable K, se tienen dos casos:
n =10
Trivial.
» K1 =Ry U{a}

Se distinguen dos casos:
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e R =10
En este caso, es facil comprobar que N <; My, por tanto, N <., M, pues <p,, =<7 .

e R #10
Por definiciéon de <, hay que probar que existe un multiconjunto Z tal que N <., Z
y Z <; M. Para determinar Z tal que estd a un paso segin <; de M, consideremos
el multiconjunto formado por todos los elementos de K, que no estan acotados por
elementos de R, es decir,

Ry=[[z:x€ Ky AVy € Ry, x £ y]

Entonces, tomamos Z = (M, U Ry) U R, y probamos que verifica lo siguiente:
o N <pogg Z
Tenemos que:
o Z =(MyURy)U Ry
o N=MyUKy;=(MyURy)U (K \ R2)
oVre (Ky\Ry)Iye Rz <y
Por tanto, aplicando la hipétesis de induccién a los multiconjuntos M{ = My U Ry,
K| =Ry K} = K, \ Ry, se verifica que N <y, Z.
oL <4 M
Se tiene que

7 = (M(] U RQ) UR; = (MO U R1> U Ry <4 (MO U Rl) U HCLH

[
Lema 3.3.6 La relacion <;,, contiene a la relacion <.
less_mult_subset_less_bag: LEMMA
less_mult(N,M) IMPLIES less_bag(N,M)
Demostracién: Inmediato, a partir de O

Teorema 3.3.7 Si la relacion binaria < es transitiva, entonces las relaciones <y,g y < coinciden.

less_mult_equiv_less_bag: THEOREM
transitive? [T] (<)
IMPLIES
(less_mult(N,M) IFF less_bag(N,M))

Demostracién: Usando los lemas yB34 O
Como consecuencia, se tiene el siguiente resultado.

Corolario 3.3.8 Si la relacién binaria < es transitiva, entonces la relacion (M(T'), <,,.u:) es bien
fundamentada.
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less_mult_is_wf: COROLLARY
transitive?[T] (<)
IMPLIES
well_founded?[finite_bagl[T]] (less_mult)

END finite_bags_order




Apéndice A

Teorias PVS de la formalizacion

A.1. Parte bien fundamentada de una relacion binaria

wf_cs[T: TYPE+, <: pred[[T, T]]]: THEORY
BEGIN
ASSUMING
T_TCC1: ASSUMPTION EXISTS (x: T): TRUE;
ENDASSUMING

p: VAR pred[T]
x, y: VAR T

well_founded_part(x): INDUCTIVE bool =
FORALL y: y < x IMPLIES well_founded_part(y)

well_founded_part_weak_induction: AXIOM
FORALL (P: [T -> boolean]):
(FORALL (x): (FORALL y: y < x IMPLIES P(y)) IMPLIES P(x)) IMPLIES
(FORALL (x): well_founded_part(x) IMPLIES P(x));

well_founded_part_induction: AXIOM
FORALL (P: [T -> boolean]):
(FORALL (x):
(FORALL y: y < x IMPLIES well_founded_part(y) AND P(y)) IMPLIES
P(x))
IMPLIES (FORALL (x): well_founded_part(x) IMPLIES P(x));

well_founded_part_cn: LEMMA
well_founded?[T] (<) IMPLIES (FORALL x: well_founded_part(x))

well_founded_part_cs: LEMMA
(FORALL x: well_founded_part(x)) IMPLIES well_founded?[T] (<)

well_founded_part_cns: THEOREM
well_founded?[T] (<) IFF (FORALL x: well_founded_part(x))

well_founded_induct_cns: THEOREM

30
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well_founded?[T] (<) IFF
(FORALL (p: pred[T]):
(FORALL (x: T): (FORALL (y: T): y < x IMPLIES p(y)) IMPLIES p(x))
IMPLIES (FORALL (x: T): p(x)))

well_founded_cs_ordinal: THEOREM
(EXISTS (f: [T -> ordinall): FORALL x, y: x < y IMPLIES f(x) < f(y))
IMPLIES well_founded?[T] (<)

END wf_cs

A.2. Clausura transitiva de una relacion

cl_tr[T: TYPE+]: THEORY

BEGIN
ASSUMING
T_TCC1: ASSUMPTION EXISTS (x: T): TRUE;
ENDASSUMING

X, ¥y, 2z, t: VAR T
<, rel: VAR pred[[T, T]]

tr_cl(<)(x, y): INDUCTIVE bool =
x < y OR (EXISTS z: tr_cl(<)(x, z) AND z < y)

tr_cl_weak_induction: AXIOM
FORALL (<, x, P: [T -> boolean]):
(FORALL (y): (x <y OR (EXISTS z: P(z) AND z < y)) IMPLIES P(y))
IMPLIES (FORALL (y): tr_cl(<)(x, y) IMPLIES P(y));

tr_cl_induction: AXIOM
FORALL (<, x, P: [T -> boolean]):
(FORALL (y):
(x <y OR (EXISTS z: (tr_cl(<)(x, z) AND P(z)) AND z < y)) IMPLIES
P(y))
IMPLIES (FORALL (y): tr_cl(<)(x, y) IMPLIES P(y));

tr_cl_cs_basic: LEMMA x < y IMPLIES tr_cl(<)(x, y)

tr_cl_transitive_10: LEMMA
(z < x AND tr_cl(<)(x, y)) IMPLIES tr_cl(<)(z, y)

tr_cl_transitive: THEOREM transitive?(tr_cl(<))

tr_cl_equiv_cn: LEMMA
tr_cl(<)(x, y) IMPLIES (x < y OR (EXISTS z: x < z AND tr_cl(<)(z, y)))

tr_cl_equiv_cs: LEMMA
(x < y OR (EXISTS z: x < z AND tr_cl(<)(z, y))) IMPLIES tr_cl(<) (x, y)

tr_cl_equiv: LEMMA
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tr_cl(<)(x, y) IFF (x < y OR (EXISTS z: x < z AND tr_cl(<)(z, y)))

tr_cl_less_transitive: THEOREM
transitive?(rel) AND (FORALL x, y: x < y IMPLIES rel(x, y)) IMPLIES
(FORALL x, y: tr_cl(<)(x, y) IMPLIES rel(x, y))
END cl_tr

A.3. Buena fundamentacion de la clausura transitiva de una re-
lacion
wf_cl_tr[T: TYPE+]: THEORY
BEGIN
ASSUMING

T_TCC1: ASSUMPTION EXISTS (x: T): TRUE;
ENDASSUMING

<: VAR pred[[T, T]]
X, y, z: VAR T
IMPORTING cl_tr
IMPORTING wf_cs
well_founded_part_cl_tr_11: LEMMA
(FORALL y: y < x IMPLIES well_founded_part[T, tr_cl(<)](y)) IMPLIES

(FORALL z: tr_cl(<)(z, x) IMPLIES well_founded_part[T, tr_cl(<)](z))

well_founded_part_cl_tr: THEOREM
well_founded_part[T, <] (x) IMPLIES well_founded_part[T, tr_cl(<)](x)

well_founded_cl_tr: THEOREM
well_founded?[T] (<) IMPLIES well_founded?[T] (tr_cl(<))
END wf_cl_tr

A.4. Relacién de orden bien fundamentada en multiconjuntos

finite_bags_order[T: TYPE+, <: (well_founded?[T])]: THEORY
BEGIN

ASSUMING

T_TCC1: ASSUMPTION EXISTS (x: T): TRUE;

ENDASSUMING

IMPORTING finite_bags_lems[T]
finite_emptyset: JUDGEMENT emptyset HAS_TYPE finite_set[T]

Complement_bijective: JUDGEMENT Complement HAS_TYPE
(bijective?[setofsets[T], setofsets[T]])
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Intersection_surjective: JUDGEMENT Intersection HAS_TYPE
(surjective?[setofsets[T], set[T]])

Union_surjective: JUDGEMENT Union HAS_TYPE
(surjective?[setofsets[T], set[T]])

strict_subset_is_strict_order: JUDGEMENT strict_subset?[T] HAS_TYPE
(strict_order?[set[T]])

subset_is_partial_order: JUDGEMENT subset?[T] HAS_TYPE
(partial_order?[set[T]])

JUDGEMENT emptybag HAS_TYPE finite_bag[T]
A, B, M, N, K, M_0O, K1, K2: VAR finite_bag
X, ¥y, a, b: VAR T
% Judgement subtype TCC generated (at line 51, column 12) for insert(x, A)
% expected type finite_bagl[T]
insert_TCC1: OBLIGATION FORALL (A, x): is_finitel[T] (insert[T](x, A));
JUDGEMENT insert(x, A) HAS_TYPE finite_bag
less(M, a): bool = FORALL b: member(b, M) IMPLIES b < a
less_1(N, M): bool =
EXISTS M_O, a, K:
M = insert(a, M_0) AND N = plus(M_0, K) AND less(K, a)
less_1_insert_cn: LEMMA
less_1(N, insert(a, M)) IMPLIES
(EXISTS M_0: N = insert(a, M_0) AND less_1(M_0O, M)) OR
(EXISTS K: N = plus(M, K) AND less(X, a))
plus_emptybag: LEMMA plus(M, emptybag) = M
insert_plus: LEMMA plus(M, insert(x, N)) = insert(x, plus(M, N))
less_insert_cn: LEMMA less(insert(x, K), a) IMPLIES x < a
less_insert_cn2: LEMMA less(insert(x, K), a) IMPLIES less(K, a)
wf_part: LIBRARY = "../wf"
% Existence TCC generated (at line 222, column 12) for
% wf_part@uf_cs[finite_bagl[T], less_1]

IMP_wf_cs_TCC1: OBLIGATION EXISTS (x: finite_bag[T]): TRUE;

IMPORTING wf_part@uf_cs[finite_bag[T], less_1]
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% Subtype TCC generated (at line 326, column 21) for plus(M, K)
% expected type finite_bagl[T]
well_founded_part_less_1_plus_TCC1: OBLIGATION
FORALL (K, M1: finite_bag[T], a: T):
(FORALL b:
b < a IMPLIES
(FORALL M:
well_founded_part (M) IMPLIES well_founded_part(insert(b, M))))
AND less(K, a) AND well_founded_part(M1)
IMPLIES is_finite[T] (plus[T] (M1, K));

well_founded_part_less_1_plus: LEMMA
well_founded_part (M) AND
less(K, a) AND
(FORALL b:
b < a IMPLIES
(FORALL M:
well_founded_part (M) IMPLIES well_founded_part(insert(b, M))))

IMPLIES well_founded_part(plus(M, K))

well_founded_part_less_1_insert_10: LEMMA
well_founded_part (M_0) AND
(FORALL M:
less_1(M, M_0) IMPLIES
(well_founded_part (M) IMPLIES well_founded_part(insert(a, M))))
AND
(FORALL b:
b < a IMPLIES
(FORALL M:
well_founded_part (M) IMPLIES well_founded_part(insert(b, M))))
IMPLIES well_founded_part(insert(a, M_0))

well_founded_part_less_1_insert_12: LEMMA
(FORALL b:
b < a IMPLIES
(FORALL M:
well_founded_part(M) IMPLIES well_founded_part(insert(b, M))))

IMPLIES
(FORALL M:

well_founded_part (M) IMPLIES well_founded_part(insert(a, M)))

well_founded_part_less_1_insert: LEMMA
FORALL M, a:
well_founded_part (M) IMPLIES well_founded_part(insert(a, M))
well_founded_part_less_1_all: LEMMA FORALL M: well_founded_part (M)
wf_less_1: THEOREM well_founded?[finite_bag[T]](less_1)

IMPORTING wf_part@uf_cl_tr[finite_bag[T]]

less_bag: PRED[[finite_bag[T], finite_bag[T]]] = tr_cl(less_1)
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wf_less_bag: THEOREM well_founded?[finite_bag[T]] (less_bag)

less_bag_cn: LEMMA
less_bag(N, M) IMPLIES
(EXISTS M_0, K1, K2:
M = plus(M_0, K1) AND
N = plus(M_0, K2) AND
(FORALL a:
member (a, K2) IMPLIES (EXISTS b: member (b, K1) AND a < b)))

less_bag_cs_11: LEMMA
(M = plus(M_0, K1) AND
N = plus(M_0, K2) AND
(FORALL a:
member (a, K2) IMPLIES (EXISTS b: member(b, Ki) AND a < b)))
IMPLIES less_bag(N, M)

less_bag_cs: LEMMA
(EXISTS M_0, K1, K2:
M = plus(M_0, K1) AND
N = plus(M_0, K2) AND
(FORALL a:
member (a, K2) IMPLIES (EXISTS b: member (b, K1) AND a < b)))
IMPLIES less_bag(N, M)

less_bag_caract: LEMMA
less_bag(N, M) IFF
(EXISTS M_0, K1, K2:
M = plus(M_0, K1) AND
N = plus(M_0, K2) AND
(FORALL a:
member (a, K2) IMPLIES (EXISTS b: member(b, K1) AND a < b)))
END finite_bags_order



Apéndice B

Guiones de pruebas de las teorias PVS de la
formalizacion

B.1. Parte bien fundamentada de una relaciéon binaria

Proof scripts for file wf_cs.pvs:

wf_cs.well_founded_part_cn: proved - complete [shostak] (0.06 s)

(ll n

(prop)

(use "wf_induction[T,<]")
(prop)

(hide -1 2)

(skosimp)

(expand "well_founded_part" +)
(propax))

wf_cs.well_founded_part_cs: proved - complete [shostak] (0.11 s)

(l| "
(prop)
(expand "well_founded?")
(skosimp)
(lemma "well_founded_part_weak_induction")
(inst - "lambda(x): NOT p!1(x)")
(prop)
(("1" (grind :defs nil))
(n2n
(skosimp)
(inst? +)
(skolem-typepred)
(skolem-typepred)
(inst? -2)
(prop))))

36



B.2. Clausura transitiva de una relacién 37

wf_cs.well_founded_part_cns: proved - complete [shostak](0.01 s)

(" "

(prop)

(("1" (rewrite "well_founded_part_cn"))
("2" (rewrite "well_founded_part_cs"))))

wf_cs.well_founded_induct_cns: proved - complete [shostak](0.06 s)

(l| "
(prop)
(("1" (use "wf_induction[T,<]"))
(n2n
(apply (then (expand "well_founded?") (skosimp)
(inst - "lambda(x): not p!1(x)") (skosimp) (prop)))
(("1" (grind :defs nil))
(m2n
(skosimp)
(inst? +)

(apply (then (skolem-typepred) (inst?) (prop))))))))

wf_cs.well_founded_cs_ordinal: proved - complete [shostak](0.07 s)

(l| "
(skosimpx)
(use "well_founded_le")
(expand "well_founded?")
(skosimpx)
(apply (then
(inst -1
"lambda(u:ordinal): Exists (x:T): p!1(x) AND f!1(x) = u")
(prop)))
(1
(skosimp - t)
(skosimp)
(inst + "x!1")
(skosimp)
(inst -5 "x!2" "x!1")
(prop)
(inst - "f1i(x!2)")
(("1" (replacex)) ("2" (typepred "x!2") (inst?))))
("2" (inst + "f11(y!1)") (inst?))))

B.2. Clausura transitiva de una relacion

Proof scripts for file cl_tr.pvs:
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cl_tr.tr_cl_less_rules: proved - complete [shostak](0.95 s)

(nn

(skosimp)

(skolem 1 ("x!t1"™ "_"))
(inst?)

(rewrite "tr_cl_weak_induction"))

cl_tr.tr_cl_weak_induction_2: proved - complete [shostak](0.51 s)

(nn

(skosimp)

(skolem 1 ("x!t1" "_"))
(inst?)

(rewrite "tr_cl_weak_induction"))

cl_tr.tr_cl_cs_basic: proved - complete [shostak] (0.02 s)

("" (skosimp) (expand "tr_cl") (prop))

cl_tr.tr_cl_transitive_10: proved - complete [shostak](0.04 s)

(""
(lemma "tr_cl_weak_induction")
(skolem 1 ("lessp!i" "x!tim n_m tziqn))
(inst - "lessp!1" "x!i"
"lambda(y): not(lessp!i(z!1l, x!1)) OR tr_cl(lessp!1)(z!1,y)")
(prop)
(("1" (skosimp) (inst?) (prop))
(m2n
(hide 2)
(skosimp)
(prop)
((rar
(expand "tr_cl")
(prop)
(inst?)
(prop)
(rewrite "tr_cl_cs_basic"))
("2" (skosimp) (prop) (expand "tr_cl" +) (prop) (inst?) (prop))))))

cl_tr.tr_cl_transitive: proved - complete [shostak](0.06 s)

(nu

(skosimp)

(expand "transitive?")
(skolem 1 ("x!'1" vyt vy
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(lemma "tr_cl_weak_induction")
(inst - "lessp!1" "y!1"
"lambda(z): not(tr_cl(lessp!l) (x!1,y!1)) or tr_cl(lessp!l) (x!1,z)")
(prop)
(("1" (skosimp) (inst - "z!1") (prop))
(m2n
(hide 2)
(skosimp)
(prop)
(("1" (expand "tr_cl" +) (prop) (inst?) (prop))
("2" (skosimp) (prop) (expand "tr_cl" +) (prop) (inst?) (prop))))))

cl_tr.tr_cl_equiv_cn: proved - complete [shostak](0.03 s)

(" "
(lemma "tr_cl_weak_induction")
(skolem 1 ("lessp!1" "x!i1" "_"))
(inst - "lessp!1" "x!1"
"lambda(y): lessp!1(x!1l, y) OR exists z: lessp!1(x!1l, z) AND tr_cl(lessp!l)(z, y)")
(prop)
(hide 2)
(skosimp)
(prop)
(skosimp)
(prop)
(("1" (inst?) (prop) (rewrite "tr_cl_cs_basic"))
(2"
(skosimp)
(inst + "z!2")
(prop)
(expand "tr_cl" +)
(prop)
(inst?)

(prop))))

cl_tr.tr_cl_equiv_cs: proved - complete [shostak](0.01 s)

(" "
(skosimp)
(prop)
(("1" (rewrite "tr_cl_cs_basic"))
("2" (skosimp) (forward-chain "tr_cl_transitive_10"))))

cl_tr.tr_cl_equiv: proved - complete [shostak] (0.03 s)

(" "
(skosimp)
(prop)
(("1" (forward-chain "tr_cl_equiv_cn"))
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("2" (rewrite "tr_cl_equiv_cs"))
("3" (rewrite "tr_cl_equiv_cs") (prop))))

cl_tr.tr_cl_less_transitive: proved - complete [shostak](0.04 s)

(I| "
(skosimp)
(skolem 1 ("x!1" "_"))
(use "tr_cl_weak_induction")
(prop)
(hide 2)
(skosimp)
(prop)
(("1" (inst?) (prop))
(n2n
(skosimp)
(inst - "z!1" "yt1")
(prop)
(expand "transitive?")
(inst - "x!i" "ztqin tyrqn)
(prop))))

B.3. Buena fundamentacion de la clausura transitiva de una re-
lacion

Proof scripts for file wf_cl_tr.pvs:

wf_cl_tr.well_founded_part_cl_tr_11: proved - complete [shostak] (0.03 s)

(" "
(apply (then (skosimp*) (expand "tr_cl") (prop)))
(("1" (apply (then (inst?) (prop))))
(2
(skosimp)
(inst - "z!2")
(apply (then (prop) (expand "well_founded_part" -) (inst?)
(prop))))))

wf_cl_tr.well_founded_part_cl_tr: proved - complete [shostak](0.04 s)

(" n
(skosimp)
(apply (then (lemma "well_founded_part_weak_induction[T,lessp!1]")
(inst - "lambda(x): well_founded_part[T, tr_cl(lessp!1)](x)")
(prop)))
(("1" (apply (then (inst?) (prop))))
(2
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(apply (then (hide -1 2) (skosimpx*)))
(expand "well_founded_part" +)

(use "well_founded_part_cl_tr_11")
(grind :defs nil))))

wf_cl_tr.well_founded_cl_tr: proved - complete [shostak](0.05 s)

(" "

(skosimp)

(forward-chain "well_founded_part_cn[T,lessp!1]")
(hide -2)

(rewrite "well_founded_part_cs[T,tr_cl(lessp!1)]")
(hide 2)

(use "well_founded_part_cl_tr")
(grind :defs nil))

B.4. Relacion de orden bien fundamentada en multiconjuntos

Proof scripts for file finite_bags_order.pvs:

finite_bags_order.insert_TCCl: proved - complete [shostak](0.03 s)

("" (skosimp) (rewrite "finite_insert"))

finite_bags_order.less_1_insert_cn: proved - complete [shostak] (0.65 s)

(""
(skosimp)
(expand "less_1" -)
(skosimp)
(case-replace "a!2 = at1")
(G
(apply (then (hide 1) (inst?) (prop) (replacex) (hide -1 -3 -4)))
(grind :defs nil :rewrites ("bag_equality" "eqmult" "plus")
:polarity? t)
(apply (then (inst?) (expand "insert") (lift-if) (prop)
(grind :defs nil))))
(2
(hide 3)
(inst + "plus(delete(a!1,M!2,1),K!1)")
((ran
(prop)
((rar
(replacex)
(grind :defs nil :rewrites ("bag_equality" "eqmult" "plus")
:polarity? t)
(apply (then (inst?) (inst?) (expand "insert") (1ift-if) (prop)
(grind :defs nil :rewrites ("plus" "delete")))))
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(r2an
(expand "less_1")
(inst + "delete(a!1,M!2,1)" "al2" "KI1")
((rar
(grind :defs nil :rewrites ("bag_equality" "eqmult" "plus")
:polarity? t)
(apply (then (inst?) (inst?) (expand "insert") (1ift-if)
(prop) (grind :defs nil :rewrites ("delete")))))
("2" (rewrite "finite_delete"))))))
(m2n
(apply (then (rewrite "finite_bag_plus")
(rewrite "finite_delete"))))))))

finite_bags_order.plus_emptybag: proved - complete [shostak] (0.02 s)

(ll "
(grind :defs nil :rewrites
("bag_equality" "eqmult" "plus" "emptybag" "max")))

finite_bags_order.insert_plus: proved - complete [shostak](0.23 s)

(" "

(grind :defs nil :rewrites ("bag_equality" "eqmult" "plus" "insert"))
(expand "insert")

(1ift-if)

(expand "plus")

(propax))

finite_bags_order.less_insert_cn: proved - complete [shostak](0.12 s)

(" n

(skosimp)

(expand "less")
(inst?)

