
Computing with MembranesGheorghe P�AUNInstitute of Mathemati
s of the Romanian A
ademyPO Box 1 { 764, 70700 Bu
ure�sti, RomaniaE-mail: gpaun�imar.roAbstra
t. We introdu
e a new 
omputability model, of a distributed paralleltype, based on the notion of a membrane stru
ture. Su
h a stru
ture 
on-sists of several 
ell-like membranes, re
urrently pla
ed inside a unique \skin"membrane. A plane representation is a Venn diagram without interse
ted setsand with a unique superset. In the regions delimited by the membranes thereare pla
ed obje
ts. These obje
ts are assumed to evolve: ea
h obje
t 
an betransformed in other obje
ts, 
an pass through a membrane, or 
an dissolvethe membrane in whi
h it is pla
ed. A priority relation between evolutionrules 
an be 
onsidered. The evolution is done in parallel for all obje
ts ableto evolve. In this way, we obtain a 
omputing devi
e (we 
all it a P system):start with a 
ertain number of obje
ts in a 
ertain membrane and let the sys-tem evolve; if it will halt (no obje
t 
an further evolve), then the 
omputationis �nished, with the result given as the number of obje
ts in a spe
i�ed mem-brane. If the development of the system goes forever, then the 
omputationfails to have an output.We prove that the P systems with the possibility of obje
ts to 
ooperate
hara
terize the re
ursively enumerable sets of natural numbers; moreover,systems with only two membranes suÆ
e. In fa
t, we do not need 
ooperatingrules, but we only use 
atalysts, spe
i�ed obje
ts whi
h are present in the rulesbut are not modi�ed by the rule appli
ation. One 
atalyst suÆ
es.A variant is also 
onsidered, with the obje
ts being strings over a given al-phabet. The evolution rules are now based on string transformations. Weinvestigate the 
ase when either the rewriting operation from Chomsky gram-mars (with respe
t to 
ontext-free produ
tions) or the spli
ing operation fromH systems investigated in the DNA 
omputing is used. In both 
ases, 
hara
-terizations of re
ursively enumerable languages are obtained by very simple Psystems: with three membranes in the rewriting 
ase and four in the spli
ing
ase.Several open problems and dire
tions for further resear
h are formulated.KEYWORDS: Membrane stru
ture, P system, Re
ursively enumerable set, Matrixgrammar, Spli
ing, Natural Computing 1



1 Introdu
tionThe present paper 
an be 
onsidered as a 
ontribution to what is 
alled in the last yearswith the generi
 name of Natural Computing, a �eld of resear
h whi
h tries to imitate na-ture in the way it \
omputes", learning new 
omputing models and 
omputing paradigmsexperimented for billions of years by nature and implementing them in 
omputations donein vitro (or, in many 
ases, in info, in symboli
 terms only, maybe implemented in sili-
on media). Neural networks, Geneti
 algorithms, and DNA Computing are three areasof Natural Computing already well established (in the �rst two 
ases also with provedpra
ti
al usefulness).However, nature 
omputes not only at the neural or geneti
 level, but also at the
ellular level. More generally, any non-trivial biologi
al system is a hierar
hi
al 
onstru
twhere an intri
ate 
ow of materials and information takes pla
e and whi
h 
an be inter-preted as a 
omputing pro
ess.At a more spe
i�
 level with respe
t to the 
omputing models we are going to de�ne,important to us is the fa
t that the parts of a biologi
al system are well delimited by vari-ous types of membranes, in the broad sense of the term, starting from the 
ell membrane,going to the skin of organisms, and ending with more or less virtual \membranes" whi
hdelimit, for instan
e, parts of an e
osystem. In very pra
ti
al terms, in biology and 
hem-istry one knows membranes whi
h keep together 
ertain 
hemi
als and leave to pass other
hemi
als, in a sele
tive manner, sometimes only in one dire
tion. Membranes delimitingsubsystems of a symbol manipulating system are also 
onsidered in the logi
al frameworkto the so-
alled metaboli
 systems, as de�ned in [19℄, or in the so-
alled 
hemi
al abstra
tma
hine, introdu
ed in [4℄.Another in
entive of our work 
omes from distributed 
omputing, where again ratherdi�erent but well delimited 
omputing units 
oexist and are hierar
hi
ally arranged in
omplex systems. From single small pro
essors to the world wide web there is a long wayand in all its 
omponents we 
an see aspe
ts as mentioned above. The grammar systemstheory mirrors in mathemati
al terms su
h distributed symbol pro
essing systems (see,e.g, [7℄ and, for re
ent developments, [25℄), and will have some resemblan
e with (someof) the 
omputing models we 
onsider here.Starting from these observations, we �rst 
onsider the notion of a membrane stru
-ture, as a mathemati
al 
ounterpart of hierar
hi
al ar
hite
tures 
omposed of membranesre
urrently distinguished in a given main membrane. We will represent su
h a stru
tureas a Venn diagram, with all the 
onsidered sets being subsets of a unique set and notallowed to be interse
ted (two sets are either one the subset of the other, or disjoint).The next step is to 
onsider the notion of a super-
ell, whi
h is nothing else than amembrane stru
ture with 
ertain obje
ts pla
ed in the regions delimited by the membranes.The obje
ts are identi�ed by their \names" (mathemati
ally, by symbols from a givenalphabet). Be
ause several 
opies of the same obje
t 
an appear in the same region, wework with multisets, sets with multipli
ities asso
iated to their elements.If the obje
ts of a super-
ell are able to evolve, then we obtain a 
omputing devi
e.We 
all it a P system. 2