(expand "member")
(expand "insert")
(assert))

finite_bags_order.less_insert_cn2: proved - complete [shostak](0.17 s)

(" "
(grind :defs nil :rewrites ("less" "member") :polarity? t)
(apply (then (expand "insert") (lift-if) (prop) (assert))))

finite_bags_order.IMP_wf_cs_TCCl: proved - complete [shostak](0.00 s)

("" (inst + "emptybag[TI"))
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finite_bags_order.well_founded_part_less_1_plus_TCCl: proved - complete [shostak](0.03 s)

("" (skolem-typepred) (skosimp) (rewrite "finite_bag_plus"))

finite_bags_order.well_founded_part_less_1_plus: proved - complete [shostak](0.09 s)

(" n
(skolem 1 ("_" "Mi" "a"))
(induct "K" :name "finite_bag_induction")
(("1" (skosimp*) (rewrite "plus_emptybag"))
(2"
(skosimpx)
(prop)
((ran
(rewrite "insert_plus")
(inst -4 "x!'1")
(forward-chain "less_insert_cn")
(prop)
(inst -1 "plus(M1, b!1)")
(prop))
("2" (forward-chain "less_insert_cn2"))))
("3" (hide 2) (skosimp*) (rewrite "finite_bag_plus"))
("4" (hide 2) (skosimp*) (rewrite "finite_insert"))))

finite_bags_order.well_founded_part_less_1_insert_10: proved - complete [shostak](0.11 s)

(" n
(apply (then (skosimp) (expand "well_founded_part" +) (skosimp)))
(forward-chain "less_1_insert_cn")

(e
(skosimp)
(inst -4 "M!2")
(prop)
(("1" (replacex))
(2
(apply (then (expand "well_founded_part" -3) (inst -3 "M!2")
(prop))))))
(2

(grind-with-lemmas :defs nil :lemmas
("well_founded_part_less_1_plus")))))

finite_bags_order.well_founded_part_less_1_insert_12: proved - complete [shostak](0.08 s)

(" "
(apply (then (skosimp) (lemma "well_founded_part_weak_induction'")
(inst -1
"lambda(M): well_founded_part(insert(a!l, M)) OR not(well_founded_part(M))")))
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(prop)
(("1" (grind :defs nil))
(2
(hide 2)
(skosimp)
(rewrite "well_founded_part_less_1_insert_10")
(hide -3 2)
(skosimp)
(inst?)

(prop))))

finite_bags_order.well_founded_part_less_1_insert: proved - complete [shostak] (0.03 s)

(" n

(induct "a" :name "wf_induction[T,<]")
(skosimp)

(use "well_founded_part_less_1_insert_12")
(prop))

finite_bags_order.well_founded_part_less_1_all: proved - complete [shostak](0.13 s)

(""
(induct "M" :name "finite_bag_induction")
(("1"
(expand "well_founded_part")
(skosimp)
(expand "less_1")
(skosimp)
(hide -2 -3 1)
(decompose-equality)
(grind :defs nil :rewrites ("emptybag" "insert")))
("2" (skosimp) (rewrite "well_founded_part_less_1_insert"))))

finite_bags_order.wf_less_1: proved - complete [shostak](0.01 s)

(" n
(use "well_founded_part_less_1_all")
(rewrite "well_founded_part_cns"))

finite_bags_order.wf_less_bag: proved - complete [shostak](0.01 s)

(" "

(grind :defs nil :rewrites
("less_bag" "well_founded_cl_tr" "wf_less_1")))

finite_bags_order.less_mult_transitive_cs: proved - complete [shostak](1.58 s)
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(" n
(prop)
(expand "transitive?")
(skosimp)
(expand "less_mult")
(skolem -2 ("MO" "Ki" "K2"))
(skolem -3 ("Mi" "Li" "L2"))
(name "MO_1" "difference(Ml,intersection(K1,M1))")
(name "K1_1" "plus(intersection(K1,M1),L1)")
(name "K2_1"
"plus(difference(MO,difference(M1,intersection(K1,M1))),K2)")
(inst + "MO_1" "K1_1" "K2_1")
(e
(prop)
((rn
(replace -2 :dir rl)
(grind :defs nil :rewrites ("nonempty_bag?" "empty?" "plus")))

(||2||
(hide -4 -5 -6 -7 -8 -9 -11 -12)
(replacex)

(replace -2 :dir rl)
(replace -3 :dir rl)

(hide -1 -2 -3 -4)
(rewrite "bag_equality")
(skosimp)

(grind :defs nil :rewrites

("eqmult" "plus" "intersection" "min" "difference")))

(||3||
(hide -4 -5 -6 -8 -9 -10 -11 -12)
(replacex)

(replace -3 :dir rl)
(replace -1 :dir rl)
(hide -1 -2 -3 -4)
(rewrite "bag_equality")
(skosimp)
(expand "eqmult")
(expand "plus")
(use "subbag_intersection2")
(case "subbag?(difference(M1, intersection(K1, M1)),MO)")
(("1" (grind :defs nil :rewrites ("subbag?" "difference")))
(r2n
(hide 2)
(reveal -8 -12)
(replacex)
(hide -1)
(expand "subbag?")
(skosimp)
(rewrite "bag_equality")
(inst?)
(expand "eqmult")
(expand "plus")
(inst?)
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(expand "difference")
(1ift-if)
(prop)
(assert)
(use "subbag_intersectioni")
(expand "subbag?")
(inst?)
(assert)
(expand "intersection")
(expand "min")
(Qift-if)
(prop)
(("1" (assert)) ("2" (assert))))))
("4
(hide -5 -9)
(replace -1 :dir rl)
(replace -2 :dir rl)
(hide -1 -2 -3)
(skosimp)
(expand "member'" -1)
(expand "plus" -1)
(case "K2(a!1l) > 0")
((rar
(inst? -6)
(expand "member")
(prop)
(skosimp)
(case "M1(b!1) > 0")
((ran
(inst?)
(prop)
(expand "plus")
(expand "intersection")
(assert)
(expand "min")
(1ift-if)
(prop)
(("1" (assert)) ("2" (assert))))
(2
(replacex)
(hide -6 -7 -8)
(rewrite "bag_equality")
(inst -6 "b!1")
(expand "eqmult")
(expand "plus" -6)
(inst -7 "b!1")
(prop)
((ran
(skosimp)
(inst 2 "b!2")
(prop)
(a1
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(expand "plus")

(expand "intersection")

(expand "min"

(1ift-if)

(prop)

(("1" (assert)) ("2" (assert))))
("2" (inst -7 "a!1" "b!1" "b!2") (prop))))

("2" (assert))))))

(m2n

(inst -8 "at1")

(prop)

(1
(skosimp)
(inst? +)
(prop)

(expand "member")
(expand "plus")
(assert))
(n2n
(hide -2 -5 -6 2 3)
(replacex)
(hide -2 -3)
(expand "member")
(rewrite "bag_equality")
(inst?)
(expand "eqmult")
(expand "plus")
(reveal 1)
(grind :defs nil :rewrites
("difference" "intersection" "min")))))))))
(o
(replace -1 :dir rl)
(grind :defs nil :rewrites
("finite_bag_plus"
"finite_bag_difference"
"finite_bag_intersection")))
("3"
(replace -2 :dir rl)
(grind :defs nil :rewrites
("finite_bag_plus" "finite_bag_intersection")))
("4"
(replace -3 :dir rl)
(grind :defs nil :rewrites
("finite_bag_difference" "finite_bag_intersection")))))

finite_bags_order.less_1_subset_less_mult: proved - complete [shostak](0.08 s)

(" "

(skosimp)

(expand "less_1")
(expand "less_mult")
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(skosimp)
(inst + "M!2" "singleton_bag(a!1)" "K!1")
((r1
(prop)
(1
(hide -1 -2 -3)
(grind :defs nil :rewrites
("nonempty_bag?" "empty?" "singleton_bag")))

(2

(hide -2 -3)
(replacex)
(hide -1)

(rewrite "bag_equality")
(skosimp)
(expand "eqmult")
(expand "insert")
(expand "singleton_bag")
(expand "plus")
(1ift-if)
(lift-if)
(assert))
("3
(hide -1 -2)
(skosimp)
(expand "less")
(inst? -)
(prop)
(inst?)
(prop)
(expand "member")
(expand "singleton_bag")
(assert))))

("2" (rewrite "finite_singleton_bag"))))

finite_bags_order.less_bag_subset_less_mult: proved - complete [shostak](0.03 s)

(l| "

(skosimp)

(expand "less_bag")

(lemma "tr_cl_less_transitive[finite_bag[T]]")

(inst - "less_1" "less_mult")

(prop)

(("1" (inst?) (prop)) ("2" (rewrite "less_mult_transitive_cs"))
("3" (skosimp) (rewrite "less_1_subset_less_mult"))))

finite_bags_order.less_mult_subset_less_bag_lem: proved - complete [shostak](0.89 s)

(" "
(induct "K1" :name "finite_bag_induction")

(("1"
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(skosimp)

(expand "nonempty_bag?")
(expand "empty?")
(skosimp)

(expand "emptybag")
(propax))

(2

(skosimpx)

(expand "less_bag" +)
(expand "tr_cl")

(prop)
(case "empty?(b!1)")
((ran

(hide -2 2)

(expand "less_1")
(inst + "M!2" "xt{" "K211")
(prop)
(G

(hide -1 -2 -4 -5)

(replacex)

(hide -1)

(reveal -2)

(rewrite "bag_equality")

(skosimp)

(expand "eqmult")

(expand "plus")

(expand "empty?")

(expand "insert")

(Qift-if)

(prop)

(("1" (inst?) (assert)) ("2" (inst - "x!2") (assert))))

(r2n

(hide -2 -3 -4)

(expand "less")

(skosimp)

(inst?)

(prop)

(skosimp)

(expand "member")

(expand "insert")

(expand "empty?")

(inst?)

(1ift-if)

(prop)

(("1" (assert)) ("2" (assert))))))
(2"
(hide -2 2)
(name "R2"

"lambda(x): IF (EXISTS y: b!1(y) > 0 AND x < y) THEN O ELSE K2!1(x) ENDIF")

(inst + "plus(plus(M!2,R2),b!1)")
((rar

(prop)
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((ran
(inst -2 "difference(K2!1,R2)" "plus(plus(M!2, R2), b!1)"
"plus(M!2,R2)" "N!1")
((ran

(prop)

(("1" (expand "less_bag") (propax))
("2" (expand "nonempty_bag?") (propax))
("3

(replacex)
(hide -2 -3 -4 2 3)
(rewrite "difference_descom_plus")
(hide 2)
(replace -1 1 :dir rl)
(hide -1)
(expand "subbag?")
(skosimp)
(1ift-if)
(prop)
(("1" (skosimp) (assert)) ("2" (assert))))
("4
(hide -2 -3 2)
(replace -1 1 :dir rl)
(hide -1)
(skosimp)
(expand "member")
(expand "difference")
(1ift-if)
(prop)
(1ift-if)
(prop)
((rr
(inst? -)
(prop)
(1
(skosimp)
(expand "insert")
(1ift-if)
(prop)
(("1" (inst?) (assert)) ("2" (inst?) (assert))))
("2" (assert))))
("2" (assert))))))
(r2n

(rewrite "finite_bag_plus")

(case "subbag?(R2,K2!1)")

(G

(hide -2 -3 -4 -5 3 2 4)

(expand "is_finite")

(forward-chain "subbag_lem")

(hide -2)

(use "finite_subset")

(("1" (prop))

("2" (typepred "K2!1") (expand "is_finite" -) (propax))))
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(2
(hide -2 -3 -4 -5 2 3 4 5)
(replace -1 :dir rl)
(hide -1)
(expand "subbag?")
(skosimp)
(1ift-if)
(prop)
(("1" (skosimp) (assert)) ("2" (assert))))))
("3
(use "subbag_difference")
(hide -2 -3 -4 -5 2 3)
(forward-chain "subbag_lem")
(hide -2)
(expand "is_finite")
(use "finite_subset")
(¢"1" (prop))
("2" (typepred "K2!1") (expand "is_finite" -) (propax))))))
(2
(hide -2)
(expand "less_1")
(inst + "plus(M!2,b!1)" "x!1" "R2")
((rar
(prop)
(G
(lemma "plus_commutative")
(inst -1 "M!2" "insert(x!1l, b!1)")
(replace -1)
(replacex)
(rewrite "bag_plus_insert")
(hide -1 -2 -3 -4 -5 2)
(rewrite "plus_commutative"))
(2"
(hide -1 -2 -3 -4 2)
(rewrite "bag_equality")
(skosimp)
(expand "eqmult")
(expand "plus")
(propax))
("3
(replace -1 1 :dir rl)
(hide -1 -2 -3 2)
(expand "less")
(skosimp)
(expand "member")
(lift-if)
(prop)
(("1" (assert))
(r2an
(inst? -)
(prop)
(skosimp)
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(reveal 1)
(expand "insert")
(lift-if)
(prop)
(("1" (assert)) ("2" (assert) (inst?) (prop))))))))
(r2an
(hide -2 -3 -4 -5 2 3 4 5)
(case "subbag?(R2,K2!1)")
(a1
(forward-chain "subbag_lem")
(hide -2)
(expand "is_finite")
(use "finite_subset")
(("1" (prop))
("2" (typepred "K2!1") (expand "is_finite" -) (propax))))
(n2n
(replace -1 :dir rl)
(hide -1)
(hide 2)
(expand "subbag?")
(skosimp)
(1ift-if)
(prop)
(("1" (skosimp) (assert)) ("2" (assert))))))
("3" (rewrite "finite_bag_plus"))))))
(r2an
(rewrite "finite_bag_plus")
(rewrite "finite_bag_plus")
(case "subbag?(R2,K2!1)")
((ran
(forward-chain "subbag_lem")
(hide -2)
(expand "is_finite")
(use "finite_subset")
(("1" (prop))
("2" (typepred "K2!1") (expand "is_finite" -) (propax))))
(2"
(hide -2 -3 -4 -5 2 3 4 5)
(replace -1 :dir rl)
(hide -1)
(expand "subbag?")
(skosimp)
(1ift-if)
(prop)
(("1" (skosimp) (assert)) ("2" (assert))))))))))))

finite_bags_order.less_mult_subset_less_bag: proved - complete [shostak](0.03 s)

(" n
(skosimp)
(expand "less_mult")
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(skosimp)
(forward-chain "less_mult_subset_less_bag_lem"))

finite_bags_order.less_mult_equiv_less_bag: proved - complete [shostak](0.02 s)

(l| "

(skosimp)

(prop)

(("1" (rewrite "less_mult_subset_less_bag"))
("2" (rewrite "less_bag_subset_less_mult"))))



Apéndice C

Demostraciones de las teorias PVS de la
formalizacion

Loading pvs-load...

Loading pvs-prelude-files-and-regions (source)...
Started initializing ILISP

Finished initializing pvsallegro

Context changed to “/alonso/estudio/alc/auxiliares/texto/
Context changed to “/alonso/estudio/alc/auxiliares/wf/
Parsing wf_cs

wf_cs parsed in 0.22 seconds

Typechecking wf_cs

wf_cs typechecked in 0.70s: No TCCs generated
Rerunning proof of well_founded_part_cn

well_founded_part_cn :

{1} well_founded?[T] (<) IMPLIES (FORALL x: well_founded_part(x))

Rerunning step: (prop)

Applying propositional simplification,
this simplifies to:
well_founded_part_cn :

{-1} well_founded?[T] (<)
{1} FORALL x: well_founded_part(x)

Rerunning step: (use "wf_induction[T,<]")
Using lemma wf_induction[T,<],

this simplifies to:

well_founded_part_cn :

{-1} (FORALL (x: T):

(FORALL (y: T): y < x IMPLIES well_founded_part(y)) IMPLIES
well_founded_part (x))
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IMPLIES (FORALL (x: T): well_founded_part(x))
[-2] well_founded?[T] (<)

[1] FORALL x: well_founded_part(x)

Rerunning step: (prop)

Applying propositional simplification,
this simplifies to:
well_founded_part_cn :

[-1] well_founded?[T] (<)

{1} FORALL (x: T):
(FORALL (y: T): y < x IMPLIES well_founded_part(y)) IMPLIES
well_founded_part (x)

[2] FORALL x: well_founded_part(x)

Rerunning step: (hide -1 2)
Hiding formulas: -1, 2,
this simplifies to:
well_founded_part_cn :

[1]  FORALL (x: T):
(FORALL (y: T): y < x IMPLIES well_founded_part(y)) IMPLIES
well_founded_part (x)

Rerunning step: (skosimp)
Skolemizing and flattening,
this simplifies to:
well_founded_part_cn :

{-1} FORALL (y: T): y < x!1 IMPLIES well_founded_part(y)
{1} well_founded_part(x!1)

Rerunning step: (expand "well_founded_part" +)

Expanding the definition of well_founded_part,

this simplifies to:

well_founded_part_cn :

[-1] FORALL (y: T): y < x!1 IMPLIES well_founded_part(y)
{1} FORALL y: y < x!1 IMPLIES well_founded_part(y)
which is trivially true.

Q.E.D.

well_founded_part_cn proved in 0.13 real, 0.13 cpu seconds
Rerunning proof of well_founded_part_cs

well_founded_part_cs :
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{1}  (FORALL x: well_founded_part(x)) IMPLIES well_founded?[T] (<)

Rerunning step: (prop)

Applying propositional simplification,
this simplifies to:
well_founded_part_cs :

{-1} (FORALL x: well_founded_part(x))
{1} well_founded?[T] (<)

Rerunning step: (expand "well_founded?")
Expanding the definition of well_founded?,
this simplifies to:

well_founded_part_cs :

[-1] (FORALL x: well_founded_part(x))

{1} FORALL (p: pred[T]):
(EXISTS (y: T): p(y)) IMPLIES
(EXISTS (y: (p)): FORALL (x: (p)): (NOT x < y))

Rerunning step: (skosimp)
Skolemizing and flattening,
this simplifies to:
well_founded_part_cs :

[-1] (FORALL x: well_founded_part(x))
{-2} EXISTS (y: T): p!'1(y)

{1}  EXISTS (y: (p!1)): FORALL (x: (p!1)): (NOT x < y)

Rerunning step: (lemma "well_founded_part_weak_induction")
Applying well_founded_part_weak_induction

this simplifies to:

well_founded_part_cs :

{-1} FORALL (P: [T -> boolean]):
(FORALL (x): (FORALL y: y < x IMPLIES P(y)) IMPLIES P(x)) IMPLIES
(FORALL (x): well_founded_part(x) IMPLIES P(x))

[-2] (FORALL x: well_founded_part(x))

[-3] EXISTS (y: T): p'1i(y)

[1]  EXISTS (y: (p!1)): FORALL (x: (p!1)): (NOT x < y)

Rerunning step: (inst - "lambda(x): NOT p!1(x)")
Instantiating the top quantifier in - with the terms:
lambda(x): NOT p!1(x),

this simplifies to:

well_founded_part_cs :
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{-1} (FORALL (x_1: T):
(FORALL y: y < x_1 IMPLIES NOT p!1(y)) IMPLIES NOT p!1(x_1))
IMPLIES
(FORALL (x_1: T): well_founded_part(x_1) IMPLIES NOT p!1(x_1))
[-2] (FORALL x: well_founded_part(x))
[-3] EXISTS (y: T): p!1(y)

[1]  EXISTS (y: (p!1)): FORALL (x: (p!1)): (NOT x < y)

Rerunning step: (prop)

Applying propositional simplification,
this yields 2 subgoals:
well_founded_part_cs.1

{-1} FORALL (x_1: T): well_founded_part(x_1) IMPLIES NOT p!1(x_1)
[-2] (FORALL x: well_founded_part(x))
[-3] EXISTS (y: T): p!1(y)

[1]  EXISTS (y: (p!'1)): FORALL (x: (p!1)): (NOT x < y)

Rerunning step: (grind :defs nil)
Trying repeated skolemization, instantiation, and if-lifting,

This completes the proof of well_founded_part_cs.1.
well_founded_part_cs.2 :

[-1] (FORALL x: well_founded_part(x))
[-2] EXISTS (y: T): p'1(y)

{1} FORALL (x_1: T):
(FORALL y: y < x_1 IMPLIES NOT p!1(y)) IMPLIES NOT p!1(x_1)
[2]  EXISTS (y: (p!'1)): FORALL (x: (p!1)): (NOT x < y)

Rerunning step: (skosimp)
Skolemizing and flattening,
this simplifies to:
well_founded_part_cs.2 :

{-1} FORALL y: y < x!1 IMPLIES NOT p!1(y)
{-2} pti(x!)

[-3] (FORALL x: well_founded_part(x))
[-4] EXISTS (y: T): p'1(y)

[1]  EXISTS (y: (p!1)): FORALL (x: (p!1)): (NOT x < y)

Rerunning step: (inst? +)

Found substitution:

y: (p!1) gets x!'1,

Using template: y

Instantiating quantified variables,
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this simplifies to:
well_founded_part_cs.2 :

[-1] FORALL y: y < x!1 IMPLIES NOT p!1(y)
[-2] pti(x!D)

[-3] (FORALL x: well_founded_part(x))
[-4] EXISTS (y: T): p!'1(y)

{1} FORALL (x: (p!1)): (NOT x < x!'1)

Rerunning step: (skolem-typepred)

Skolemizing (with typepred on new Skolem constants),
this simplifies to:

well_founded_part_cs.2 :

[-1] FORALL y: y < x!1 IMPLIES NQOT p!1(y)
[-2] p!i(x!)