Thus, a P system is a membrane stru
ture with obje
ts in its membranes, with spe
i�edevolution rules for obje
ts, and with given input-output pres
riptions. Any obje
t, aloneor together with one more obje
t, evolves, 
an be transformed in other obje
ts, 
an passthrough one membrane, and 
an dissolve the membrane in whi
h it is pla
ed. All obje
tsevolve at the same time, in parallel; in turn, all membranes are a
tive in parallel. Theevolution rules are hierar
hized by a priority relation, given in the form of a partial orderrelation; always, the rule with the highest priority among the appli
able rules is a
tuallyapplied. If the obje
ts evolve alone, then the system is said to be non-
ooperative; if thereare rules whi
h spe
ify the evolution of several obje
ts at the same time, then the systemis 
ooperative; an intermediate 
ase is that where there are 
ertain obje
ts (we 
all them
atalysts), spe
i�ed in advan
e, whi
h do not evolve alone, but appear together with otherobje
ts in evolution rules and they are not modi�ed by the use of the rules.The systems of this basi
 type are 
alled transition P systems, in order to distinguishthis variant from other variants 
onsidered later.It is somewhat surprising that with only these simple ingredients (and with designatedinput and output membranes), the 
ooperating P systems and the systems with 
atalystshave 
omputational 
ompleteness, they 
an 
hara
terize the re
ursively enumerable setsof natural numbers. Moreover, very simple membrane stru
tures are enough: two mem-branes suÆ
e. The input and the output of a 
omputation are 
odi�ed in the number ofobje
ts pla
ed in 
ertain input and output membranes, respe
tively.An attra
tive feature of P systems is their intrinsi
 parallelism. All obje
ts havinga

ess to a rule should use that rule (with the restri
tion imposed by the priority relation).Moreover, all membranes work in parallel. The e�e
t of this two level parallelism on the
omplexity of 
omputations done by P systems is not yet 
lari�ed.The super-
ell stru
ture 
an be used as a support for a 
omputing devi
e based onany type of obje
ts and any type of evolving rules asso
iated with them. In the 
aseabove, the obje
ts were single symbols (�nitely many for ea
h 
on
rete system, takenfrom a denumerable alphabet). We 
an also take strings as obje
ts. In this way, we
an use an in�nite set of obje
ts, whi
h 
an evolve in many ways, de�ned by stringpro
essing rules: rewriting, point mutations, insertion and deletion, and so on and so forth.We 
onsider here only two 
ases, when the strings evolve by rewriting (using 
ontext-free rules) and by spli
ing, the operation de�ned in [15℄ as a model of the re
ombinantbehavior of DNA mole
ules under the in
uen
e of restri
tion enzymes. It is known thatthe spli
ing operation is powerful { see [22℄. This observation is 
on�rmed here: P systemsbased on spli
ing 
hara
terize the family of re
ursively enumerable languages. Moreover,very simple systems are enough: we need only four membranes, arranged in a two levelstru
ture. Spli
ing P systems with two membranes 
an generate non-regular languages,while three membranes are suÆ
ient to generate non-
ontext-free languages.A 
hara
terization of re
ursively enumerable languages is also obtained in the 
ase of Psystems based on rewriting. The proof uses the 
hara
terization of re
ursively enumerablelanguages by means of matrix grammars with appearan
e 
he
king. This time, the numberof used membranes is still smaller than in the 
ase of spli
ing: three.We have mentioned that the membrane stru
ture used in our systems is of the same3