[-3] (FORALL x: well_founded_part(x))
{-4} p!i(y')

[1]  FORALL (x: (p!1)): (NOT x < x!1)

Rerunning step: (skolem-typepred)

Skolemizing (with typepred on new Skolem constants),
this simplifies to:

well_founded_part_cs.2 :

{-1} p!1(x!2)

[-2] FORALL y: y < x!1 IMPLIES NQOT p!1(y)
[-3] pti(x!D)

[-4] (FORALL x: well_founded_part(x))
[-5] p!i(y'D)

{-6} x!2 < x!1

Rerunning step: (inst? -2)

Found substitution:

y gets x!2,

Using template: NOT p!1(y)
Instantiating quantified variables,
this simplifies to:
well_founded_part_cs.2 :

[-1] p!1(x!2)

{-2} x!2 < x!1 IMPLIES NOT p!1(x!2)
[-3] p!i(x!1)

[-4] (FORALL x: well_founded_part(x))
[-5] p!i(y'D)

[-6] x!2 < x!1

Rerunning step: (prop)
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Applying propositional simplification,
This completes the proof of well_founded_part_cs.2.
Q.E.D.

well_founded_part_cs proved in 0.09 real, 0.09 cpu seconds
Rerunning proof of well_founded_part_cns

well_founded_part_cns :

{1} well_founded?[T] (<) IFF (FORALL x: well_founded_part(x))
Rerunning step: (prop)

Applying propositional simplification,

this yields 2 subgoals:

well_founded_part_cns.1

{-1} well_founded?[T] (<)

{1}  (FORALL x: well_founded_part(x))

Rerunning step: (rewrite "well_founded_part_cn")
Found matching substitution:

Rewriting using well_founded_part_cn, matching in *,
This completes the proof of well_founded_part_cns.1.
well_founded_part_cns.2 :

{-1} (FORALL x: well_founded_part(x))

{1} well_founded?[T] (<)

Rerunning step: (rewrite "well_founded_part_cs")
Found matching substitution:

Rewriting using well_founded_part_cs, matching in *,
This completes the proof of well_founded_part_cns.2.
Q.E.D.

well_founded_part_cns proved in 0.02 real, 0.02 cpu seconds
Rerunning proof of well_founded_induct_cns

well_founded_induct_cns :

{1} well_founded?[T] (<) IFF
(FORALL (p: pred[T]):

(FORALL (x: T): (FORALL (y: T): y < x IMPLIES p(y)) IMPLIES p(x))



60 Apéndice C. Demostraciones de las teorias PVS de la formalizacién

IMPLIES (FORALL (x: T): p(x)))

Rerunning step: (prop)

Applying propositional simplification,
this yields 2 subgoals:
well_founded_induct_cns.1

{-1} well_founded?[T] (<)

{1}  (FORALL (p: pred[T]):
(FORALL (x: T): (FORALL (y: T): y < x IMPLIES p(y)) IMPLIES p(x))
IMPLIES (FORALL (x: T): p(x)))

Rerunning step: (use "wf_induction[T,<]")
Using lemma wf_induction[T,<],

This completes the proof of well_founded_induct_cns.l1.
well_founded_induct_cns.2 :

{-1} (FORALL (p: pred[T]):
(FORALL (x: T): (FORALL (y: T): y < x IMPLIES p(y)) IMPLIES p(x))
IMPLIES (FORALL (x: T): p(x)))

{13} well_founded?[T] (<)

Rerunning step: (apply (then (expand "well_founded?") (skosimp)
(inst - "lambda(x): not p!1(x)") (skosimp)
(prop)))
Applying
(then (expand "well_founded?") (skosimp)
(inst - "lambda(x): not p!1(x)") (skosimp) (prop)),
this yields 2 subgoals:
well_founded_induct_cns.2.1

{-1} FORALL (x_1: T): NOT p!1(x_1)
{-2} pti(y')

{1}  EXISTS (y: (p!1)): FORALL (x: (p!'1)): (NOT x < y)

Rerunning step: (grind :defs nil)
Trying repeated skolemization, instantiation, and if-lifting,

This completes the proof of well_founded_induct_cns.2.1.
well_founded_induct_cns.2.2 :

{-1} pti(ytL)

{1} FORALL (x_1: T):

(FORALL (y: T): y < x_1 IMPLIES NOT p!1(y)) IMPLIES NOT p!'1(x_1)
{2}  EXISTS (y: (p!1)): FORALL (x: (p!1)): (NOT x < y)
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Rerunning step: (skosimp)
Skolemizing and flattening,
this simplifies to:
well_founded_induct_cns.2.2 :

{-1} FORALL (y: T): y < x!1 IMPLIES NOT p!1(y)
{-2} pri(x'1)
[-3] p!i(y'D)

[1]  EXISTS (y: (p!'1)): FORALL (x: (p!1)): (NOT x < y)

Rerunning step: (inst? +)

Found substitution:

y: (p!1) gets x!'1,

Using template: y

Instantiating quantified variables,
this simplifies to:
well_founded_induct_cns.2.2 :

[-1] FORALL (y: T): y < x!1 IMPLIES NOT p!1(y)
[-2] pli(x'1)
[-3] p!i(y'D)

{1} FORALL (x: (p!'1)): (NOT x < x!'1)
Rerunning step: (apply (then (skolem-typepred) (inst?) (prop)))
Applying

(then (skolem-typepred) (inst?) (prop)),

This completes the proof of well_founded_induct_cns.2.2.

This completes the proof of well_founded_induct_cns.2.

Q.E.D.
well_founded_induct_cns proved in 0.05 real, 0.05 cpu seconds
Rerunning proof of well_founded_cs_ordinal

well_founded_cs_ordinal :

{1}  (EXISTS (f: [T -> ordinall]): FORALL x, y: x < y IMPLIES f(x) < f(y))
IMPLIES well_founded?[T] (<)

Rerunning step: (skosimpx*)

Repeatedly Skolemizing and flattening,

this simplifies to:

well_founded_cs_ordinal :

{-1} FORALL x, y: x < y IMPLIES £!1(x) < £!1(y)
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{1} well_founded?[T] (<)

Rerunning step: (use "well_founded_le")
Using lemma well_founded_le,

this simplifies to:
well_founded_cs_ordinal :

{-1} well_founded?(LAMBDA (r, s: (ordinal?)): r < s)
[-2] FORALL x, y: x < y IMPLIES f!1(x) < f!1(y)

[1] well_founded?[T] (<)

Rerunning step: (expand "well_founded?")
Expanding the definition of well_founded?,
this simplifies to:
well_founded_cs_ordinal :

{-1} FORALL (p: pred[(ordinal?)]):

(EXISTS (y: (ordinal?)): p(y)) IMPLIES

(EXISTS (y: (p)): FORALL (x: (p)): (NOT x < y))
[-2] FORALL x, y: x < y IMPLIES f!1(x) < f!1(y)

{1} FORALL (p: pred[T]):
(EXISTS (y: T): p(y)) IMPLIES
(EXISTS (y: (p)): FORALL (x: (p)): (NOT x < y))

Rerunning step: (skosimp*)

Repeatedly Skolemizing and flattening,
this simplifies to:
well_founded_cs_ordinal :

[-1] FORALL (p: pred[(ordinal?)]):

(EXISTS (y: (ordinal?)): p(y)) IMPLIES

(EXISTS (y: (p)): FORALL (x: (p)): (NOT x < y))
[-2] FORALL x, y: x < y IMPLIES f!1(x) < f!1(y)
{-3} p!i(y'D)

{1} EXISTS (y: (p!1)): FORALL (x: (p!'1)): (NOT x < y)

Rerunning step: (apply (then

(inst -1
"lambda(u:ordinal): Exists (x:T): p!1(x) AND f!1(x) = u")
(prop)))
Applying
(then
(inst -1 "lambda(u:ordinal): Exists (x:T): p!1(x) AND f!1(x) = u")
(prop)),

this yields 2 subgoals:
well_founded_cs_ordinal.l

{-1} EXISTS (y:
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(LAMBDA (u: ordinal):
EXISTS (x: T): p!1(x) AND f!1(x) = u)):
FORALL (x_1:
(LAMBDA (u: ordinal):
EXISTS (x: T): p!1(x) AND f!1(x) = u)):
(NOT x_1 < y)

[-2] FORALL x, y: x < y IMPLIES f!1(x) < f!1(y)
[-3] p!i(y!D)

[1]  EXISTS (y: (p!'1)): FORALL (x: (p!1)): (NOT x < y)

Rerunning step: (skosimp - t)
Skolemizing and flattening,
this simplifies to:
well_founded_cs_ordinal.1

{-1} ordinal?(y!2)
{-2} EXISTS (x: T): p!1(x) AND f!'1(x) = y!2
{-3} FORALL (x_1:
(LAMBDA (u: ordinal):
EXISTS (x: T): p!'1(x) AND f!1(x) = u)):
(NOT x_1 < y!2)
[-4] FORALL x, y: x < y IMPLIES f!1(x) < f!1(y)
[-5] pti(y!tD)

[1]  EXISTS (y: (p!'1)): FORALL (x: (p!1)): (NOT x < y)

Rerunning step: (skosimp)
Skolemizing and flattening,
this simplifies to:
well_founded_cs_ordinal.1

[-1] ordinal?(y!2)
{-2} pti(x!1)
{-3} f!1i(x!1) = y!2
[-4] FORALL (x_1:
(LAMBDA (u: ordinal):
EXISTS (x: T): p!1(x) AND f!1(x) = u)):
(NOT x_1 < y!2)
[-5] FORALL x, y: x < y IMPLIES f!1(x) < f!1(y)
[-6] p!i(y!'D)

[1]  EXISTS (y: (p!1)): FORALL (x: (p!1)): (NOT x < y)

Rerunning step: (inst + "x!1")

Instantiating the top quantifier in + with the terms:
x!1,

this simplifies to:

well_founded_cs_ordinal.1

[-1] ordinal?(y!2)
[-2] pli(x'1)
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[-3] f!11(x!1) = y!2
[-4] FORALL (x_1:
(LAMBDA (u: ordinal):
EXISTS (x: T): p!1(x) AND f!1(x) = u)):
(NOT x_1 < y!2)
[-5] FORALL x, y: x < y IMPLIES f!1(x) < f!1(y)
[-6] p!i(y!'D)

{1} FORALL (x: (p!1)): (NOT x < x!1)

Rerunning step: (skosimp)
Skolemizing and flattening,
this simplifies to:
well_founded_cs_ordinal.1

[-1] ordinal?(y!2)
[-2] p!'i(x!)
[-3] f!11(x!'1) = y!2
[-4] FORALL (x_1:
(LAMBDA (u: ordinal):
EXISTS (x: T): p!'1(x) AND f!1(x) = u)):
(NOT x_1 < y'2)
[-5] FORALL x, y: x < y IMPLIES f!1(x) < f!1(y)
[-6] pti(y!D)
{-73 x!'2 <x!1

Rerunning step: (inst -5 "x!2" "x!1")

Instantiating the top quantifier in -5 with the terms:
x!12, x!1,

this simplifies to:

well_founded_cs_ordinal.1

[-1] ordinal?(y!2)
[-2] pti(x!D)
[-3] f!11(x!1) = y!2
[-4] FORALL (x_1:
(LAMBDA (u: ordinal):
EXISTS (x: T): p!1(x) AND f!1(x) = u)):
(NOT x_1 < y!2)
{-5} =x!2 < x!'1 IMPLIES f!1(x!2) < f!1(x!'1)
[-6] p!i(y!'D)
[-7] =x!'2 < x!'1

Rerunning step: (prop)

Applying propositional simplification,
this simplifies to:
well_founded_cs_ordinal.1

{-1} fr1(x!2) < fri(x!1)
[-2] ordinal?(y!2)
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[-3]
[-4]
[-5]

p!i(x!1)
fri(xt1) = yi2
FORALL (x_1:
(LAMBDA (u: ordinal):
EXISTS (x: T): p!1(x) AND f!1(x)
(NOT x_1 < y!2)
p!idytl)
x!'2 < x!1

Rerunning step: (inst - "f!1(x!2)")

Instantiating the top quantifier in - with the terms:
f11(x!2),
this yields 2 subgoals:

well_founded_cs_ordinal.1.1

[-1]
[-2]
[-3]
[-4]
[-5]
[-6]

{1}

f11(x!12) < fr1(x!'1)
ordinal?(y!2)
p!i(x!1)

£11(x11) = y!2
p!idyt1)

x!2 < x!1

£11(x12) < y!2

Rerunning step: (replacex)

Repeatedly applying the replace rule,

u)):

This completes the proof of well_founded_cs_ordinal.l.1l.

well_founded_cs_ordinal.1.2 (TCC):

[-1]
[-2]
[-3]
[-4]
[-5]
[-6]

f11(x!12) < fr1(x!'1)
ordinal?(y!2)
p!i(x!1)

£11(x11) = y!2
p!idytl)

x!2 < x!1

EXISTS (x: T): p!'1(x) AND f!1(x) = f!1(x!2)

Rerunning step: (typepred "x!2")

Adding type constraints for x!2,

this simplifies to:

well_founded_cs_ordinal.1.2 :

{-1}
[-2]
[-3]
[-4]
[-5]
[-6]

p!1(x!2)

fri(x12) < fr1(x1)
ordinal?(y!2)
p!i(x!1)

fri(xt1) = yi2
p!idytl)
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[1] EXISTS (x: T): p!1(x) AND f!1(x) = £!11(x!2)

Rerunning step: (inst?)

Found substitution:

x: T gets x!2,

Using template: p!1(x)
Instantiating quantified variables,

This completes the proof of well_founded_cs_ordinal.l.2.

This completes the proof of well_founded_cs_ordinal.l.
well_founded_cs_ordinal.2 :

[-1]1 FORALL x, y: x < y IMPLIES f!1(x) < £!1(y)
[-2] p!i(y'1)

{1} EXISTS (y: (ordinal?)): EXISTS (x: T): p!1(x) AND f!i(x) =y
[2]  EXISTS (y: (p!1)): FORALL (x: (p!1)): (NOT x < y)

Rerunning step: (inst + "f!i(y!1)")

Instantiating the top quantifier in + with the terms:
fri(ytl),

this simplifies to:

well_founded_cs_ordinal.2 :

[-1] FORALL x, y: x < y IMPLIES f!1(x) < f!1(y)
[-2] ptiytD)

{1}  EXISTS (x: T): p!1(x) AND f!1(x) = f!1(y!'1)
[2]  EXISTS (y: (p!'1)): FORALL (x: (p!1)): (NOT x < y)

Rerunning step: (inst?)

Found substitution:

x: T gets y!1,

Using template: p!1(x)
Instantiating quantified variables,

This completes the proof of well_founded_cs_ordinal.Z2.

Q.E.D.
well_founded_cs_ordinal proved in 0.09 real, 0.09 cpu seconds
wf_cs: 5 proofs attempted, 5 proved in 0.38 real, 0.38 cpu seconds

Proof summary for theory wf_cs
well_founded _part_cn.................. proved - complete  [shostak](0.13 s)
well founded _part_cCs.........ccvvvuun. proved - complete [shostak](0.09 s)
well founded_part_cnsS..........c..oouu.. proved - complete [shostak](0.02 s)
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well_founded_induct_cns............... proved - complete [shostak](0.05 s)
well founded_cs_ordinal............... proved - complete [shostak](0.09 s)
Theory totals: 5 formulas, 5 attempted, 5 succeeded (0.38 s)

Grand Totals: 5 proofs, 5 attempted, 5 succeeded (0.38 s)
Parsing cl_tr

cl_tr parsed in 0.06 seconds

Typechecking cl_tr

cl_tr typechecked in 0.03s: No TCCs generated

Rerunning proof of tr_cl_cs_basic

tr_cl_cs_basic :

{1} FORALL (<: pred[[T, TI]], %, y: T): x < y IMPLIES tr_cl(<)(x, y)

Rerunning step: (skosimp)
Skolemizing and flattening,
this simplifies to:
tr_cl_cs_basic :

{-1} 1lessp!i(x!l, y!'1)
{1} tr_cl(lessp!l)(x!1, y!1)

Rerunning step: (expand "tr_cl")
Expanding the definition of tr_cl,
this simplifies to:
tr_cl_cs_basic :

[-1] lessp!i(x!1, y!1)

{1} lessp!i(x!'1, y!1) OR
(EXISTS z: tr_cl(lessp!1)(x!1, z) AND lessp!i(z, y!1))

Rerunning step: (prop)

Applying propositional simplification,

Q.E.D.

tr_cl_cs_basic proved in 0.00 real, 0.00 cpu seconds
Rerunning proof of tr_cl_transitive_10

tr_cl_transitive_10 :
{1} FORALL (<: pred[[T, TI1, x, y, z: T):

(z < x AND tr_cl(<)(x, y)) IMPLIES tr_cl(<)(z, y)
Rerunning step: (lemma "tr_cl_weak_induction")

Applying tr_cl_weak_induction
this simplifies to:
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tr_cl_transitive_10 :

{-1} FORALL (<, x, P: [T -> boolean]):
(FORALL (y): (x < y OR (EXISTS z: P(z) AND z < y)) IMPLIES P(y))
IMPLIES (FORALL (y): tr_cl(<)(x, y) IMPLIES P(y))

[1] FORALL (<: pred[[T, T1], x, y, z: T):
(z < x AND tr_cl(<)(x, y)) IMPLIES tr_cl(<)(z, y)

Rerunning step: (skolem 1 ("lessp!1" "x!i" "_" "zi{1"))

For the top quantifier in 1, we introduce Skolem constants:
(lessp!l x!'1 _ z!1),

this simplifies to:

tr_cl_transitive_10 :

[-1] FORALL (<, x, P: [T -> boolean]):
(FORALL (y): (x < y OR (EXISTS z: P(z) AND z < y)) IMPLIES P(y))
IMPLIES (FORALL (y): tr_cl(<)(x, y) IMPLIES P(y))

{1}  FORALL (y):
(lessp!1(z!1, x!1) AND tr_cl(lessp!1)(x!1l, y)) IMPLIES
tr_cl(lessp!1)(z!1, y)

Rerunning step: (inst - "lessp!1" "x!1"
"lambda(y): not(lessp!i(z!1l, x!1)) OR tr_cl(lessp!1)(z!1,y)")
Instantiating the top quantifier in - with the terms:
lessp!l, x!1, lambda(y): not(lessp!1(z!1, x!1)) OR tr_cl(lessp!l) (z!1,y),
this simplifies to:
tr_cl_transitive_10 :

{-1} (FORALL (y_1: T):
(lessp!1(x!1, y_1) OR
(EXISTS z:
(NOT (lessp!1(z!'1l, x!'1)) OR tr_cl(lessp!1)(z!1, z)) AND
lessp!i(z, y_1)))
IMPLIES NOT (lessp!1(z!'1, x!1)) OR tr_cl(lessp!l) (z!1, y_1))
IMPLIES
(FORALL (y_1: T):
tr_cl(lessp!1) (x!1, y_1) IMPLIES
NOT (lessp!1(z!'1l, x!1)) OR tr_cl(lessp!1l)(z!1, y_1))

[1]1  FORALL (y):
(lessp!1(z!1, x!1) AND tr_cl(lessp!1)(x!1, y)) IMPLIES
tr_cl(lessp!1)(z!1, y)

Rerunning step: (prop)

Applying propositional simplification,
this yields 2 subgoals:
tr_cl_transitive_10.1

{-1} FORALL (y_1: T):
tr_cl(lessp!1)(x!1, y_1) IMPLIES
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NOT (lessp!i(z!'1, x!1)) OR tr_cl(lessp!l)(z!1, y_1)

[1]  FORALL (y):
(lessp!1(z!1, x!1) AND tr_cl(lessp!1)(x!1, y)) IMPLIES
tr_cl(lessp!1)(z!1, y)

Rerunning step: (skosimp)
Skolemizing and flattening,
this simplifies to:
tr_cl_transitive_10.1

[-1] FORALL (y_1: T):

tr_cl(lessp!1)(x!1, y_1) IMPLIES

NOT (lessp!1(z!1l, x!1)) OR tr_cl(lessp!l) (z!'1, y_1)
{-2} lessp!i(z!l, x!1)
{-3} tr_cl(lessp!l)(x!1, y!'1)

{1} tr_cl(lessp!1)(z!1, y!'1)

Rerunning step: (inst?)

Found substitution:

y_1: T gets y!'1,

Using template: tr_cl(lessp!l) (z!1, y_1)
Instantiating quantified variables,

this simplifies to:
tr_cl_transitive_10.1

{-1} tr_cl(lessp!l)(x!'1, y!1) IMPLIES

NOT (lessp!1(z!'1l, x!1)) OR tr_cl(lessp!l)(z!1, y!1)
[-2] 1lessp!i(z!1l, x!1)
[-3] tr_cl(lessp!l)(x!'1l, y!'1)

[1]  tr_cl(lessp!l)(z!1, y!'1)

Rerunning step: (prop)
Applying propositional simplification,

This completes the proof of tr_cl_transitive_10.1.

tr_cl_transitive_10.2 :

{1} FORALL (y_1: T):
(lessp!1(x!1, y_1) OR
(EXISTS z:
(NOT (lessp!i(z!'1l, x!1)) OR tr_cl(lessp!l)(z!1, z)) AND
lessp!1(z, y_1)))
IMPLIES NOT (lessp!1(z!1, x!1)) OR tr_cl(lessp!l)(z!1, y_1)
[2]  FORALL (y):
(lessp!1(z!1, x!1) AND tr_cl(lessp!1l)(x!1, y)) IMPLIES
tr_cl(lessp!l)(z!1, y)
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Rerunning step: (hide 2)
Hiding formulas: 2,
this simplifies to:
tr_cl_transitive_10.2 :

[1] FORALL (y_1: T):
(lessp!1(x!1l, y_1) OR
(EXISTS z:
(NOT (lessp!1(z!'1, x!1)) OR tr_cl(lessp!1)(z!1, z)) AND
lessp!1(z, y_1)))
IMPLIES NOT (lessp!1(z!1, x!1)) OR tr_cl(lessp!l)(z!1, y_1)

Rerunning step: (skosimp)
Skolemizing and flattening,
this simplifies to:
tr_cl_transitive_10.2 :

{-1} lessp!i(x!1l, y!1) OR
(EXISTS z:
(NOT (lessp!1(z!1l, x!'1)) OR tr_cl(lessp!1)(z!1, z)) AND
lessp!1(z, y!'1))
{-2} (lessp!i(z!1l, x!'1))

{1} tr_cl(lessp!l)(z!'1, y!1)

Rerunning step: (prop)

Applying propositional simplification,
this yields 2 subgoals:
tr_cl_transitive_10.2.1

{-1} 1lessp!i(x!1, y!'1)
[-2] (lessp!i(z!l, x!'1))

[1]  tr_cl(lessp!l)(z!1, y!1)

Rerunning step: (expand "tr_cl")
Expanding the definition of tr_cl,
this simplifies to:
tr_cl_transitive_10.2.1

[-1] lessp!i(x!1, y!1)
[-2] (lessp!i(z!l, x!'1))

{1} 1lessp!i(z!'1, y!1) OR
(EXISTS z: tr_cl(lessp!1)(z!1l, z) AND lessp!i(z, y!1))

Rerunning step: (prop)

Applying propositional simplification,
this simplifies to:
tr_cl_transitive_10.2.1
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[-1] 1lessp!i(x!1, y!'1)
[-2] (lessp!i(z!l, x!'1))

{1} 1lessp!i(z!'1l, y!'1)
{2}  EXISTS z: tr_cl(lessp!1)(z!1, z) AND lessp!i(z, y!1)

Rerunning step: (inst?)

Found substitution:

z gets x!1,

Using template: lessp!i(z, y!'1)
Instantiating quantified variables,
this simplifies to:
tr_cl_transitive_10.2.1

[-1] 1lessp!i(x!1, y!'1)
[-2] (lessp!i(z!l, x!'1))

[1] lessp!1(z!1, y!'1)
{2} tr_cl(lessp!1l)(z!'1, x!1) AND lessp!1(x!1, y!1)

Rerunning step: (prop)

Applying propositional simplification,
this simplifies to:
tr_cl_transitive_10.2.1

[-1] 1lessp!i(x!1, y!'1)
[-2] (lessp!i(z!l, x!'1))

{1} tr_cl(lessp!l)(z!'1, x!1)
[2] lessp!i(z!1, y!1)

Rerunning step: (rewrite "tr_cl_cs_basic")
Found matching substitution:

y: T gets x!1,

x gets z!1,

<: pred[[T, T]] gets lessp!1l,

Rewriting using tr_cl_cs_basic, matching in *,

This completes the proof of tr_cl_transitive_10.2.1.

tr_cl_transitive_10.2.2 :

{-1} EXISTS z:
(NOT (lessp!i(z!'1l, x!1)) OR tr_cl(lessp!l)(z!1, z)) AND
lessp!i(z, y!'1)

[-2] (lessp!i(z!l, x!'1))

[1]  tr_cl(lessp!l)(z!1, y!'1)

Rerunning step: (skosimp)

Skolemizing and flattening,
this simplifies to:
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tr_cl_transitive_10.2.2 :

{-1} DNOT (lessp!i1(z!1l, x!1)) OR tr_cl(lessp!l)(z!'1l, z!2)
{-2} 1lessp!i(z!2, y!'1)
[-3] (lessp!i(z!'l, x!1))

[1]  tr_cl(lessp!1l)(z!1, y!'1)

Rerunning step: (prop)

Applying propositional simplification,
this simplifies to:
tr_cl_transitive_10.2.2 :

{-1} tr_cl(lessp!1)(z!1, z!2)
[-2] 1lessp!i(z!2, y!1)
[-3] (lessp!i(z!'l, x!'1))

[1]  tr_cl(lessp!l)(z!1, y!'1)

Rerunning step: (expand "tr_cl" +)
Expanding the definition of tr_cl,
this simplifies to:
tr_cl_transitive_10.2.2 :

[-1] tr_cl(lessp!l)(z!1, z!2)
[-2] 1lessp!i(z!2, y!'1)
[-3] (lessp!i(z!l, x!'1))

{1} lessp!i(z!'1, y!1) OR
(EXISTS z: tr_cl(lessp!1)(z!'1, z) AND lessp!i(z, y!1))

Rerunning step: (prop)

Applying propositional simplification,
this simplifies to:
tr_cl_transitive_10.2.2 :

[-1] tr_cl(lessp!l)(z!1, z!2)
[-2] lessp!i(z!2, y!1)
[-3] (lessp!i(z!'l, x!1))

{1} lessp!i(z!1l, y!'1)
{2} EXISTS z: tr_cl(lessp!l)(z!1l, z) AND lessp!i(z, y!'1)

Rerunning step: (inst?)

Found substitution:

z gets z!2,

Using template: tr_cl(lessp!l)(z!1, z)
Instantiating quantified variables,
this simplifies to:
tr_cl_transitive_10.2.2 :

[-1] tr_cl(lessp!l)(z!1, z!2)
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[-3] (lessp!i(z!l, x!'1))

[1] lessp!1(z!1, y!'1)
{2} tr_cl(lessp!1)(z!'1, z!2) AND lessp!i(z!2, y!1)

Rerunning step: (prop)
Applying propositional simplification,

This completes the proof of tr_cl_transitive_10.2.2.

This completes the proof of tr_cl_transitive_10.2.

Q.E.D.
tr_cl_transitive_10 proved in 0.07 real, 0.07 cpu seconds

Rerunning proof of tr_cl_transitive

tr_cl_transitive :

{1} FORALL (<: pred[[T, T1]): transitive?(tr_cl(<))

Rerunning step: (skosimp)
Skolemizing and flattening,
this simplifies to:
tr_cl_transitive :

{1} transitive?(tr_cl(lessp!1))

Rerunning step: (expand "transitive?")
Expanding the definition of transitive?,
this simplifies to:

tr_cl_transitive :

{1} FORALL (x: T), (y: T), (z: T):
tr_cl(lessp!l) (x, y) & tr_cl(lessp!l) (y, z) => tr_cl(lessp!l)(x, z)

Rerunning step: (skolem 1 ("x!1" "_" "z!1"))

For the top quantifier in 1, we introduce Skolem constants: (x!1 _ z!1),
this simplifies to:

tr_cl_transitive :

{1} FORALL (y: T):
tr_cl(lessp!l) (x!1, y) & tr_cl(lessp!l) (y, z!1) =>
tr_cl(lessp!1) (x!1, z!1)

Rerunning step: (lemma "tr_cl_weak_induction")
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Applying tr_cl_weak_induction
this simplifies to:
tr_cl_transitive :

{-1} FORALL (<, x, P: [T -> boolean]):
(FORALL (y): (x < y OR (EXISTS z: P(z) AND z < y)) IMPLIES P(y))
IMPLIES (FORALL (y): tr_cl(<)(x, y) IMPLIES P(y))

[1] FORALL (y: T):
tr_cl(lessp!l) (x!1, y) & tr_cl(lessp!l)(y, z!1)
tr_cl(lessp!1) (x!1, z!1)

1l
\%

Rerunning step: (inst - "lessp!1" "x!1"
"lambda(y): not(tr_cl(lessp!1)(y,z!1)) or tr_cl(lessp!l)(x!1,z!1)")
Instantiating the top quantifier in - with the terms:
lessp!l, x!1, lambda(y): not(tr_cl(lessp!l) (y,z!1)) or tr_cl(lessp!l) (x!1,z!1),
this simplifies to:
tr_cl_transitive :

{-1} (FORALL (y_1: T):
(lessp!1(x!1, y_1) OR
(EXISTS z:
(NOT (tr_cl(lessp!1)(z, z!1)) OR tr_cl(lessp!l) (x!1, z!1))
AND lessp!i(z, y_1)))
IMPLIES
NOT (tr_cl(lessp!1)(y_1, z!1)) OR tr_cl(lessp!1l) (x!1, z!1))
IMPLIES
(FORALL (y_1: T):
tr_cl(lessp!1) (x!1, y_1) IMPLIES
NOT (tr_cl(lessp!1)(y_1, z!1)) OR tr_cl(lessp!l) (x!1, z!1))

[1] FORALL (y: T):
tr_cl(lessp!1l)(x!1, y) & tr_cl(lessp!l)(y, z!1) =>
tr_cl(lessp!1) (x!1, z!1)

Rerunning step: (prop)

Applying propositional simplification,
this yields 2 subgoals:
tr_cl_transitive.1l

{-1} FORALL (y_1: T):
tr_cl(lessp!1)(x!1, y_1) IMPLIES
NOT (tr_cl(lessp!1)(y_1, z!1)) OR tr_cl(lessp!1)(x!1, z!1)

[1] FORALL (y: T):
tr_cl(lessp!1l) (x!1, y) & tr_cl(lessp!l)(y, z!1) =>
tr_cl(lessp!1) (x!1, z!1)

Rerunning step: (skosimp)
Skolemizing and flattening,
this simplifies to:
tr_cl_transitive.l
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[-1] FORALL (y_1: T):

tr_cl(lessp!1)(x!1, y_1) IMPLIES

NOT (tr_cl(lessp!1)(y_1, z!1)) OR tr_cl(lessp!1)(x!1, z!1)
{-2} tr_cl(lessp!l)(x!1, y!1)
{-3} tr_cl(lessp!1)(y!1, z!1)

{1} tr_cl(lessp!1)(x!1, z!1)

Rerunning step: (inst?)

Found substitution:

y_1: T gets y!'1,

Using template: NOT (tr_cl(lessp!1)(y_1, z!'1))
Instantiating quantified variables,

this simplifies to:

tr_cl_transitive.1

{-1} tr_cl(lessp!l)(x!'1, y!1) IMPLIES

NOT (tr_cl(lessp!1l)(y!1l, z!1)) OR tr_cl(lessp!1l) (x!1, z!1)
[-2] tr_cl(lessp!l) (x!1, y!1)
[-3] tr_cl(lessp!1l)(y!1l, z!'1)

[1]  tr_cl(lessp!l) (x!1, z!1)

Rerunning step: (prop)
Applying propositional simplification,

This completes the proof of tr_cl_transitive.l.

tr_cl_transitive.2 :

{1} FORALL (y_1: T):
(lessp!1(x!1, y_1) OR
(EXISTS z:
(NOT (tr_cl(lessp!1)(z, z!1)) OR tr_cl(lessp!l) (x!1, z!1)) AND
lessp!1(z, y_1)))
IMPLIES NOT (tr_cl(lessp!1)(y_1, z!1)) OR tr_cl(lessp!1l) (x!1, z!1)
[2] FORALL (y: T):
tr_cl(lessp!l) (x!1, y) & tr_cl(lessp!l)(y, z!1) =>
tr_cl(lessp!1) (x!1, z!1)

Rerunning step: (hide 2)
Hiding formulas: 2,
this simplifies to:
tr_cl_transitive.2 :

[1]  FORALL (y_1: T):
(lessp!1(x!1, y_1) OR
(EXISTS z:
(NOT (tr_cl(lessp!1)(z, z!1)) OR tr_cl(lessp!1)(x!1l, z!1)) AND
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lessp!i(z, y_1)))
IMPLIES NOT (tr_cl(lessp!1)(y_1, z!1)) OR tr_cl(lessp!1l) (x!1, z!1)

Rerunning step: (skosimp)
Skolemizing and flattening,
this simplifies to:
tr_cl_transitive.2 :

{-1} lessp!i(x!1l, y!1) OR
(EXISTS z:
(NOT (tr_cl(lessp!1)(z, z!1)) OR tr_cl(lessp!l) (x!1, z!1)) AND
lessp!1(z, y!'1))
{-2} (tr_cl(lessp!1)(y!1, z!1))

{1} tr_cl(lessp!l)(x!1, z!1)
Rerunning step: (prop)
Applying propositional simplification,

this yields 2 subgoals:
tr_cl_transitive.2.1

{-1} 1lessp!i(x!1l, y!'1)
[-2] (tr_cl(lessp!1)(y!1, z!1))

[1]  tr_cl(lessp!l) (x!1, z!1)

Rerunning step: (forward-chain "tr_cl_transitive_10")
Forward chaining on tr_cl_transitive_10,

This completes the proof of tr_cl_transitive.2.1.
tr_cl_transitive.2.2 :

{-1} EXISTS z:
(NOT (tr_cl(lessp!1)(z, z!1)) OR tr_cl(lessp!l) (x!1, z!1)) AND
lessp!i(z, y!'1)

[-2] (tr_cl(lessp!1)(y!1l, z!'1))

[1]  tr_cl(lessp!l) (x!1, z!1)

Rerunning step: (skosimp)

Skolemizing and flattening,

this simplifies to:

tr_cl_transitive.2.2 :

{-1} DNOT (tr_cl(lessp!1)(z!2, z!1)) OR tr_cl(lessp!l)(x!1, z!1)
{-2} lessp!i(z!2, y!'1)

[-3] (tr_cl(lessp!1)(y!1l, z!'1))

[1]  tr_cl(lessp!l) (x!1, z!1)

Rerunning step: (prop)



Applying propositional simplification,
this simplifies to:
tr_cl_transitive.2.2 :

[-1] 1lessp!i(z!2, y!1)
[-2] (tr_cl(lessp!1)(y!l, z!'1))

{1}  (tr_cl(lessp!l)(z!2, z!1))
[2]  tr_cl(lessp!l)(x!1, z!'1)

Rerunning step: (forward-chain "tr_cl_transitive_10")
Forward chaining on tr_cl_transitive_10,

This completes the proof of tr_cl_transitive.2.2.

This completes the proof of tr_cl_transitive.2.

Q.E.D.
tr_cl_transitive proved in 0.06 real, 0.06 cpu seconds
Rerunning proof of tr_cl_equiv_cn

tr_cl_equiv_cn :

{1} FORALL (<: pred[[T, TI1, x, y: T):
tr_cl(<)(x, y) IMPLIES
(x < y OR (EXISTS z: x < z AND tr_cl(<)(z, y)))

Rerunning step: (lemma "tr_cl_weak_induction")
Applying tr_cl_weak_induction

this simplifies to:

tr_cl_equiv_cn :

{-1} FORALL (<, x, P: [T -> boolean]):
(FORALL (y): (x < y OR (EXISTS z: P(z) AND z < y)) IMPLIES P(y))
IMPLIES (FORALL (y): tr_cl(<)(x, y) IMPLIES P(y))

[1] FORALL (<: pred[[T, T1], x, y: T):
tr_cl(<)(x, y) IMPLIES
(x <y OR (EXISTS z: x < z AND tr_cl(<)(z, y)))

Rerunning step: (skolem 1 ("lessp!1" "x!1" "_"))

For the top quantifier in 1, we introduce Skolem constants:
(lessp!l x!'1 _),

this simplifies to:

tr_cl_equiv_cn :

[-1] FORALL (<, x, P: [T -> boolean]):
(FORALL (y): (x <y OR (EXISTS z: P(z) AND z < y)) IMPLIES P(y))
IMPLIES (FORALL (y): tr_cl(<)(x, y) IMPLIES P(y))
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{1} FORALL (y: T):
tr_cl(lessp!1)(x!1, y) IMPLIES
(lessp!1(x!1, y) OR
(EXISTS z: lessp!1(x!1, z) AND tr_cl(lessp!l) (z, y)))

Rerunning step: (inst - "lessp!1" "x!1"
"lambda(y): lessp!1(x!1, y) OR exists z: lessp!1(x!1l, z) AND tr_cl(lessp!1)(z, y)")
Instantiating the top quantifier in - with the terms:
lessp!l, x!1, lambda(y): lessp!1(x!1l, y) OR exists z: lessp!1(x!1l, z) AND tr_cl(lessp!l)(z, y),
this simplifies to:
tr_cl_equiv_cn :

{-1} (FORALL (y_1: T):
(lessp!1(x!1, y_1) OR
(EXISTS (z_1: T):
(lessp!1(x!'1l, z_1) OR
(EXISTS z: lessp!1(x!1l, z) AND tr_cl(lessp!l)(z, z_1)))
AND lessp!1(z_1, y_1)))
IMPLIES
lessp!i(x!1, y_1) OR
(EXISTS z: lessp!1(x!1, z) AND tr_cl(lessp!1)(z, y_1)))
IMPLIES
(FORALL (y_1: T):
tr_cl(lessp!1) (x!1, y_1) IMPLIES
lessp!1(x!1, y_1) OR
(EXISTS z: lessp!l(x!1l, z) AND tr_cl(lessp!1l)(z, y_1)))

[1] FORALL (y: T):
tr_cl(lessp!l) (x!1, y) IMPLIES
(lessp!1(x!1, y) OR
(EXISTS z: lessp!l(x!1l, z) AND tr_cl(lessp!1)(z, y)))

Rerunning step: (prop)

Applying propositional simplification,
this simplifies to:

tr_cl_equiv_cn :

{1} FORALL (y_1: T):
(lessp!1(x!1l, y_1) OR
(EXISTS (z_1: T):
(lessp!1(x!1l, z_1) OR
(EXISTS z: lessp!1(x!1, z) AND tr_cl(lessp!l)(z, z_1)))
AND lessp!i(z_1, y_1)))
IMPLIES
lessp!1(x!1, y_1) OR
(EXISTS z: lessp!1(x!1l, z) AND tr_cl(lessp!1l)(z, y_1))
[2] FORALL (y: T):
tr_cl(lessp!l) (x!1, y) IMPLIES
(lessp!1(x!1, y) OR
(EXISTS z: lessp!1l(x!1l, z) AND tr_cl(lessp!1)(z, y)))
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Rerunning step: (hide 2)
Hiding formulas: 2,
this simplifies to:
tr_cl_equiv_cn :

[1] FORALL (y_1: T):
(lessp!1(x!1l, y_1) OR
(EXISTS (z_1: T):
(lessp!1(x!1, z_1) OR
(EXISTS z: lessp!1(x!1, z) AND tr_cl(lessp!1)(z, z_1)))
AND lessp!i(z_1, y_1)))
IMPLIES
lessp!1(x!1, y_1) OR
(EXISTS z: lessp!1(x!1, z) AND tr_cl(lessp!l)(z, y_1))

Rerunning step: (skosimp)
Skolemizing and flattening,
this simplifies to:
tr_cl_equiv_cn :

{-1} lessp!i(x!1l, y!1) OR
(EXISTS (z_1: T):
(lessp!1(x!1, z_1) OR
(EXISTS z: lessp!1(x!1, z) AND tr_cl(lessp!l)(z, z_1)))
AND lessp!i(z_1, y!'1))

{1} lessp!i(x!l, y!'1)
{2}  EXISTS z: lessp!1(x!1, z) AND tr_cl(lessp!l) (z, y!1)

Rerunning step: (prop)

Applying propositional simplification,
this simplifies to:

tr_cl_equiv_cn :

{-1} EXISTS (z_1: T):
(lessp!1(x!1l, z_1) OR
(EXISTS z: lessp!1(x!1, z) AND tr_cl(lessp!l)(z, z_1)))
AND lessp!i(z_1, y!'1)

[1] lessp!1(x!1, y!1)
[2]  EXISTS z: lessp!l(x!1l, z) AND tr_cl(lessp!l)(z, y!1)

Rerunning step: (skosimp)
Skolemizing and flattening,
this simplifies to:
tr_cl_equiv_cn :

{-1} lessp!i(x!'1, z!1) OR
(EXISTS z: lessp!1(x!1l, z) AND tr_cl(lessp!l)(z, z!1))
{-2} lessp!i(z!l, y!'1)
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[1] lessp!1(x!1, y!1)
[2]  EXISTS z: lessp!l(x!1l, z) AND tr_cl(lessp!1l)(z, y!1)

Rerunning step: (prop)

Applying propositional simplification,
this yields 2 subgoals:
tr_cl_equiv_cn.1 :

{-1} lessp!i(x!l, z!1)
[-2] 1lessp!i(z!1, y!'1)

[1] lessp!1(x!1, y!1)
[2]  EXISTS z: lessp!l(x!1l, z) AND tr_cl(lessp!1l)(z, y!1)

Rerunning step: (inst?)

Found substitution:

z gets z!1,

Using template: lessp!1(x!1, z)
Instantiating quantified variables,
this simplifies to:
tr_cl_equiv_cn.1 :

[-1] 1lessp!i(x!1l, z!1)
[-2] 1lessp!i(z!1, y!1)

[1] lessp!1(x!1, y!1)
{2} lessp!1(x!1, z!1) AND tr_cl(lessp!l)(z!1, y!1)

Rerunning step: (prop)

Applying propositional simplification,
this simplifies to:

tr_cl_equiv_cn.1 :

[-1] 1lessp!i(x!1l, z!1)
[-2] 1lessp!i(z!1, y!1)

{1} tr_cl(lessp!1)(z!1, y!'1)
[2] lessp!i(x!1, y!1)

Rerunning step: (rewrite "tr_cl_cs_basic")
Found matching substitution:

y: T gets y!1,

x gets z!1,

<: pred[[T, T]] gets lessp!1l,

Rewriting using tr_cl_cs_basic, matching in *,

This completes the proof of tr_cl_equiv_cn.l1.
tr_cl_equiv_cn.2 :

{-1} EXISTS z: lessp!1(x!1, z) AND tr_cl(lessp!l)(z, z!1)
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[-2] 1lessp!i(z!1, y!1)

[1] lessp!1(x!1, y!1)
[2]  EXISTS z: lessp!l(x!1l, z) AND tr_cl(lessp!1l)(z, y!1)

Rerunning step: (skosimp)
Skolemizing and flattening,
this simplifies to:
tr_cl_equiv_cn.2 :

{-1} lessp!i(x!l, z!2)
{-2} tr_cl(lessp!1)(z!2, z!1)
[-3] 1lessp!i(z!'1l, y!1)

[1] lessp!i(x!1, y!1)
[2]  EXISTS z: lessp!1(x!1l, z) AND tr_cl(lessp!1l)(z, y!1)

Rerunning step: (inst + "z!2")

Instantiating the top quantifier in + with the terms:
z!2,

this simplifies to:

tr_cl_equiv_cn.2 :

[-1] 1lessp!i(x!1l, z!2)
[-2] tr_cl(lessp!l)(z!2, z!1)
[-3] 1lessp!i(z!1l, y!'1)

[1] lessp!1(x!1, y!1)
{23} lessp!1(x!1, z!2) AND tr_cl(lessp!l)(z!2, y!1)

Rerunning step: (prop)

Applying propositional simplification,
this simplifies to:

tr_cl_equiv_cn.2 :

[-1] 1lessp!i(x!1l, z!2)
[-2] tr_cl(lessp!l)(z!2, z!1)
[-3] lessp!i(z!l, y!1)

{1} tr_cl(lessp!l)(z!2, y!1)
[2] lessp!1(x!1, y!1)

Rerunning step: (expand "tr_cl" +)
Expanding the definition of tr_cl,
this simplifies to:
tr_cl_equiv_cn.2 :

[-1] lessp!i(x!1l, z!2)
[-2] tr_cl(lessp!l)(z!2, z!1)
[-3] 1lessp!i(z!1l, y!'1)

{1} lessp!i(z!2, y!1) OR
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(EXISTS z: tr_cl(lessp!1)(z!2, z) AND lessp!i(z, y!1))
[2] lessp!1(x!1, y!1)

Rerunning step: (prop)

Applying propositional simplification,
this simplifies to:

tr_cl_equiv_cn.2 :

[-1] lessp!i(x!1, z!2)
[-2] tr_cl(lessp!l)(z!2, z!1)
[-3] 1lessp!i(z!1l, y'1)

{1} lessp!i(z!2, y!'1)
{2} EXISTS z: tr_cl(lessp!l)(z!2, z) AND lessp!i(z, y!'1)
[3] lessp!i(x!1, y!1)

Rerunning step: (inst?)

Found substitution:

z gets z!1,

Using template: tr_cl(lessp!l)(z!2, z)
Instantiating quantified variables,
this simplifies to:

tr_cl_equiv_cn.2 :

[-1] 1lessp!i(x!1l, z!2)
[-2] tr_cl(lessp!l)(z!2, z!1)
[-3] lessp!i(z!l, y!1)

[1] lessp!i(z!2, y!1)
{2} tr_cl(lessp!1)(z!2, z!1) AND lessp!i(z!l, y!1)
[3] lessp!i(x!1, y!1)

Rerunning step: (prop)
Applying propositional simplification,

This completes the proof of tr_cl_equiv_cn.2.

Q.E.D.
tr_cl_equiv_cn proved in 0.04 real, 0.04 cpu seconds
Rerunning proof of tr_cl_equiv_cs

tr_cl_equiv_cs :

{1} FORALL (<: pred[[T, TI1, x, y: T):
(x < y OR (EXISTS z: x < z AND tr_cl(<)(z, y))) IMPLIES
tr_cl(<) (x, y)

Rerunning step: (skosimp)
Skolemizing and flattening,
this simplifies to:



tr_cl_equiv_cs :

{-1} (lessp!i(x'1, y!1) OR
(EXISTS z: lessp!1(x!1l, z) AND tr_cl(lessp!l)(z, y!1)))

{1} tr_cl(lessp!l)(x!1, y!1)

Rerunning step: (prop)

Applying propositional simplification,

this yields 2 subgoals:

tr_cl_equiv_cs.1

{-1} lessp!i(x!l, y!'1)

[1]  tr_cl(lessp!l) (x!1, y!1)

Rerunning step: (rewrite "tr_cl_cs_basic")
Found matching substitution:

y: T gets y!1,

x gets x!1,

<: pred[[T, T]] gets lessp!l,

Rewriting using tr_cl_cs_basic, matching in *,
This completes the proof of tr_cl_equiv_cs.1.
tr_cl_equiv_cs.2 :

{-1} EXISTS z: lessp!1(x!1, z) AND tr_cl(lessp!l)(z, y!'1)
[1]  tr_cl(lessp!l) (x!1, y!1)

Rerunning step: (skosimp)

Skolemizing and flattening,

this simplifies to:

tr_cl_equiv_cs.2 :

{-1} 1lessp!i(x!1, z!'1)
{-2} tr_cl(lessp!1)(z!1, y!'1)

[1]  tr_cl(lessp!l) (x!1, y!1)

Rerunning step: (forward-chain "tr_cl_transitive_10")
Forward chaining on tr_cl_transitive_10,

This completes the proof of tr_cl_equiv_cs.2.
Q.E.D.

tr_cl_equiv_cs proved in 0.02 real, 0.02 cpu seconds
Rerunning proof of tr_cl_equiv

tr_cl_equiv :
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{1} FORALL (<: pred[[T, TI1, x, y: T):
tr_cl(<)(x, y) IFF (x < y OR (EXISTS z: x < z AND tr_cl(<)(z, y)))

Rerunning step: (skosimp)
Skolemizing and flattening,

this simplifies to:
tr_cl_equiv :

{1} tr_cl(lessp!l)(x!'1, y!1) IFF
(lessp!1(x!1, y!1) OR
(EXISTS z: lessp!l(x!l, z) AND tr_cl(lessp!1l)(z, y!1)))
Rerunning step: (prop)
Applying propositional simplification,
this yields 3 subgoals:
tr_cl_equiv.1 :

{-1} tr_cl(lessp!l)(x!1, y!1)

{1} lessp!i(x!1l, y!'1)
{2}  EXISTS z: lessp!1(x!1, z) AND tr_cl(lessp!l) (z, y!1)

Rerunning step: (forward-chain "tr_cl_equiv_cn")
Forward chaining on tr_cl_equiv_cn,

This completes the proof of tr_cl_equiv.l.
tr_cl_equiv.2 :

{-1} lessp!i(x!l, y!'1)

{1} tr_cl(lessp!l)(x!1, y!1)

Rerunning step: (rewrite "tr_cl_equiv_cs")
Found matching substitution:

y: T gets y!1,

x gets x!1,

<: pred[[T, T]] gets lessp!l,

Rewriting using tr_cl_equiv_cs, matching in *,
This completes the proof of tr_cl_equiv.2.
tr_cl_equiv.3 :

{-1} EXISTS z: lessp!1(x!1, z) AND tr_cl(lessp!l)(z, y!'1)

{1} tr_cl(lessp!l)(x!1, y!1)

Rerunning step: (rewrite "tr_cl_equiv_cs")



Found matching substitution:

y: T gets y!1,

x gets x!1,

<: pred[[T, T]] gets lessp!l,

Rewriting using tr_cl_equiv_cs, matching in *,
this simplifies to:

tr_cl_equiv.3 :

[-1] EXISTS z: lessp!1(x!1, z) AND tr_cl(lessp!1l)(z, y!1)
{1} (lessp!i(x!1l, y!'1) OR
(EXISTS z: lessp!1l(x!1l, z) AND tr_cl(lessp!l)(z, y!1)))

[2] tr_cl(lessp!l)(x!1, y!1)

Rerunning step: (prop)
Applying propositional simplification,

This completes the proof of tr_cl_equiv.3.
Q.E.D.

tr_cl_equiv proved in 0.02 real, 0.02 cpu seconds
cl_tr: 6 proofs attempted, 6 proved in 0.21 real, 0.21 cpu seconds

Proof summary for theory cl_tr

tr_cl_cs_ basicC......coitiiiiniien.. proved - complete  [shostak](0.00
tr_cl_transitive 10..........ccvvvunn. proved - complete [shostak](0.07
tr_cl_transitive.........vvuiiniinn proved - complete [shostak](0.06
tr_cl_equiv_Ch...oeiie i proved - complete  [shostak](0.04
Br_cl_eqUivV_CS.uvnnieit it proved - complete  [shostak](0.02
Br_cl_equiv. .o en ittt proved - complete [shostak](0.02

Theory totals: 6 formulas, 6 attempted, 6 succeeded (0.21 s)

Grand Totals: 6 proofs, 6 attempted, 6 succeeded (0.21 s)
Parsing wf_cl_tr

wf_cl_tr parsed in 0.03 seconds

Typechecking wf_cl_tr

wf_cl_tr typechecked in 0.09s: No TCCs generated
Rerunning proof of well_founded_part_cl_tr_11

well_founded_part_cl_tr_11

{1} FORALL (<: pred[[T, TI], x: T):
(FORALL y: y < x IMPLIES well_founded_part[T, tr_cl(<)](y)) IMPLIES
(FORALL z:
tr_cl(<)(z, x) IMPLIES well_founded_part[T, tr_cl(<)](z))

Rerunning step: (apply (then (skosimp*) (expand "tr_cl") (prop)))
Applying
(then (skosimp*) (expand "tr_cl") (prop)),

s)
s)
s)
s)
s)
s)
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this yields 2 subgoals:
well_founded_part_cl_tr_11.1

{-1} 1lessp!i(z!'1l, x!'1)
{-2} FORALL y:
lessp!1(y, x!1) IMPLIES well_founded_part[T, tr_cl(lessp!1)](y)

{1} well_founded_part[T, tr_cl(lessp!1)](z!'1)

Rerunning step: (apply (then (inst?) (prop)))

Applying
(then (inst?) (prop)),

This completes the proof of well_founded_part_cl_tr_11.1.
well_founded_part_cl_tr_11.2 :

{-1} EXISTS (z: T): tr_cl(lessp!1l)(z!1l, z) AND lessp!i(z, x!1)
{-2} FORALL y:
lessp!1(y, x!1) IMPLIES well_founded_part[T, tr_cl(lessp!1)](y)

{1} well_founded_part[T, tr_cl(lessp!1)](z!'1)

Rerunning step: (skosimp)
Skolemizing and flattening,
this simplifies to:
well_founded_part_cl_tr_11.2 :

{-1} tr_cl(lessp!l)(z!'1, z!2)
{-2} lessp!i(z!2, x!1)
[-3] FORALL y:
lessp!1(y, x!1) IMPLIES well_founded_part[T, tr_cl(lessp!1)]1(y)

[1] well_founded_part[T, tr_cl(lessp!1)](z!1)

Rerunning step: (inst - "z!2")

Instantiating the top quantifier in - with the terms:
z!2,

this simplifies to:

well_founded_part_cl_tr_11.2 :

[-1] tr_cl(lessp!l)(z!1, z!2)
[-2] 1lessp!i(z!2, x!1)
{-3} 1lessp!1(z!2, x!1) IMPLIES well_founded_part[T, tr_cl(lessp!1)](z!2)

[1] well_founded_part[T, tr_cl(lessp!1)](z!1)

Rerunning step: (apply (then (prop) (expand "well_founded_part" -)
(inst?) (prop)))
Applying
(then (prop) (expand "well_founded_part" -) (inst?) (prop)),
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This completes the proof of well_founded_part_cl_tr_11.2.

Q.E.D.
well_founded_part_cl_tr_11 proved in 0.05 real, 0.05 cpu seconds
Rerunning proof of well_founded_part_cl_tr

well_founded_part_cl_tr :

{1} FORALL (<: pred[[T, TI1], x: T):
well_founded_part[T, <] (x) IMPLIES well_founded_part[T, tr_cl(<)](x)

Rerunning step: (skosimp)
Skolemizing and flattening,
this simplifies to:
well_founded_part_cl_tr :

{-1} well_founded_part[T, lessp!1](x!1)
{1} well_founded_part[T, tr_cl(lessp!1)](x!1)

Rerunning step: (apply (then
(lemma
"well_founded_part_weak_induction[T,lessp!1]")
(inst -
"lambda(x): well_founded_part[T, tr_cl(lessp!1)]1(x)")
(prop)))
Applying
(then (lemma "well_founded_part_weak_induction[T,lessp!1]")
(inst - "lambda(x): well_founded_part[T, tr_cl(lessp!1)](x)")
(prop)),
this yields 2 subgoals:
well_founded_part_cl_tr.1

{-1} FORALL (x_1: T):
well_founded_part(x_1) IMPLIES
well_founded_part[T, tr_cl(lessp!1)](x_1)
[-2] well_founded_part[T, lessp!1] (x!1)
[1] well_founded_part[T, tr_cl(lessp!1)](x!1)
Rerunning step: (apply (then (inst?) (prop)))
Applying
(then (inst?) (prop)),
This completes the proof of well_founded_part_cl_tr.1.

well_founded_part_cl_tr.2 :

[-1] well_founded_part[T, lessp!1] (x!1)
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{1} FORALL (x_1: T):
(FORALL (y: T):
lessp!1(y, x_1) IMPLIES well_founded_part[T, tr_cl(lessp!1)]1(y))
IMPLIES well_founded_part[T, tr_cl(lessp!1)](x_1)
[2] well_founded_part[T, tr_cl(lessp!1)](x!1)

Rerunning step: (apply (then (hide -1 2) (skosimp*)))
Applying
(then (hide -1 2) (skosimpx)),
this simplifies to:
well_founded_part_cl_tr.2 :

{-1} FORALL (y: T):
lessp!1(y, x!2) IMPLIES well_founded_part[T, tr_cl(lessp!1)](y)

{1} well_founded_part[T, tr_cl(lessp!1)](x!2)

Rerunning step: (expand "well_founded_part" +)
Expanding the definition of well_founded_part,
this simplifies to:

well_founded_part_cl_tr.2 :

[-1] FORALL (y: T):
lessp!1(y, x!2) IMPLIES well_founded_part[T, tr_cl(lessp!1)](y)

{1} FORALL (y: T): tr_cl(lessp!1)(y, x!2) IMPLIES well_founded_part(y)

Rerunning step: (use "well_founded_part_cl_tr_11")
Using lemma well_founded_part_cl_tr_11,

this simplifies to:

well_founded_part_cl_tr.2 :

{-1} (FORALL y:
lessp!1(y, x!2) IMPLIES well_founded_part[T, tr_cl(lessp!1)](y))
IMPLIES
(FORALL z:
tr_cl(lessp!1) (z, x!2) IMPLIES
well_founded_part[T, tr_cl(lessp!1)](z))
[-2] FORALL (y: T):
lessp!1(y, x!2) IMPLIES well_founded_part[T, tr_cl(lessp!1)](y)

[1]  FORALL (y: T): tr_cl(lessp!l)(y, x!2) IMPLIES well_founded_part(y)

Rerunning step: (grind :defs nil)
Trying repeated skolemization, instantiation, and if-lifting,

This completes the proof of well_founded_part_cl_tr.2.
Q.E.D.

well_founded_part_cl_tr proved in 0.03 real, 0.03 cpu seconds
Rerunning proof of well_founded_cl_tr



well_founded_cl_tr :

{1} FORALL (<: pred[[T, T11):
well_founded?[T] (<) IMPLIES well_founded?[T] (tr_cl(<))

Rerunning step: (skosimp)
Skolemizing and flattening,
this simplifies to:
well_founded_cl_tr :

{-1} well_founded?[T] (lessp!l)
{1} well_founded?[T] (tr_cl(lessp!l))

Rerunning step: (forward-chain "well_founded_part_cn[T,lessp!1]")
Forward chaining on well_founded_part_cn[T, lessp!1],

this simplifies to:

well_founded_cl_tr :

{-1} FORALL (x: T): well_founded_part(x)
[-2] well_founded?[T] (lessp!l)

[1] well_founded?[T] (tr_cl(lessp!1l))

Rerunning step: (hide -2)
Hiding formulas: -2,
this simplifies to:
well_founded_cl_tr :

[-1] FORALL (x: T): well_founded_part(x)
[1] well_founded?[T] (tr_cl(lessp!1l))

Rerunning step: (rewrite "well_founded_part_cs[T,tr_cl(lessp!1)]")
Found matching substitution:

Rewriting using well_founded_part_cs[T, tr_cl(lessp!1)], matching in *,
this simplifies to:

well_founded_cl_tr :

[-1] FORALL (x: T): well_founded_part(x)

{1} (FORALL (x: T): well_founded_part(x))
[2] well_founded?[T] (tr_cl(lessp!1l))

Rerunning step: (hide 2)
Hiding formulas: 2,
this simplifies to:
well_founded_cl_tr :

[-1] FORALL (x: T): well_founded_part(x)
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[1] (FORALL (x: T): well_founded_part(x))

Rerunning step: (use "well_founded_part_cl_tr")
Using lemma well_founded_part_cl_tr,

this simplifies to:

well_founded_cl_tr :

{-1} FORALL (<: pred[[T, TI1, x: T):
well_founded_part[T, <](x) IMPLIES well_founded_part[T, tr_cl(<)](x)
[-2] FORALL (x: T): well_founded_part(x)

[1] (FORALL (x: T): well_founded_part(x))

Rerunning step: (grind :defs nil)

Trying repeated skolemization, instantiation, and if-lifting,

Q.E.D.

well_founded_cl_tr proved in 0.04 real, 0.04 cpu seconds

wf_cl_tr: 3 proofs attempted, 3 proved in 0.12 real, 0.12 cpu seconds

Proof summary for theory wf_cl_tr

well founded_part_cl_tr_11............ proved - complete  [shostak](0.05 s)
well_founded_part_cl_tr............... proved - complete [shostak](0.03 s)
well _founded_cl tr.............c....... proved - complete  [shostak](0.04 s)

Theory totals: 3 formulas, 3 attempted, 3 succeeded (0.12 s)

Grand Totals: 3 proofs, 3 attempted, 3 succeeded (0.12 s)

Context changed to ~/alonso/estudio/alc/auxiliares/bags/

Parsing finite_bags_order

finite_bags_order parsed in 0.20 seconds

Typechecking finite_bags_order

Parsing finite_bags_lems

finite_bags_lems parsed in 0.09 seconds

Typechecking finite_bags_lems

Parsing finite_bags

finite_bags parsed in 0.11 seconds

Typechecking finite_bags

Parsing bags

bags parsed in 0.10 seconds

Typechecking bags

bags typechecked in 1.01s: 2 TCCs, O proved, O subsumed, 2 unproved
Restored theory from prelude_aux.bin in 0.17s (load part took 0.05s)
Restored theory from finite_sets_inductions.bin in 0.15s (load part took 0.11s)
Restored theory from finite_sets_sum.bin in 0.30s (load part took 0.18s)
Restored theory from finite_sets_sum_real.bin in 0.36s (load part took 0.23s)
Parsing bags_to_sets

bags_to_sets parsed in 0.07 seconds

Typechecking bags_to_sets

bags_to_sets typechecked in 0.03s: No TCCs generated

Judgement at line 81 may lead to unprovable TCCs



91

See language document for details.

finite_bags typechecked in 2.99s: 17 TCCs, O proved, O subsumed, 17 unproved; 1 warning
Parsing finite_bags_inductions

finite_bags_inductions parsed in 0.01 seconds

Typechecking finite_bags_inductions

Parsing finite_bags_aux

finite_bags_aux parsed in 0.07 seconds

Typechecking finite_bags_aux

Parsing bags_aux

bags_aux parsed in 0.02 seconds

Typechecking bags_aux

% The subtype TCC (at line 26, column 57) in decl choose_gt_zero for b
%expected type (nonempty_bag?)
% was not generated because it simplifies to TRUE.

% The subtype TCC (at line 28, column 62) in decl insert_choose_rest for b
%expected type (nonempty_bag?)
% was not generated because it simplifies to TRUE.

Added 8 proofs from theory bags_aux to orphaned-proofs.prf

bags_aux typechecked in 0.04s: 2 TCCs, O proved, O subsumed, 2 unproved; 2 msgs
finite_bags_aux typechecked in 0.21s: 4 TCCs, O proved, O subsumed, 4 unproved
finite_bags_inductions typechecked in 0.36s: 1 TCC, O proved, O subsumed, 1 unproved

% The subtype TCC (at line 23, column 41) in decl card_bag_disj_union for union(A, B)
%hexpected type finite_bag[T]
% is subsumed by card_bag_union_TCC1

finite_bags_lems typechecked in 3.58s: 4 TCCs, O proved, 1 subsumed, 3 unproved; 1 msg
Restored theory from wf_cs.bin in 0.04s (load part took 0.01s)

Restored theory from cl_tr.bin in 0.09s (load part took 0.02s)

Restored theory from wf_cl_tr.bin in 0.01s (load part took 0.01s)

finite_bags_order typechecked in 3.98s: 3 TCCs, O proved, O subsumed, 3 unproved
Rerunning proof of insert_TCC1

insert_TCC1 :

{1} FORALL (A, x): is_finitel[T] (insert[T](x, A))

Rerunning step: (skosimp)
Skolemizing and flattening,
this simplifies to:
insert_TCC1 :

{1} is_finite[T] (insert[T](x!1, A!'1))
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Rerunning step: (rewrite "finite_insert")

Found matching substitution:

B: finite_bag[T] gets A!1l,

t: T gets x!1,

Rewriting using finite_insert, matching in *,
Q.E.D.

insert_TCC1 proved in 0.02 real, 0.02 cpu seconds
Rerunning proof of less_1_insert_cn

less_1_insert_cn :

{1} FORALL (M, N: finite_bagl[T], a: T):
less_1(N, insert(a, M)) IMPLIES
(EXISTS M_0: N = insert(a, M_0) AND less_1(M_0, M)) OR
(EXISTS K: N = plus(M, K) AND less(X, a))

Rerunning step: (skosimp)
Skolemizing and flattening,
this simplifies to:
less_1_insert_cn :

{-1} 1less_1(N'1, insert(a'l, M'1))

{1} EXISTS M_0: N!1 = insert(a'l, M_0) AND less_1(M_0, M!'1)
{2} EXISTS K: N!1 = plus(M!1, K) AND less(K, a!l)

Rerunning step: (expand "less_1" -)
Expanding the definition of less_1,
this simplifies to:
less_1_insert_cn :

{-1} EXISTS M_O, a, K:
insert(a!l, M!1) = insert(a, M_0) AND
N!1 = plus(M_0, K) AND less(K, a)

[1] EXISTS M_O: N!'1 = insert(a'il, M_0) AND less_1(M_O, M!'1)
[2] EXISTS K: N!1 = plus(M!1, K) AND less(K, a!l)

Rerunning step: (skosimp)
Skolemizing and flattening,
this simplifies to:
less_1_insert_cn :

{-1} insert(a'l, M!1) = insert(a!2, M!2)
{-2} N!'1 = plus(M!2, K!1)
{-3} less(K!1, a'2)

[1] EXISTS M_0O: N!'1 = insert(a!il, M_0O) AND less_1(M_0O, M!1)
[2] EXISTS K: N!1 = plus(M!1, K) AND less(K, a!l)



Rerunning step: (case-replace "a!2 = a!l")
Assuming and applying a!2 = a!l,

this yields 2 subgoals:
less_1_insert_cn.1

{-1} a'2 = al1

{-2} insert(a'l, M!1) = insert(al!l, M!2)
[-3] N!'1 = plus(M!2, K!1)

{-4} 1less(X!'1, a'l)

[1] EXISTS M_0O: N!1 = insert(a!i1, M_0O) AND less_1(M_0O, M!1)
[2] EXISTS K: N!1 = plus(M!1, K) AND less(K, a!l)

Rerunning step: (apply (then (hide 1) (inst?) (prop) (replacex*)
(hide -1 -3 -4)))
Applying
(then (hide 1) (inst?) (prop) (replacex*) (hide -1 -3 -4)),
this simplifies to:
less_1_insert_cn.1

[-1] insert(a'!'l, M!1) = insert(al'l, M!'2)
{1}  plus(M!2, K!1) = plus(M!1, K!1)
Rerunning step: (grind :defs nil :rewrites
("bag_equality" "egmult" "plus") :polarity? t)
Trying repeated skolemization, instantiation, and if-lifting,

this simplifies to:
less_1_insert_cn.1

{-1} FORALL (x: T): (insert(a'l, M!1)(x) = insert(a'l, M!2)(x))
{1} M2(x!1) = M'1(x!'1)

Rerunning step: (apply (then (inst?) (expand "insert") (lift-if) (prop)
(grind :defs nil)))
Applying
(then (inst?) (expand "insert") (lift-if) (prop) (grind :defs nil)),

This completes the proof of less_1_insert_cn.1.
less_1_insert_cn.2 :

[-1] insert(a'!'l, M!1) = insert(al'2, M!'2)

[-2] N!1 = plus(M!2, K!1)

[-3] 1less(K!1, a!'2)

{1} a'2 = al1

[2] EXISTS M_O: N!'1 = insert(a!i1, M_0O) AND less_1(M_0O, M!1)

[3] EXISTS K: N!1 = plus(M!1, K) AND less(K, a!l)

Rerunning step: (hide 3)
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Hiding formulas: 3,
this simplifies to:
less_1_insert_cn.2 :

[-1] insert(a'!'l, M!1) = insert(al'2, M!'2)
[-2] N!1 = plus(M!2, K!1)
[-3] 1less(K!1, a!'2)

[1] al2 = atl
[2] EXISTS M_0O: N!'1 = insert(a!i1, M_0O) AND less_1(M_0O, M!1)

Rerunning step: (inst + "plus(delete(a!1,M!2,1),K!1)")
Instantiating the top quantifier in + with the terms:
plus(delete(at1,M!2,1),K!1),

this yields 2 subgoals:

less_1_insert_cn.2.1

[-1] insert(a'!l, M!1) = insert(a'2, M!'2)
[-2] N!'1 = plus(M!2, K!1)
[-3] 1less(K!1, a!2)

[1] al2 = a!l
{2} N!'1 = insert(a!l, plus(delete(a!l, M!2, 1), K!1)) AND
less_1(plus(delete(a!l, M!2, 1), K!1), M!1)

Rerunning step: (prop)

Applying propositional simplification,
this yields 2 subgoals:
less_1_insert_cn.2.1.1

[-1] insert(a'!'l, M!1) = insert(al'2, M!'2)
[-2] N!'1 = plus(M!2, K!1)
[-3] 1less(K!1, a!'2)

{1} N!1 = insert(a!l, plus(delete(at!l, M!2, 1), K!1))
[2] al2 = a'tl

Rerunning step: (replacex*)
Repeatedly applying the replace rule,
this simplifies to:
less_1_insert_cn.2.1.1

[-1] insert(a'!l, M!1) = insert(a!'2, M!'2)
[-2] N!1 = plus(M!2, K!1)
[-3] 1less(K!1, a!2)

{1}  plus(M!2, K!1) = insert(a!l, plus(delete(al!l, M!2, 1), K!1))
[2] al2 = atl

Rerunning step: (grind :defs nil :rewrites
("bag_equality" "eqmult" "plus") :polarity? t)
Trying repeated skolemization, instantiation, and if-lifting,



this simplifies to:
less_1_insert_cn.2.1.1

{-1} FORALL (x: T): (insert(a'l, M!1)(x) = insert(a'2, M!2)(x))
{-2} FORALL (x: T): (N'1(x) = K!1(x) + M!'2(x))
[-3] 1less(K!1, a!2)

{1} (K'1(x'1) + M12(x'1) =
insert(a!l, plus(delete(al!l, M!2, 1), K!1))(x!1))
[2] al2 = attl

Rerunning step: (apply (then (inst?) (inst?) (expand "insert")
(lift-if) (prop)
(grind :defs nil :rewrites ("plus" "delete"))))
Applying
(then (inst?) (inst?) (expand "insert") (lift-if) (prop)
(grind :defs nil :rewrites ("plus" "delete"))),

This completes the proof of less_1_insert_cn.2.1.1.
less_1_insert_cn.2.1.2 :

[-1] insert(a'!l, M!1) = insert(a'2, M!'2)
[-2] N!1 = plus(M!2, K!1)
[-3] 1less(K!1, a!2)

{1} less_1(plus(delete(all, M!2, 1), K!1), M!1)
[2] al2 = a!l

Rerunning step: (expand "less_1")
Expanding the definition of less_1,
this simplifies to:
less_1_insert_cn.2.1.2 :

[-1] insert(a'!'l, M!1) = insert(al'2, M!2)
[-2] N!1 = plus(M!2, K!1)
[-3] 1less(K!1, a!'2)

{1} EXISTS M_O, a, K:

M!1 = insert(a, M_0) AND

plus(delete(a!l, M!2, 1), K!1) = plus(M_0, K) AND less(K, a)
[2] al2 = all

Rerunning step: (inst + "delete(a!1,M!2,1)" "al2" "K!1")
Instantiating the top quantifier in + with the terms:
delete(at!1,M!2,1), a!2, K!1,

this yields 2 subgoals:

less_1_insert_cn.2.1.2.1

[-1] insert(a'!'l, M!1) = insert(al'2, M!2)
[-2] N!'1 = plus(M!2, K!1)
[-3] 1less(K!1, a!'2)
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{1y M!1 insert(a'!2, delete(a!l, M!2, 1)) AND less(K!'1, a!'2)
[2] al2 = a!l

Rerunning step: (grind :defs nil :rewrites

("bag_equality" "egmult" "plus") :polarity? t)
Trying repeated skolemization, instantiation, and if-lifting,
this simplifies to:
less_1_insert_cn.2.1.2.1

[-1] 1less(K'1, a'2)
{-2} FORALL (x: T): (insert(a'l, M!1)(x) = insert(a'2, M!2)(x))
{-3} FORALL (x: T): (N'1(x) = K'1(x) + M!2(x))

{1} (M'1(x'1) = insert(a!2, delete(a'l, M!2, 1)) (x'1))
[2] al2 = a!l

Rerunning step: (apply (then (inst?) (inst?) (expand "insert")
(1ift-if) (prop)
(grind :defs nil :rewrites ("delete"))))
Applying
(then (inst?) (inst?) (expand "insert") (lift-if) (prop)
(grind :defs nil :rewrites ("delete"))),

This completes the proof of less_1_insert_cn.2.1.2.1.
less_1_insert_cn.2.1.2.2 (TCC):

[-1] insert(a'l, M!1) = insert(al'2, M!'2)

[-2] N!1 = plus(M!2, K!1)

[-3] 1less(K!1, a!2)

{1} is_finite[T](deletel[T]l(a!1l, M!2, 1))
[2] a!2 = a!l

Rerunning step: (rewrite "finite_delete")
Found matching substitution:

n: nat gets 1,

B: finite_bag[T] gets M!2,

t: T gets all,

Rewriting using finite_delete, matching in *,

This completes the proof of less_1_insert_cn.2.1.2.2.

This completes the proof of less_1_insert_cn.2.1.2.

This completes the proof of less_1_insert_cn.2.1.

less_1_insert_cn.2.2 (TCC):
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[-1] insert(a'!'l, M!1) = insert(al'2, M!'2)
[-2] N!'1 = plus(M!2, K!1)
[-3] 1less(K!1, a!'2)

{1} is_finite[T] (plus[T] (delete[T] (al1l, M!2, 1), K!1))
[2] al2 = a!tl

Rerunning step: (apply (then (rewrite "finite_bag_plus")
(rewrite "finite_delete")))
Applying
(then (rewrite "finite_bag_plus") (rewrite "finite_delete")),

This completes the proof of less_1_insert_cn.2.2.

This completes the proof of less_1_insert_cn.2.

Q.E.D.
less_1_insert_cn proved in 0.69 real, 0.69 cpu seconds
Rerunning proof of plus_emptybag

plus_emptybag :

{1} FORALL (M: finite_bag[T]): plus(M, emptybag) = M

Rerunning step: (grind :defs nil :rewrites

("bag_equality" "eqmult" "plus" "emptybag" "max"))
Trying repeated skolemization, instantiation, and if-lifting,
Q.E.D.
plus_emptybag proved in 0.04 real, 0.04 cpu seconds
Rerunning proof of insert_plus

insert_plus :

{1} FORALL (M, N: finite_bag[T], x: T):
plus(M, insert(x, N)) = insert(x, plus(M, N))

Rerunning step: (grind :defs nil :rewrites

ag_equalit eqmult us insert

(llb g q 1‘ ylI " q 1 " llpl ll))
Trying repeated skolemization, instantiation, and if-lifting,
this simplifies to:

insert_plus :

{-1} is_finite[T](M!'1)
{-2} is_finite[T](N!1)

{1} (insert(x!1, N!1)(x!2) + M!1(x!2) = insert(x!1l, plus(M!1, N!1))(x!2))
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Rerunning step: (expand "insert")
Expanding the definition of insert,
this simplifies to:

insert_plus :

[-1] is_finite[T](M!'1)
[-2] is_finite[T](N'1)

{1} (IF x!'1 = x!2 THEN 1 + N!1(x!2) ELSE N!1(x!2) ENDIF + M!1(x!2) =
IF x!1 = x!2 THEN 1 + plus(M!1, N!1)(x!2)
ELSE plus(M!1, N!1) (x!2)
ENDIF)

Rerunning step: (lift-if)

Lifting IF-conditions to the top level,
this simplifies to:

insert_plus :

[-1] is_finite[T](M'1)
[-2] is_finite[T](N'1)

{1} IF x!1 = x!2 THEN (1 + N!'1(x!2) + M!1(x!2) = 1 + plus(M!1, N!'1)(x!2))
ELSE (N!'1(x!'2) + M!1(x!2) = plus(M!1, N!'1)(x!2))
ENDIF

Rerunning step: (expand "plus")
Expanding the definition of plus,
this simplifies to:

insert_plus :

[-1] is_finite[T](M!'1)
[-2] is_finite[T](N'1)

{1} TRUE

which is trivially true.

Q.E.D.

insert_plus proved in 0.23 real, 0.23 cpu seconds
Rerunning proof of less_insert_cn

less_insert_cn :

{1} FORALL (K: finite_bag[T], a, x: T):
less(insert(x, K), a) IMPLIES x < a

Rerunning step: (skosimp)
Skolemizing and flattening,
this simplifies to:
less_insert_cn :
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{-1} 1less(insert(x!1, K!1), a!l)

Rerunning step: (expand "less")
Expanding the definition of less,
this simplifies to:
less_insert_cn :

{-1} FORALL b: member (b, insert(x'1, K!1)) IMPLIES b < a!l
[11 =x!1 < a'1l

Rerunning step: (inst?)

Found substitution:

b gets x!1,

Using template: b < a'!l
Instantiating quantified variables,
this simplifies to:

less_insert_cn :

{-1} member(x'1l, insert(x!'1l, K!'1)) IMPLIES x!1 < a!il
[1] x!1 < a!l

Rerunning step: (expand "member")
Expanding the definition of member,
this simplifies to:

less_insert_cn :

Rerunning step: (expand "insert")
Expanding the definition of insert,
this simplifies to:

less_insert_cn :

{-1} 1 + K'1(x!'1) > 0 IMPLIES x!1 < a!l

[1]  x!1 < al1

Rerunning step: (assert)

Simplifying, rewriting, and recording with decision procedures,
Q.E.D.

less_insert_cn proved in 0.12 real, 0.12 cpu seconds
Rerunning proof of less_insert_cn2

less_insert_cn2 :
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{1} FORALL (K: finite_bag[T], a, x: T):
less(insert(x, K), a) IMPLIES less(K, a)

Rerunning step: (grind :defs nil :rewrites ("less" "member") :polarity?
t)

Trying repeated skolemization, instantiation, and if-lifting,

this simplifies to:

less_insert_cn2 :

{-1} is_finite[T](K!1)
{-2} K'1(b'1) > 0

{1} insert(x'1l, K!'1)(b'1) > 0
{2} ©b!1 < all

Rerunning step: (apply (then (expand "insert") (lift-if) (prop)

(assert)))
Applying
(then (expand "insert") (lift-if) (prop) (assert)),
Q.E.D.

less_insert_cn2 proved in 0.17 real, 0.17 cpu seconds
Rerunning proof of IMP_wf_cs_TCC1

IMP_wf_cs_TCC1 :

{1} EXISTS (x: finite_bag[T]): TRUE

Rerunning step: (inst + "emptybag[T]")

Instantiating the top quantifier in + with the terms:
emptybag[T],

Q.E.D.

IMP_wf_cs_TCC1 proved in 0.01 real, 0.01 cpu seconds

Rerunning proof of well_founded_part_less_1_plus_TCC1

well_founded_part_less_1_plus_TCC1 :

{1} FORALL (K, M1i: finite_bag[T], a: T):
(FORALL b:
b < a IMPLIES
(FORALL M:

well_founded_part (M) IMPLIES

well_founded_part(insert(b, M))))
AND less(K, a) AND well_founded_part(M1)
IMPLIES is_finite[T] (plus[T] (M1, K))

Rerunning step: (skolem-typepred)
Skolemizing (with typepred on new Skolem constants),
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this simplifies to:
well_founded_part_less_1_plus_TCC1 :

{-1} is_finite[T](K!'1)
{-2} is_finite[T]J(M1'1)

{1} (FORALL b:
b < a!l IMPLIES
(FORALL M:
well_founded_part (M) IMPLIES well_founded_part(insert(b, M))))
AND less(K!1, a!l1) AND well_founded_part(M1!1)
IMPLIES is_finite[T](plus[T]1(M1!1, K!1))

Rerunning step: (skosimp)
Skolemizing and flattening,

this simplifies to:
well_founded_part_less_1_plus_TCC1 :

[-1] is_finite[T](K!1)
[-2] is_finite[T](M1!1)
{-3} FORALL b:

b < a'!'l IMPLIES

(FORALL M:
well_founded_part (M) IMPLIES well_founded_part(insert(b, M)))

{-4} 1less(X!1, a!l)
{-5} well_founded_part(M1!1)

{1} is_finite[T] (plus[TI(M1!1, K!1))

Rerunning step: (rewrite "finite_bag_plus")

Found matching substitution:

B: finite_bag[T] gets K!1,

A gets M1!1,

Rewriting using finite_bag_plus, matching in *,

Q.E.D.

well_founded_part_less_1_plus_TCCl proved in 0.01 real, 0.01 cpu seconds
Rerunning proof of well_founded_part_less_1_plus

well_founded_part_less_1_plus :

{1} FORALL (K, M1: finite_bag[T], a: T):
(well_founded_part(M1) AND
less(K, a) AND
(FORALL b:
b < a IMPLIES
(FORALL M:
well_founded_part (M) IMPLIES
well_founded_part (insert(b, M)))))
IMPLIES well_founded_part(plus(M1, K))
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Rerunning step: (skolem 1 ("_" "M1i" "a"))

For the top quantifier in 1, we introduce Skolem constants: (_ M1 a),
this simplifies to:

well_founded_part_less_1_plus :

{1} FORALL (K):
(well_founded_part(M1) AND
less(K, a) AND
(FORALL b:
b < a IMPLIES
(FORALL M:
well_founded_part (M) IMPLIES
well_founded_part (insert(b, M)))))
IMPLIES well_founded_part(plus(Mi, K))

Rerunning step: (induct "K" :name "finite_bag_induction")

Inducting on K on formula 1 using induction scheme finite_bag_induction,
this yields 3 subgoals:

well_founded_part_less_1_plus.1

{1}  (well_founded_part(M1) AND
less(emptybag[T], a) AND
(FORALL b:
b < a IMPLIES
(FORALL M:

well_founded_part(M) IMPLIES
well_founded_part (insert (b, M)))))

IMPLIES well_founded_part(plus(Mi, emptybag[T]))

***Warning: Fewer subgoals (3) than subproofs (4)
Rerunning step: (skosimpx*)

Repeatedly Skolemizing and flattening,

this simplifies to:
well_founded_part_less_1_plus.1

{-1} well_founded_part(M1)
{-2} 1less(emptybagl[T], a)
{-3} FORALL b:
b < a IMPLIES
(FORALL M:
well_founded_part (M) IMPLIES well_founded_part(insert(b, M)))

{1} well_founded_part(plus(Mi, emptybag[T]))
Rerunning step: (rewrite "plus_emptybag")
Found matching substitution:

M: finite_bag[T] gets M1,

Rewriting using plus_emptybag, matching in *,

This completes the proof of well_founded_part_less_1_plus.1.
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well_founded_part_less_1_plus.2 :

{1} FORALL (x: T), (b_1: finite_bag[T]):
((well_founded_part(M1) AND
less(b_1, a) AND
(FORALL b:
b < a IMPLIES
(FORALL M:
well_founded_part (M) IMPLIES
well_founded_part (insert(b, M)))))
IMPLIES well_founded_part(plus(Mi, b_1)))
IMPLIES
(well_founded_part(M1) AND
less(insert(x, b_1), a) AND
(FORALL b:
b < a IMPLIES
(FORALL M:
well_founded_part (M) IMPLIES
well_founded_part (insert (b, M)))))
IMPLIES well_founded_part(plus (M1, insert(x, b_1)))

Rerunning step: (skosimp*)

Repeatedly Skolemizing and flattening,
this simplifies to:
well_founded_part_less_1_plus.2 :

{-1} (well_founded_part(M1) AND
less(b!1, a) AND
(FORALL b:
b < a IMPLIES
(FORALL M:
well_founded_part(M) IMPLIES
well_founded_part (insert (b, M)))))
IMPLIES well_founded_part(plus(Mi, b!1))
{-2} well_founded_part(M1)
{-3} 1less(insert(x!1, b!1), a)
{-4} FORALL b:
b < a IMPLIES
(FORALL M:
well_founded_part (M) IMPLIES well_founded_part(insert(b, M)))

{1} well_founded_part(plus(Mi, insert(x!1, b!1)))

Rerunning step: (prop)

Applying propositional simplification,
this yields 2 subgoals:
well_founded_part_less_1_plus.2.1

{-1} well_founded_part(plus(Mi, b!1))
[-2] well_founded_part (M1)
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[-3] 1less(insert(x!1, b!1), a)
[-4] FORALL b:
b < a IMPLIES
(FORALL M:
well_founded_part (M) IMPLIES well_founded_part(insert(b, M)))

[1] well_founded_part(plus(M1, insert(x!l, b!1)))

Rerunning step: (rewrite "insert_plus")
Found matching substitution:

N: finite_bag[T] gets b!l,

x: T gets x!1,

M gets M1,

Rewriting using insert_plus, matching in *,
this simplifies to:
well_founded_part_less_1_plus.2.1

[-1] well_founded_part(plus(M1i, b!1))
[-2] well_founded_part (M1)
[-3] 1less(insert(x!1, b!1), a)
[-4] FORALL b:
b < a IMPLIES
(FORALL M:
well_founded_part (M) IMPLIES well_founded_part(insert(b, M)))

{1} well_founded_part(insert(x!1, plus(M1, b!1)))

Rerunning step: (inst -4 "x!1")

Instantiating the top quantifier in -4 with the terms:
x!1,

this simplifies to:

well_founded_part_less_1_plus.2.1

[-1] well_founded_part(plus(M1i, b!1))
[-2] well_founded_part (M1)
[-3] 1less(insert(x!1, b!1), a)
{-4} x'1 < a IMPLIES
(FORALL M:
well_founded_part (M) IMPLIES well_founded_part(insert(x!1, M)))

[1] well_founded_part(insert(x!1l, plus(Mi, b!1)))

Rerunning step: (forward-chain "less_insert_cn")
Forward chaining on less_insert_cn,

this simplifies to:
well_founded_part_less_1_plus.2.1

{-1} x!'1 < a

[-2] well_founded_part(plus(Mi, b!1))
[-3] well_founded_part(M1)

[-4] 1less(insert(x!1l, b!1l), a)

[-6] x!1 < a IMPLIES
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(FORALL M:
well_founded_part (M) IMPLIES well_founded_part(insert(x!1, M)))

[1] well_founded_part(insert(x!1l, plus(M1i, b!1)))

Rerunning step: (prop)

Applying propositional simplification,
this simplifies to:
well_founded_part_less_1_plus.2.1

{-1} FORALL M:
well_founded_part (M) IMPLIES well_founded_part(insert(x!1l, M))
[-2] x!1 < a
[-3] well_founded_part(plus(M1i, b!1))
[-4] well_founded_part (M1)
[-5] 1less(insert(x!1, b!1), a)

[1] well_founded_part(insert(x!1l, plus(Mi, b!1)))

Rerunning step: (inst -1 "plus(M1, b!1)")
Instantiating the top quantifier in -1 with the terms:
plus(M1, b!1),

this simplifies to:

well_founded_part_less_1_plus.2.1

{-1} well_founded_part(plus(Mi, b!1)) IMPLIES
well_founded_part(insert(x!1, plus(M1i, b!1)))

[-2] x!1 < a

[-3] well_founded_part(plus(M1, b!1))

[-4] well_founded_part (M1)

[-56] 1less(insert(x!1, b!1), a)

[1] well_founded_part(insert(x!1, plus(Mi, b!1)))

Rerunning step: (prop)
Applying propositional simplification,

This completes the proof of well_founded_part_less_1_plus.2.1.
well_founded_part_less_1_plus.2.2 :

[-1] well_founded_part (M1)
[-2] 1less(insert(x!1, b!1l), a)
[-3] FORALL b:
b < a IMPLIES
(FORALL M:
well_founded_part (M) IMPLIES well_founded_part(insert(b, M)))

{1} less(b!'1l, a)
[2] well_founded_part(plus(M1, insert(x!1l, b!1)))

Rerunning step: (forward-chain "less_insert_cn2")
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Forward chaining on less_insert_cn2,

This completes the proof of well_founded_part_less_1_plus.2.2.

This completes the proof of well_founded_part_less_1_plus.2.
well_founded_part_less_1_plus.3 :

{-1} well_founded_part(M1)
{-2} 1less(K!1, a)
{-3} FORALL b:
b < a IMPLIES
(FORALL M:
well_founded_part (M) IMPLIES well_founded_part(insert(b, M)))

{1} FORALL (K):
(FORALL b:
b < a IMPLIES
(FORALL M:
well_founded_part (M) IMPLIES
well_founded_part(insert(b, M))))
AND less(K, a) AND well_founded_part(M1)
IMPLIES is_finite[T] (plus[T] (M1, K))
{2} well_founded_part(plus(Mi, K!1))

Rerunning step: (hide 2)

Hiding formulas: 2,

this simplifies to:
well_founded_part_less_1_plus.3 :

[-1] well_founded_part (M1)
[-2] 1less(K!'1, a)
[-3] FORALL b:
b < a IMPLIES
(FORALL M:
well_founded_part (M) IMPLIES well_founded_part(insert(b, M)))

[1]1  FORALL (K):
(FORALL b:
b < a IMPLIES
(FORALL M:
well_founded_part (M) IMPLIES
well_founded_part(insert(b, M))))
AND less(K, a) AND well_founded_part(M1)
IMPLIES is_finite[T] (plus[T] (M1, K))

Rerunning step: (skosimpx*)

Repeatedly Skolemizing and flattening,
this simplifies to:
well_founded_part_less_1_plus.3 :



107

{-1} FORALL b:
b < a IMPLIES
(FORALL M:

well_founded_part (M) IMPLIES well_founded_part(insert(b, M)))

{-2} 1less(K!2, a)
{-3} well_founded_part(M1)
[-4] well_founded_part (M1)
[-5] 1less(K!'1, a)
[-6] FORALL b:
b < a IMPLIES
(FORALL M:

well_founded_part (M) IMPLIES well_founded_part(insert(b, M)))

{1}  is_finite[T] (plus[T] (M1, K!2))

Rerunning step: (rewrite "finite_bag_plus")
Found matching substitution:

B: finite_bag[T] gets K!2,

A gets M1,

Rewriting using finite_bag_plus, matching in *,

This completes the proof of well_founded_part_less_1_plus.3.

Q.E.D.

well_founded_part_less_1_plus proved in 0.11 real, 0.11 cpu seconds
Rerunning proof of well_founded_part_less_1_insert_10

well_founded_part_less_1_insert_10 :

{1} FORALL (M_O: finite_bagl[T], a: T):
(well_founded_part(M_0) AND
(FORALL M:
less_1(M, M_0) IMPLIES
(well_founded_part (M) IMPLIES
well_founded_part(insert(a, M))))
AND
(FORALL b:
b < a IMPLIES
(FORALL M:
well_founded_part (M) IMPLIES

well_founded_part (insert(b, M)))))

IMPLIES well_founded_part(insert(a, M_0))

Rerunning step: (apply (then (skosimp) (expand "well_founded_part" +)

(skosimp)))
Applying

(then (skosimp) (expand "well_founded_part" +) (skosimp)),

this simplifies to:
well_founded_part_less_1_insert_10 :
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{-1} well_founded_part(M!1)
{-2} FORALL M:
less_1(M, M!1) IMPLIES
(well_founded_part (M) IMPLIES well_founded_part(insert(a!l, M)))
{-3} FORALL b:
b < a!l IMPLIES
(FORALL M:
well_founded_part (M) IMPLIES well_founded_part(insert(b, M)))
{-4} less_1(y!'1, insert(al!l, M!1))

{1} well_founded_part(y!1)

Rerunning step: (forward-chain "less_1_insert_cn")
Forward chaining on less_1_insert_cn,

this yields 2 subgoals:
well_founded_part_less_1_insert_10.1

{-1} EXISTS M_0: y!1 = insert(a!l, M_0) AND less_1(M_0, M!1)
[-2] well_founded_part(M!1)
[-3] FORALL M:
less_1(M, M!1) IMPLIES
(well_founded_part (M) IMPLIES well_founded_part(insert(a!l, M)))
[-4] FORALL b:
b < a!l IMPLIES
(FORALL M:
well_founded_part (M) IMPLIES well_founded_part(insert(b, M)))
[-5] 1less_1(y!1, imnsert(a'!l, M!1))

[1] well_founded_part(y!1)

Rerunning step: (skosimp)
Skolemizing and flattening,

this simplifies to:
well_founded_part_less_1_insert_10.1

{-1} y!'1 = insert(a!l, M!2)
{-2} less_1(M!2, M!1)
[-3] well_founded_part(M!1)
[-4] FORALL M:
less_1(M, M!1) IMPLIES
(well_founded_part (M) IMPLIES well_founded_part(insert(a!l, M)))
[-5] FORALL b:
b < a'!'l IMPLIES
(FORALL M:
well_founded_part (M) IMPLIES well_founded_part(insert(b, M)))
[-6] 1less_1(y!1l, insert(a'!l, M!1))

[1] well_founded_part(y!1l)
Rerunning step: (inst -4 "M!2")

Instantiating the top quantifier in -4 with the terms:
M2,
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this simplifies to:
well_founded_part_less_1_insert_10.1

[-1] y!1 = insert(al!l, M!2)
[-2] 1less_1(M!'2, M!'1)

[-3] well_founded_part(M!1)
{-4} less_1(M!2, M!1) IMPLIES

(well_founded_part(M!2) IMPLIES well_founded_part(insert(a!l, M!2)))

[-5] FORALL b:
b < a!l IMPLIES
(FORALL M:
well_founded_part (M) IMPLIES well_founded_part(insert(b, M)))
[-6] 1less_1(y!1l, insert(a'l, M!1))

[1] well_founded_part(y!1)

Rerunning step: (prop)

Applying propositional simplification,
this yields 2 subgoals:
well_founded_part_less_1_insert_10.1.1

{-1} well_founded_part(insert(a'!l, M!2))
[-2] y!1 = insert(a'!l, M!2)
[-3] 1less_1(M!'2, M!1)
[-4] well_founded_part(M!1)
[-5] FORALL b:
b < a'!'l IMPLIES
(FORALL M:
well_founded_part (M) IMPLIES well_founded_part(insert(b, M)))
[-6] 1less_1(y!1, insert(a'!l, M!1))

[1] well_founded_part(y!1l)

Rerunning step: (replacex)
Repeatedly applying the replace rule,

This completes the proof of well_founded_part_less_1_insert_10.1.1.
well_founded_part_less_1_insert_10.1.2 :

[-1] y!1 = insert(a'l, M!2)
[-2] 1less_1(M!2, M!1)
[-3] well_founded_part(M!1)
[-4] FORALL b:
b < a!l IMPLIES
(FORALL M:
well_founded_part (M) IMPLIES well_founded_part(insert(b, M)))
[-5] 1less_1(y!1, insert(a'l, M!1))

{1} well_founded_part(M!2)
[2] well_founded_part(y!1l)
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Rerunning step: (apply (then (expand "well_founded_part" -3)
(inst -3 "M!2") (prop)))
Applying
(then (expand "well_founded_part" -3) (inst -3 "M!2") (prop)),

This completes the proof of well_founded_part_less_1_insert_10.1.2.

This completes the proof of well_founded_part_less_1_insert_10.1.
well_founded_part_less_1_insert_10.2 :

{-1} EXISTS K: y!1 = plus(M!1, K) AND less(K, a!l)
[-2] well_founded_part(M!1)
[-3] FORALL M:
less_1(M, M!1) IMPLIES
(well_founded_part (M) IMPLIES well_founded_part(insert(a!l, M)))
[-4] FORALL b:
b < a'!'l IMPLIES
(FORALL M:
well_founded_part (M) IMPLIES well_founded_part(insert(b, M)))
[-5] 1less_1(y!1, imnsert(a'l, M!1))

[1] well_founded_part(y!1)

Rerunning step: (grind-with-lemmas :defs nil :lemmas
("well_founded_part_less_1_plus"))

Grinding away with the supplied lemmas,,
This completes the proof of well_founded_part_less_1_insert_10.2.

Q.E.D.
well_founded_part_less_1_insert_10 proved in 0.14 real, 0.14 cpu seconds
Rerunning proof of well_founded_part_less_1_insert_12

well_founded_part_less_1_insert_12 :

{1} FORALL (a: T):
(FORALL b:
b < a IMPLIES
(FORALL M:
well_founded_part (M) IMPLIES
well_founded_part(insert(b, M))))
IMPLIES
(FORALL M:
well_founded_part (M) IMPLIES well_founded_part(insert(a, M)))

Rerunning step: (apply (then (skosimp)
(lemma "well_founded_part_weak_induction")
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(inst -1
"lambda(M): well_founded_part(insert(a!l, M)) OR not(well_founded_part(M))")))
Applying
(then (skosimp) (lemma "well_founded_part_weak_induction")
(inst -1

"lambda(M): well_founded_part(insert(a!l, M)) OR not(well_founded_part(M))")),
this simplifies to:
well_founded_part_less_1_insert_12 :

{-1} (FORALL (x: finite_bagl[T]):
(FORALL (y: finite_bagl[T]):
less_1(y, x) IMPLIES
well_founded_part(insert(a!l, y)) OR
NOT (well_founded_part(y)))
IMPLIES
well_founded_part(insert(a!l, x)) OR NOT (well_founded_part(x)))
IMPLIES
(FORALL (x: finite_bagl[T]):
well_founded_part(x) IMPLIES
well_founded_part(insert(a!l, x)) OR NOT (well_founded_part(x)))
{-2} FORALL b:
b < a!l IMPLIES
(FORALL M:
well_founded_part (M) IMPLIES well_founded_part(insert(b, M)))

{1}  FORALL M:
well_founded_part (M) IMPLIES well_founded_part(insert(a!l, M))

Rerunning step: (prop)

Applying propositional simplification,
this yields 2 subgoals:
well_founded_part_less_1_insert_12.1

{-1} FORALL (x: finite_bag[T]):
well_founded_part(x) IMPLIES
well_founded_part(insert(a'!l, x)) OR NOT (well_founded_part(x))
[-2] FORALL b:
b < a!l IMPLIES
(FORALL M:
well_founded_part (M) IMPLIES well_founded_part(insert(b, M)))

[1] FORALL M:
well_founded_part (M) IMPLIES well_founded_part(insert(a!l, M))

Rerunning step: (grind :defs nil)
Trying repeated skolemization, instantiation, and if-lifting,

This completes the proof of well_founded_part_less_1_insert_12.1.
well_founded_part_less_1_insert_12.2 :

[-1] FORALL b:
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b < a!l IMPLIES
(FORALL M:
well_founded_part (M) IMPLIES well_founded_part(insert(b, M)))

{1} FORALL (x: finite_bag[T]):
(FORALL (y: finite_bag[T]):
less_1(y, x) IMPLIES
well_founded_part (insert(a!l, y)) OR
NOT (well_founded_part(y)))
IMPLIES
well_founded_part(insert(a'!l, x)) OR NOT (well_founded_part(x))
[2] FORALL M:
well_founded_part (M) IMPLIES well_founded_part(insert(a!l, M))

Rerunning step: (hide 2)

Hiding formulas: 2,

this simplifies to:
well_founded_part_less_1_insert_12.2 :

[-1] FORALL b:
b < a!l IMPLIES
(FORALL M:
well_founded_part (M) IMPLIES well_founded_part(insert(b, M)))

[1] FORALL (x: finite_bagl[T]):
(FORALL (y: finite_bag[T]):
less_1(y, x) IMPLIES
well_founded_part (insert(a!l, y)) OR
NOT (well_founded_part(y)))
IMPLIES
well_founded_part(insert(a'!l, x)) OR NOT (well_founded_part(x))

Rerunning step: (skosimp)

Skolemizing and flattening,

this simplifies to:
well_founded_part_less_1_insert_12.2 :

{-1} FORALL (y: finite_bagl[T]):

less_1(y, x!1) IMPLIES

well_founded_part(insert(a'!l, y)) OR NOT (well_founded_part(y))
{-2} (well_founded_part(x!1))
[-3] FORALL b:

b < a!l IMPLIES

(FORALL M:

well_founded_part (M) IMPLIES well_founded_part(insert(b, M)))

{1} well_founded_part(insert(a!'l, x!1))

Rerunning step: (rewrite "well_founded_part_less_1_insert_10")
Found matching substitution:

M_0: finite_bagl[T] gets x!1,

a: T gets all,
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Rewriting using well_founded_part_less_1_insert_10, matching in *,
this simplifies to:
well_founded_part_less_1_insert_12.2 :

[-1] FORALL (y: finite_bagl[T]):

less_1(y, x!1) IMPLIES

well_founded_part(insert(a!l, y)) OR NOT (well_founded_part(y))
[-2] (well_founded_part(x!1))
[-3] FORALL b:

b < a!l IMPLIES

(FORALL M:

well_founded_part (M) IMPLIES well_founded_part(insert(b, M)))

{1} FORALL M:
less_1(M, x'1) IMPLIES
(well_founded_part (M) IMPLIES well_founded_part(insert(a!l, M)))
[2] well_founded_part(insert(a!l, x!1))

Rerunning step: (hide -3 2)

Hiding formulas: -3, 2,

this simplifies to:
well_founded_part_less_1_insert_12.2 :

[-1] FORALL (y: finite_bagl[T]):

less_1(y, x!1) IMPLIES

well_founded_part(insert(a'!l, y)) OR NOT (well_founded_part(y))
[-2] (well_founded_part(x!1))

(11  FORALL M:
less_1(M, x'1) IMPLIES
(well_founded_part (M) IMPLIES well_founded_part(insert(a!l, M)))

Rerunning step: (skosimp)

Skolemizing and flattening,

this simplifies to:
well_founded_part_less_1_insert_12.2 :

{-1} 1less_1(M'1, x!'1)
{-2} well_founded_part(M!1)
[-3] FORALL (y: finite_bagl[T]):
less_1(y, x!1) IMPLIES
well_founded_part(insert(a!l, y)) OR NOT (well_founded_part(y))
[-4] (well_founded_part(x!1))

{1} well_founded_part(insert(a!l, M!1))

Rerunning step: (inst?)

Found substitution:

y: finite_bag[T] gets M!1,

Using template: well_founded_part(insert(a!l, y))
Instantiating quantified variables,

this simplifies to:
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well_founded_part_less_1_insert_12.2 :

[-1] less_1(M!'1, x!'1)
[-2] well_founded_part(M!1)
{-3} 1less_1(M'1, x!1) IMPLIES
well_founded_part(insert(a!l, M!1)) OR NOT (well_founded_part(M!1))
[-4] (well_founded_part(x!1))

[1] well_founded_part(insert(a!l, M!1))

Rerunning step: (prop)
Applying propositional simplification,

This completes the proof of well_founded_part_less_1_insert_12.2.

Q.E.D.
well_founded_part_less_1_insert_12 proved in 0.11 real, 0.11 cpu seconds

Rerunning proof of well_founded_part_less_1_insert

well_founded_part_less_1_insert :

{1} FORALL M, a:
well_founded_part (M) IMPLIES well_founded_part(insert(a, M))

Rerunning step: (induct "a" :name "wf_induction[T,<]")

Inducting on a on formula 1 using induction scheme wf_induction[T,<],
this simplifies to:

well_founded_part_less_1_insert :

{1} FORALL (x: T):

(FORALL (y: T):
y < x IMPLIES
(FORALL M:
well_founded_part (M) IMPLIES
well_founded_part(insert(y, M))))
IMPLIES
(FORALL M:
well_founded_part (M) IMPLIES well_founded_part(insert(x, M)))

Rerunning step: (skosimp)
Skolemizing and flattening,

this simplifies to:
well_founded_part_less_1_insert :

{-1} FORALL (y: T):
y < x!1 IMPLIES
(FORALL M:
well_founded_part (M) IMPLIES well_founded_part(insert(y, M)))
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{1}  FORALL M:
well_founded_part (M) IMPLIES well_founded_part(insert(x!1l, M))

Rerunning step: (use "well_founded_part_less_1_insert_12")
Using lemma well_founded_part_less_1_insert_12,

this simplifies to:

well_founded_part_less_1_insert :

{-1} (FORALL b:
b < x!1 IMPLIES
(FORALL M:

well_founded_part (M) IMPLIES well_founded_part(insert(b, M))))

IMPLIES
(FORALL M:
well_founded_part (M) IMPLIES well_founded_part(insert(x!1, M)))
[-2] FORALL (y: T):
y < x!1 IMPLIES
(FORALL M:
well_founded_part (M) IMPLIES well_founded_part(insert(y, M)))

(11  FORALL M:
well_founded_part (M) IMPLIES well_founded_part(insert(x!1l, M))

Rerunning step: (prop)

Applying propositional simplification,

Q.E.D.

well_founded_part_less_1_insert proved in 0.05 real, 0.05 cpu seconds
Rerunning proof of well_founded_part_less_1_all

well_founded_part_less_1_all :

{1} FORALL M: well_founded_part(M)

Rerunning step: (induct "M" :name "finite_bag_induction")

Inducting on M on formula 1 using induction scheme finite_bag_induction,
this yields 2 subgoals:

well_founded_part_less_1_all.1

{1} well_founded_part (emptybag[T])

Rerunning step: (expand "well_founded_part")
Expanding the definition of well_founded_part,
this simplifies to:
well_founded_part_less_1_all.1

{1} FORALL (y: finite_bag[T]):
less_1(y, emptybag[T]) IMPLIES well_founded_part(y)
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Rerunning step: (skosimp)
Skolemizing and flattening,
this simplifies to:
well_founded_part_less_1_all.1

{-1} less_1(y!'1, emptybag[T])
{1} well_founded_part(y!1)

Rerunning step: (expand "less_1")
Expanding the definition of less_1,
this simplifies to:
well_founded_part_less_1_all.1

{-1} EXISTS M_O, a, K:
emptybag[T] = insert(a, M_0) AND y!1 = plus(M_0, K) AND less(K, a)

[1] well_founded_part(y!1l)

Rerunning step: (skosimp)
Skolemizing and flattening,
this simplifies to:
well_founded_part_less_1_all.1

{-1} emptybag[T] = insert(a!l, M!1)
{-2} y!'1 = plus(M!1, K!1)
{-3} less(K!1, a'l)

[1] well_founded_part(y!1)

Rerunning step: (hide -2 -3 1)
Hiding formulas: -2, -3, 1,
this simplifies to:
well_founded_part_less_1_all.1

[-1] emptybag[T] = insert(al!l, M!1)

Rerunning step: (decompose-equality)
Applying decompose-equality,

this simplifies to:
well_founded_part_less_1_all.1

{-1} FORALL (x: T): emptybag[T](x) = insert(a!l, M!1) (x)

Rerunning step: (grind :defs nil :rewrites ("emptybag" "insert"))

Trying repeated skolemization, instantiation, and if-lifting,
This completes the proof of well_founded_part_less_1_all.1l.

well_founded_part_less_1_all.2 :
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{1} FORALL (x: T), (b: finite_bagl[T]):
well_founded_part(b) IMPLIES well_founded_part(insert(x, b))

Rerunning step: (skosimp)
Skolemizing and flattening,
this simplifies to:
well_founded_part_less_1_all.2 :

{-1} well_founded_part(b!1l)
{1} well_founded_part(insert(x!1l, b!1))

Rerunning step: (rewrite "well_founded_part_less_1_insert")
Found matching substitution:

M gets bl!1,

a gets x!1,

Rewriting using well_founded_part_less_1_insert, matching in *,

This completes the proof of well_founded_part_less_1_all.2.

Q.E.D.
well_founded_part_less_1_all proved in 0.15 real, 0.15 cpu seconds
Rerunning proof of wf_less_1

wf_less_1 :

{1} well_founded?[finite_bag[T]] (less_1)

Rerunning step: (use "well_founded_part_less_1_all")
Using lemma well_founded_part_less_1_all,

this simplifies to:

wf_less_1 :

{-1} FORALL (M): well_founded_part (M)
[1] well_founded?[finite_bag[T]](less_1)

Rerunning step: (rewrite "well_founded_part_cns")
Found matching substitution:

Rewriting using well_founded_part_cns, matching in *,
Q.E.D.

wf_less_1 proved in 0.01 real, 0.01 cpu seconds
Rerunning proof of wf_less_bag

wf_less_bag :
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{1} well_founded?[finite_bag[T]] (less_bag)

Rerunning step: (grind :defs nil :rewrites

("less_bag" "well_founded_cl_tr" "wf_less_1"))
Trying repeated skolemization, instantiation, and if-lifting,
Q.E.D.
wf_less_bag proved in 0.01 real, 0.01 cpu seconds
Rerunning proof of less_bag_cn

less_bag_cn :

{1} FORALL (M, N: finite_bagl[T]):
less_bag(N, M) IMPLIES
(EXISTS M_0, K1, K2:
M = plus(M_0, K1) AND
N = plus(M_0, K2) AND
(FORALL a:
member (a, K2) IMPLIES (EXISTS b: member (b, K1) AND a < b)))

Rerunning step: (expand "less_bag")
Expanding the definition of less_bag,
this simplifies to:

less_bag_cn :

{1} FORALL (M, N: finite_bagl[T]):
tr_cl(less_1) (N, M) IMPLIES
(EXISTS M_0, K1, K2:
M = plus(M_0, K1) AND
N = plus(M_0, K2) AND
(FORALL a:
member (a, K2) IMPLIES (EXISTS b: member (b, K1) AND a < b)))

Rerunning step: (lemma "tr_cl_weak_induction[finite_bag[T]]")
Applying tr_cl_weak_induction[finite_bag[T]]

this simplifies to:

less_bag_cn :

{-1} FORALL (<: pred[[finite_bag[T], finite_bag[T11], x,
P: [finite_bag[T] -> boolean]):
(FORALL (y: finite_bagl[T]):
(x < y OR (EXISTS (z: finite_bag[T]): P(z) AND z < y)) IMPLIES
P(y))
IMPLIES (FORALL (y: finite_bagl[T]): tr_cl(<)(x, y) IMPLIES P(y))

[1] FORALL (M, N: finite_bag[T]):
tr_cl(less_1) (N, M) IMPLIES
(EXISTS M_0, K1, K2:
M = plus(M_0, K1) AND
N = plus(M_0, K2) AND
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(FORALL a:
member (a, K2) IMPLIES (EXISTS b: member(b, K1) AND a < b)))

Rerunning step: (skolem 1 ("_" "N"))

For the top quantifier in 1, we introduce Skolem constants: (_ N),
this simplifies to:

less_bag_cn :

[-1] FORALL (<: pred[[finite_bag[T], finite_bag[T]11], x,
P: [finite_bag[T] -> boolean]):
(FORALL (y: finite_bag[T]):
(x < y OR (EXISTS (z: finite_bag[T]): P(z) AND z < y)) IMPLIES
P(y))
IMPLIES (FORALL (y: finite_bagl[T]): tr_cl(<)(x, y) IMPLIES P(y))

{1} FORALL (M):
tr_cl(less_1) (N, M) IMPLIES
(EXISTS M_0, K1, K2:
M = plus(M_0, K1) AND
N = plus(M_0, K2) AND
(FORALL a:
member (a, K2) IMPLIES (EXISTS b: member(b, K1) AND a < b)))

Rerunning step: (inst - "less_1" "N" "lambda(M):EXISTS M_0, K1, K2:
M = plus(M_0, K1) AND
N = plus(M_0, K2) AND
(FORALL a:
member (a, K2) IMPLIES (EXISTS b: member(b, K1) AND a < b))")
Instantiating the top quantifier in - with the terms:
less_1, N, lambda(M):EXISTS M_0, K1, K2:
M = plus(M_0, K1) AND
N = plus(M_0, K2) AND
(FORALL a:
member (a, K2) IMPLIES (EXISTS b: member(b, Ki) AND a < b)),
this simplifies to:
less_bag_cn :

{-1} (FORALL (y: finite_bagl[T]):
(less_1(N, y) OR
(EXISTS (z: finite_bag[T]):
(EXISTS M_0, K1, K2:
z = plus(M_0, K1) AND
N = plus(M_0, K2) AND
(FORALL a:
member (a, K2) IMPLIES
(EXISTS b: member(b, K1) AND a < b)))
AND less_1(z, y)))
IMPLIES
(EXISTS M_0, K1, K2:
y = plus(M_0, K1) AND
N = plus(M_0, K2) AND
(FORALL a:
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member (a, K2) IMPLIES
(EXISTS b: member(b, K1) AND a < b))))
IMPLIES
(FORALL (y: finite_bagl[T]):
tr_cl(less_1) (N, y) IMPLIES
(EXISTS M_0, K1, K2:
y = plus(M_0, K1) AND
N = plus(M_0, K2) AND
(FORALL a:
member (a, K2) IMPLIES
(EXISTS b: member(b, K1) AND a < b))))

[1] FORALL (M):
tr_cl(less_1) (N, M) IMPLIES
(EXISTS M_0, K1, K2:
M = plus(M_0, K1) AND
N = plus(M_0, K2) AND
(FORALL a:
member (a, K2) IMPLIES (EXISTS b: member(b, K1) AND a < b)))

Rerunning step: (prop)

Applying propositional simplification,
this simplifies to:

less_bag_cn :

{1} FORALL (y: finite_bagl[T]):
(less_1(N, y) OR
(EXISTS (z: finite_bag[T]):
(EXISTS M_0, K1, K2:
z = plus(M_0, K1) AND
N = plus(M_0, K2) AND
(FORALL a:
member (a, K2) IMPLIES
(EXISTS b: member(b, K1) AND a < b)))
AND less_1(z, y)))
IMPLIES
(EXISTS M_0, K1, K2:
y = plus(M_0, K1) AND
N = plus(M_0, K2) AND
(FORALL a:
member (a, K2) IMPLIES (EXISTS b: member(b, K1) AND a < b)))
[2] FORALL (M):
tr_cl(less_1) (N, M) IMPLIES
(EXISTS M_0, K1, K2:
M = plus(M_0, K1) AND
N = plus(M_0, K2) AND
(FORALL a:
member (a, K2) IMPLIES (EXISTS b: member (b, K1) AND a < b)))

Rerunning step: (hide 2)
Hiding formulas: 2,
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this simplifies to:
less_bag_cn :

[1] FORALL (y: finite_bagl[T]):
(less_1(N, y) OR
(EXISTS (z: finite_bagl[T]):
(EXISTS M_0, K1, K2:
z = plus(M_0, K1) AND
N = plus(M_0, K2) AND
(FORALL a:
member (a, K2) IMPLIES
(EXISTS b: member(b, K1) AND a < b)))
AND less_1(z, y)))
IMPLIES
(EXISTS M_0, K1, K2:
y = plus(M_0, K1) AND
N = plus(M_0, K2) AND
(FORALL a:
member (a, K2) IMPLIES (EXISTS b: member (b, K1) AND a < b)))

Rerunning step: (skosimpx*)

Repeatedly Skolemizing and flattening,
this simplifies to:

less_bag_cn :

{-1} less_1(N, y!1) OR
(EXISTS (z: finite_bagl[T]):

(EXISTS M_0, K1, K2:

z = plus(M_0, K1) AND

N = plus(M_0, K2) AND

(FORALL a:
member (a, K2) IMPLIES
(EXISTS b: member(b, K1) AND a < b)))

AND less_1(z, y!'1))

{1} EXISTS M_0, K1, K2:
y!'1l = plus(M_0, K1) AND
N = plus(M_0, K2) AND
(FORALL a:
member (a, K2) IMPLIES (EXISTS b: member(b, K1) AND a < b))

Rerunning step: (prop)

Applying propositional simplification,
this yields 2 subgoals:

less_bag_cn.1 :

{-1} less_1(N, y!'1)
[1]  EXISTS M_0, K1, K2:

y!'1l = plus(M_0, K1) AND
N = plus(M_0, K2) AND
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(FORALL a:
member (a, K2) IMPLIES (EXISTS b: member(b, K1) AND a < b))

Rerunning step: (expand "less_1")
Expanding the definition of less_1,
this simplifies to:

less_bag_cn.1 :

{-1} EXISTS M_0, a, K:
y!1 = insert(a, M_0) AND N = plus(M_0, K) AND less(K, a)

[1] EXISTS M_0, K1, K2:
y!'l = plus(M_0, K1) AND
N = plus(M_0, K2) AND
(FORALL a:
member (a, K2) IMPLIES (EXISTS b: member (b, K1) AND a < b))

Rerunning step: (skosimp)
Skolemizing and flattening,
this simplifies to:
less_bag_cn.1 :

{-1} y!'1 = insert(a!l, M!1)
{-2} N = plus(M!1, K!1)
{-3} 1less(K!'l, a!il)

[1] EXISTS M_0, K1, K2:
y!'l = plus(M_0, K1) AND
N = plus(M_0, K2) AND
(FORALL a:
member (a, K2) IMPLIES (EXISTS b: member (b, K1) AND a < b))

Rerunning step: (inst + "M!1" "singleton_bag(a!1)" "K!1")
Instantiating the top quantifier in + with the terms:
M!1, singleton_bag(a!l), K!1,

this yields 2 subgoals:

less_bag_cn.1.1

[-1] y!1 = insert(al!l, M!1)
[-2] N = plus(M!1, K!1)
[-3] 1less(K!1, a'l)

{1}  y!'1 = plus(M!1, singleton_bag(a!l)) AND
N = plus(M!1, K!1) AND
(FORALL a:
member (a, K!1) IMPLIES
(EXISTS b: member(b, singleton_bag(a!1l)) AND a < b))

Rerunning step: (prop)

Applying propositional simplification,
this yields 2 subgoals:
less_bag_cn.1.1.1
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[-1] y!1 = insert(a'l, M!1)
[-2] N = plus(M!1, K!1)
[-3] 1less(K!'1, a!l)

{1} y!'1 = plus(M!1, singleton_bag(a!'!l))

Rerunning step: (rewrite "bag_equality")
Found matching substitution:

b: bag[T] gets plus(M!1, singleton_bag(a!l)),
a gets y!1,

Rewriting using bag_equality, matching in *,
this simplifies to:

less_bag_cn.1.1.1

[-1] y!1 = insert(al!l, M!1)
[-2] N = plus(M!1, K!1)
[-3] 1less(K!'1, a!l)

{1} FORALL (x: T): egmult(x, y!1, plus(M!1, singleton_bag(a!l)))

Rerunning step: (skosimp)
Skolemizing and flattening,
this simplifies to:
less_bag_cn.1.1.1

[-1] y!1 = insert(a'l, M!1)
[-2] N = plus(M!1, K!1)
[-3] 1less(K!1, a!l)

{1} egmult(x!1l, y!'1, plus(M!1, singleton_bag(a'!l)))

Rerunning step: (expand "eqmult")
Expanding the definition of egmult,
this simplifies to:
less_bag_cn.1.1.1

[-1] y!1 = insert(a'l, M!1)
[-2] N = plus(M!1, K!1)
[-3] 1less(K!1, a!l)

{1} (y'1(x!'1) = plus(M!1, singleton_bag(a!l))(x!1))

Rerunning step: (expand "singleton_bag")
Expanding the definition of singleton_bag,
this simplifies to:

less_bag_cn.1.1.1

[-1] y!1 = insert(al!l, M!1)
[-2] N = plus(M!1, K!1)
[-3] 1less(K!1, a'l)
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{1}  (yr1(x!1) =
plus(M!1, LAMBDA (x: T): IF x = a!l THEN 1 ELSE 0 ENDIF) (x!1))

Rerunning step: (expand "plus")
Expanding the definition of plus,
this simplifies to:
less_bag_cn.1.1.1

[-1] y!1 = insert(al!l, M!1)
{-2} N = (LAMBDA (t: T): K!1(t) + M!1(t))
[-3] 1less(K!1, a!l)

{1} (y'1(x!'1) = M!1(x!1) + IF x!1 = al!l THEN 1 ELSE O ENDIF)

Rerunning step: (lift-if)

Lifting IF-conditions to the top level,
this simplifies to:

less_bag_cn.1.1.1

[-1] y!1 = insert(al!l, M!1)
[-2] N = (LAMBDA (t: T): K!1(t) + M!1(t))
[-3] 1less(K!1, a'l)

{1} IF x!1 = al!l THEN (y!1(x!1) = M!1(x!1) + 1)
ELSE (y!1(x!1) = M!1(x!1) + 0)
ENDIF

Rerunning step: (prop)

Applying propositional simplification,
this yields 2 subgoals:
less_bag_cn.1.1.1.1

{-1} x!1 = all

[-2] y!'1 = insert(a!l, M!1)

[-3] N = (LAMBDA (t: T): K'1(t) + M!1(t))
[-4] 1less(K'1, a'l)

{1} (y'1(x!'1) = MI1(x!1) + 1)

Rerunning step: (expand "insert")
Expanding the definition of insert,
this simplifies to:
less_bag_cn.1.1.1.1

[-1] x!1 = a1

{-2} y!1 (LAMBDA (t: T): IF a!l1 = t THEN 1 + M!1(t) ELSE M!1(t) ENDIF)
[-3] N = (LAMBDA (t: T): K'1(t) + M!'1(t))

[-4] 1less(K!'1, a'l)

[1] (yli(x!1) = Mt1(x!1) + 1)

Rerunning step: (grind)
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Trying repeated skolemization, instantiation, and if-lifting,
This completes the proof of less_bag_cn.1.1.1.1.
less_bag_cn.1.1.1.2 :

[-1] y!1 = insert(al!l, M!1)
[-2] N = (LAMBDA (t: T): K!1(t) + M!1(t))
[-3] 1less(K!1, a'l)

{1} x'1 =a'1
{2}  (y'1(x!1) = M!1(x!1) + 0)

Rerunning step: (grind)
Trying repeated skolemization, instantiation, and if-lifting,

This completes the proof of less_bag_cn.1.1.1.2.

This completes the proof of less_bag_cn.1.1.1.
less_bag_cn.1.1.2 :

[-1] y!1 = insert(al!l, M!1)
[-2] N = plus(M!1, K!1)
[-3] 1less(K!1, a!l)

{1} FORALL a:
member (a, K!1) IMPLIES
(EXISTS b: member(b, singleton_bag(a!1l)) AND a < b)

Rerunning step: (skosimp)
Skolemizing and flattening,
this simplifies to:
less_bag_cn.1.1.2 :

{-1} member(a'2, K!'1)

[-2] y!1 = insert(a'l, M!1)
[-3] N = plus(M!1, K!1)
[-4] 1less(K'1l, a'l)

{1}  EXISTS b: member(b, singleton_bag(a!l)) AND a!2 < b

Rerunning step: (inst + "a!l")

Instantiating the top quantifier in + with the terms:
all,

this simplifies to:

less_bag_cn.1.1.2 :

[-1] member(a!'2, K!'1)
[-2] y!1 = insert(al!l, M!1)
[-3] N = plus(M!1, K!1)
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[-4] 1less(K'1l, a'l)
{1} member(a!l, singleton_bag(a!l)) AND a!2 < all

Rerunning step: (grind)
Trying repeated skolemization, instantiation, and if-lifting,

This completes the proof of less_bag_cn.1.1.2.

This completes the proof of less_bag_cn.1.1.
less_bag_cn.1.2 (TCC):

[-1] y!1 = insert(al!l, M!1)
[-2] N = plus(M!1, K!1)
[-3] 1less(K!1, a'l)

{1} is_finite[T] (singleton_bagl[T](a!l))

Rerunning step: (rewrite "finite_singleton_bag")
Found matching substitution:

t: T gets al!l,

Rewriting using finite_singleton_bag, matching in *,

This completes the proof of less_bag_cn.1.2.

This completes the proof of less_bag_cn.l1.
less_bag_cn.2 :

{-1} EXISTS (z: finite_bagl[T]):
(EXISTS M_0, K1, K2:
z = plus(M_0, K1) AND
N = plus(M_0, K2) AND
(FORALL a:
member (a, K2) IMPLIES (EXISTS b: member(b, K1) AND a < b)))
AND less_1(z, y!'1)

[1] EXISTS M_0, K1, K2:
y!'l = plus(M_0, K1) AND
N = plus(M_0, K2) AND
(FORALL a:
member (a, K2) IMPLIES (EXISTS b: member (b, K1) AND a < b))

Rerunning step: (skosimpx*)

Repeatedly Skolemizing and flattening,
this simplifies to:

less_bag_cn.2 :

{-1} z!'1 = plus(M!1, K1!1)
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{-2} N = plus(M!1, K2!1)
{-3} FORALL a:

member (a, K2!'1) IMPLIES (EXISTS b: member(b, K1!1) AND a < b)
{-4} less_1(z!1, y!'1)

[1]  EXISTS M_0, K1, K2:
y!'1 = plus(M_0, K1) AND
N = plus(M_0, K2) AND
(FORALL a:
member (a, K2) IMPLIES (EXISTS b: member (b, K1) AND a < b))

Rerunning step: (expand "less_1")
Expanding the definition of less_1,
this simplifies to:

less_bag_cn.2 :

[-1] =z!'1 = plus(M!1, K1!1)
[-2] N = plus(M!1, K2!1)
[-3] FORALL a:
member (a, K2!1) IMPLIES (EXISTS b: member(b, Ki!1) AND a < b)
{-4} EXISTS M_0, a, K:
y!1 = insert(a, M_0) AND z!1 = plus(M_0O, K) AND less(K, a)

[1]  EXISTS M_0, K1, K2:
y!1 = plus(M_0, K1) AND
N = plus(M_0, K2) AND
(FORALL a:
member (a, K2) IMPLIES (EXISTS b: member(b, K1) AND a < b))

Rerunning step: (skosimp)
Skolemizing and flattening,
this simplifies to:
less_bag_cn.2 :

[-1] =z!1 = plus(M!1, K1!1)
[-2] N = plus(M!1, K2!1)
[-3] FORALL a:
member (a, K2!'1) IMPLIES (EXISTS b: member(b, K1!1) AND a < b)
{-4} y!'1 = insert(a!l, M!2)
{-5} =z!1 = plus(M!2, K!1)
{-6} 1less(X!1, a!l)

[1] EXISTS M_0, K1, K2:
y!1 = plus(M_0, K1) AND
N = plus(M_0, K2) AND
(FORALL a:
member (a, K2) IMPLIES (EXISTS b: member(b, K1) AND a < b))

Rerunning step: (postpone)
Postponing less_bag_cn.2.

less_bag_cn.2 :
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[-1] =z!1 = plus(M!1, K1!1)
[-2] N = plus(M!1, K2!1)
[-3] FORALL a:
member (a, K2!1) IMPLIES (EXISTS b: member(b, Ki!1) AND a < b)
{-4} y!'1 = insert(a!l, M!2)
{-56} z!1 = plus(M!2, K!1)
{-6} 1less(X!1, a!l)

[1]  EXISTS M_0, K1, K2:
y!1 = plus(M_0, K1) AND
N = plus(M_0, K2) AND
(FORALL a:
member (a, K2) IMPLIES (EXISTS b: member(b, K1) AND a < b))

Postponing less_bag_cn.2.
less_bag_cn.2 :

[-1] =z!1 = plus(M!1, K1!1)
[-2] N = plus(M!1, K2!1)
[-3] FORALL a:
member (a, K2!'1) IMPLIES (EXISTS b: member(b, K1!1) AND a < b)
{-4} y!'1 = insert(a!l, M!2)
{-5} =z!1 = plus(M!2, K!1)
{-6} 1less(K!'1, a!il)

[1] EXISTS M_0, K1, K2:
y!1 = plus(M_0, K1) AND
N = plus(M_0, K2) AND
(FORALL a:
member (a, K2) IMPLIES (EXISTS b: member(b, K1) AND a < b))
less_bag_cn unproved in 0.40 real, 0.40 cpu seconds
Rerunning proof of less_bag_cs_11

less_bag_cs_11

{1} FORALL (K1, K2, M, M_O, N: finite_bag[T]):
(M = plus(M_0, K1) AND
N = plus(M_0, K2) AND
(FORALL a:
member (a, K2) IMPLIES (EXISTS b: member(b, Ki) AND a < b)))
IMPLIES less_bag(N, M)

Rerunning step: (induct "K1" :name "finite_bag_induction")

Inducting on K1 on formula 1 using induction scheme finite_bag_induction,
this yields 2 subgoals:

less_bag_cs_11.1
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{1} FORALL (K2, M, M_0, N: finite_bag[T]):
(M = plus(M_0, emptybag[T]) AND
N = plus(M_0, K2) AND
(FORALL a:
member (a, K2) IMPLIES
(EXISTS b: member(b, emptybag[T]) AND a < b)))
IMPLIES less_bag(N, M)

Rerunning step: (postpone)
Postponing less_bag_cs_11.1.

less_bag_cs_11.2 :

{1} FORALL (x: T), (b_1: finite_bagl[T]):
(FORALL (K2, M, M_O, N: finite_bag[T]):
(M = plus(M_0, b_1) AND
N = plus(M_0, K2) AND
(FORALL a:
member (a, K2) IMPLIES
(EXISTS b: member(b, b_1) AND a < b)))
IMPLIES less_bag(N, M))
IMPLIES
(FORALL (K2, M, M_O, N: finite_bag[T]):
(M = plus(M_0, insert(x, b_1)) AND
N = plus(M_0, K2) AND
(FORALL a:
member (a, K2) IMPLIES
(EXISTS b: member(b, insert(x, b_1)) AND a < b)))
IMPLIES less_bag(N, M))

Rerunning step: (postpone)
Postponing less_bag_cs_11.2.

less_bag_cs_11.1

{1} FORALL (K2, M, M_0, N: finite_bagl[T]):
(M = plus(M_0, emptybag[T]) AND
N = plus(M_0, K2) AND
(FORALL a:
member (a, K2) IMPLIES
(EXISTS b: member(b, emptybag[T]) AND a < b)))
IMPLIES less_bag(N, M)

Postponing less_bag_cs_11.1.

less_bag_cs_11.2 :

{1} FORALL (x: T), (b_1: finite_bagl[T]):
(FORALL (K2, M, M_0, N: finite_bagl[T]):
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(M = plus(M_0, b_1) AND
N = plus(M_0, K2) AND
(FORALL a:
member (a, K2) IMPLIES
(EXISTS b: member(b, b_1) AND a < b)))
IMPLIES less_bag(N, M))
IMPLIES
(FORALL (K2, M, M_0, N: finite_bagl[T]):
(M = plus(M_0, insert(x, b_1)) AND
N = plus(M_0, K2) AND
(FORALL a:
member (a, K2) IMPLIES
(EXISTS b: member(b, insert(x, b_1)) AND a < b)))
IMPLIES less_bag(N, M))

Postponing less_bag_cs_11.2.

less_bag_cs_11.1

{1} FORALL (K2, M, M_0, N: finite_bag[T]):

(M = plus(M_0, emptybag[T]) AND

N = plus(M_0, K2) AND
(FORALL a:
member (a, K2) IMPLIES
(EXISTS b: member(b, emptybag[T]) AND a < b)))

IMPLIES less_bag(N, M)
less_bag_cs_11 unproved in 0.06 real, 0.06 cpu seconds
Rerunning proof of less_bag_cs

less_bag_cs :

{1} FORALL (M, N: finite_bag[T]):
(EXISTS M_0, K1, K2:
M = plus(M_0, K1) AND
N = plus(M_0, K2) AND
(FORALL a:
member (a, K2) IMPLIES (EXISTS b: member(b, Ki) AND a < b)))
IMPLIES less_bag(N, M)

Rerunning step: (skosimpx*)

Repeatedly Skolemizing and flattening,
this simplifies to:

less_bag_cs :

{-1} M'1 plus(M!2, K1!1)
{-2} nN'1 plus(M!2, K2!1)
{-3} FORALL a:
member (a, K2!'1) IMPLIES (EXISTS b: member(b, K1!1) AND a < b)
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{1} less_bag(N!1l, M!1)

Rerunning step: (expand "less_bag")
Expanding the definition of less_bag,
this simplifies to:

less_bag_cs :

[-1] M!1 plus(M!2, K1!1)
[-2] N!'1 = plus(M!2, K2!1)
[-3] FORALL a:
member (a, K2!1) IMPLIES (EXISTS b: member(b, Ki!1) AND a < b)

{1} tr_cl(less_1)(N!'1, M'1)

Rerunning step: (expand "tr_cl")
Expanding the definition of tr_cl,
this simplifies to:

less_bag_cs :

[-1] M!1 = plus(M!2, K1!1)
[-2] N!1 = plus(M!2, K2!1)
[-3] FORALL a:
member (a, K2!'1) IMPLIES (EXISTS b: member(b, K1!1) AND a < b)

{13} less_1(N!'1, M!1) OR
(EXISTS (z: finite_bag[T]): tr_cl(less_1)(N!'1, z) AND less_1(z, M!1))

Rerunning step: (prop)

Applying propositional simplification,
this simplifies to:

less_bag_cs :

[-1] M!1 plus(M!2, K1!1)
[-2] nt'1 plus(M!2, K2!1)
[-3] FORALL a:
member (a, K2!1) IMPLIES (EXISTS b: member(b, Ki!1) AND a < b)

{1} less_1(N!'1, M!1)
{2} EXISTS (z: finite_bag[T]): tr_cl(less_1)(N!1, z) AND less_1(z, M!1)

Rerunning step: (postpone)
Postponing less_bag_cs.

less_bag_cs :

[-1] M!1 plus(M!2, K1!1)
[-2] N!'1 = plus(M!2, K2!1)
[-3] FORALL a:
member (a, K2!1) IMPLIES (EXISTS b: member(b, Ki!1) AND a < b)

{1} less_1(N!'1, M!1)
{2} EXISTS (z: finite_bag[T]): tr_cl(less_1)(N!1, z) AND less_1(z, M!1)
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Postponing less_bag_cs.

less_bag_cs :

[-1] mM!'1 plus(M!2, Ki!1)
[-2] N!1 plus(M!2, K2!1)
[-3] FORALL a:
member (a, K2!'1) IMPLIES (EXISTS b: member(b, K1!1) AND a < b)

{13} less_1(N!'1, M!1)

{2} EXISTS (z: finite_bag[T]): tr_cl(less_1)(N!1, z) AND less_1(z, M!1)
less_bag_cs unproved in 0.04 real, 0.04 cpu seconds

Rerunning proof of less_bag_caract

less_bag_caract :

{1} FORALL (M, N: finite_bag[T]):
less_bag(N, M) IFF
(EXISTS M_0, K1, K2:
M = plus(M_0, K1) AND
N = plus(M_0, K2) AND
(FORALL a:
member (a, K2) IMPLIES (EXISTS b: member (b, K1) AND a < b)))

Rerunning step: (skosimp)
Skolemizing and flattening,
this simplifies to:
less_bag_caract :

{1} less_bag(N!1, M!1) IFF
(EXISTS M_0, K1, K2:
M!1 = plus(M_0, K1) AND
N!'1 = plus(M_0, K2) AND
(FORALL a:
member (a, K2) IMPLIES (EXISTS b: member(b, Ki) AND a < b)))

Rerunning step: (prop)

Applying propositional simplification,
this yields 2 subgoals:
less_bag_caract.l :

{-1} less_bag(N!1, M!1)

{1} EXISTS M_0, K1, K2:
M!1 = plus(M_0, K1) AND
N!1 = plus(M_0, K2) AND
(FORALL a:
member (a, K2) IMPLIES (EXISTS b: member(b, K1) AND a < b))
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Rerunning step: (rewrite "less_bag_cn")
Found matching substitution:

N: finite_bag[T] gets N!1,

M gets M!1,

Rewriting using less_bag_cn, matching in *,

This completes the proof of less_bag_caract.1l.
less_bag_caract.2 :
{-1} EXISTS M_0, K1, K2:

M!1 = plus(M_0, K1) AND

N!1 = plus(M_0, K2) AND
(FORALL a:

member (a, K2) IMPLIES (EXISTS b: member (b, K1) AND a < b))

{1}  less_bag(N!1, M!1)

Rerunning step: (rewrite "less_bag_cs")
Found matching substitution:

M gets M!1,

N: finite_bag[T] gets N!1,

Rewriting using less_bag_cs, matching in *,

This completes the proof of less_bag_caract.2.

Q.E.D.

less_bag_caract proved in 0.02 real, 0.02 cpu seconds

finite_bags_order: 19 proofs attempted, 16 proved in 2.39 real, 2.39 cpu seconds

Proof summary for theory finite_bags_order

insert _TCCLl........ .. ... i, proved - incomplete
less_l_imsert_cn.......... ..., proved - incomplete
plus_emptybag............... ... ..., proved - incomplete
insert_plus....... .o, proved - incomplete
less_InSert_Ch...viii s proved - incomplete
less_insert_cn2........... ..., proved - incomplete
IMP_wf_cs_TCCL...... ...t proved - incomplete
well_founded_part_less_1_plus_TCC1l....proved - incomplete
well_founded_part_less_1_plus......... proved - incomplete
well_founded_part_less_1_insert_10....proved - incomplete
well_founded_part_less_1_insert_12....proved - incomplete
well_founded_part_less_1_insert....... proved - incomplete
well_founded_part_less_1_all.......... proved - incomplete
wi_less_1... i proved - incomplete
wi_less_bag.........ooiiiiiiiiiiiiia, proved - incomplete
less_bag cCn........ciiiiiiiinnn... unfinished

less_bag_cs_11.......... ... unfinished

less_bag cs...oiiiiiiiiii i, unfinished

less_bag caract.......... oo, proved - incomplete
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Theory totals: 19 formulas, 19 attempted, 16 succeeded (2.39 s)

Grand Totals: 19 proofs, 19 attempted, 16 succeeded (2.39 s)
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