type as that used in the 
hemi
al abstra
t ma
hine of [4℄, while the basi
 idea of evolutionrules as multisets transformations also appears in the so-
alled �-systems introdu
ed in[3℄. However, here we use further ingredients: dissolving a membrane, spe
ifying a targetfor an obje
t produ
ed by an evolution rule, priorities, input and output membranes.Moreover, the way of using the 
onsidered systems is totally di�erent here from thementioned papers: a P system is here a 
omputing devi
e; we are not looking (only) fora 
orre
t development of the pro
ess, we are interested in the relation between an inputand an output. In some sense, our approa
h is mu
h more 
lassi
, it pertains to NaturalComputing approa
hed in automata and formal grammars theory style. This both makespossible 
onsidering our devi
es as 
omputing ma
hineries, not only pro
ess models, andne
essary to 
ompare their power to the known hierar
hies of languages, su
h as Chomskyhierar
hy and Lindenmayer hierar
hy.2 Some General PrerequisitesWe here spe
ify a few elementary notions and notations whi
h will be useful in the sub-sequent se
tions.We denote by N the set of natural numbers.Let U be an arbitrary set. A multiset (over U) is a mapping M : U �! N; M(a),for a 2 U , is the multipli
ity of a in the multiset M. We indi
ate this fa
t also in theform (a;M(a)). (Of 
ourse, the multipli
ity of ea
h obje
t with respe
t to any multisetis �nite.) The support of a multiset M is the set supp(M) = fa 2 U j M(a) > 0g. Amultiset M is empty when its support is empty (it is then denoted by ;).Let M1;M2 : U �! N be two multisets. We say that M1 is in
luded in M2 i�M1(a) �M2(a), for all a 2 U . The union ofM1 andM2 is the multisetM1[M2 : U �! Nde�ned by (M1 [M2)(a) =M1(a) +M2(a), for all a 2 U . The di�eren
e M1�M2 is herede�ned only when M2 is in
luded in M1 and it is the multiset M1 �M2 : U �! N givenby (M1 �M2)(a) = M1(a)�M2(a), for all a 2 U .A multisetM of �nite support, f(a1;M(a1)); (a2;M(a2)); : : : ; (an;M(an))g, 
an be alsorepresented by a string: aM(a1)1 aM(a2)2 : : : aM(an)n and all permutations of this string pre
iselyidentify the obje
ts in the support of M and their multipli
ities. We will frequently usebelow this more 
ompa
t representation of multisets of a �nite support.An alphabet is a �nite nonempty set of abstra
t symbols. Given an alphabet V , wedenote by V � the sets of all �nite strings of elements in V , in
luding the empty string,�. (Thus, V � is the free monoid generated by V with the operation of 
on
atenation andthe identity �.) The length of a string x 2 V � is denoted by jxj, and jxja is the numberof o

urren
es in x of a 2 V . A set of strings (over an alphabet V ) is 
alled a language(over V ). Clearly, every string x 2 V � des
ribes a multiset over V , denoted by m(x) andde�ned by m(x) = f(a; jxja) j a 2 V g.For elements of formal language theory we will use here we refer to [34℄. Details aboutL systems, regulated rewriting, grammar systems, and DNA 
omputing 
an be found in[33℄, [11℄, [7℄, and [22℄, respe
tively. Some notions and notations whi
h will be used only4



lo
ally will be introdu
ed when ne
essary.3 Membrane Stru
turesWe now introdu
e the basi
 stru
tural ingredient of the 
omputing devi
es we will de�nelater: membrane stru
tures.Let us 
onsider �rst the language MS over the alphabet f[; ℄g, whose strings arere
urrently de�ned as follows:1. [ ℄ 2MS;2. if �1; : : : ; �n 2MS; n � 1, then [�1 : : : �n℄ 2MS;3. nothing else is in MS.Consider now the following relation over the elements of MS: x � y if and only ifwe 
an write the two strings in the form x = �1�2�3�4, y = �1�3�2�4, for �1�4 2 MSand �2; �3 2 MS (two pairs of parentheses pla
ed at the same level and neighboringare inter
hanged, together with their 
ontents). We also denote by � the re
exive andtransitive 
losure of the relation �. This is 
learly an equivalen
e relation. We denote byMS the set of equivalen
e 
lasses of MS with respe
t to this relation. The elements ofMS are 
alled membrane stru
tures.Ea
h mat
hing pair of parentheses [, ℄ appearing in a membrane stru
ture is 
alled amembrane. The number of membranes in a membrane stru
ture � is 
alled the degree of� and denoted by deg(�). The external membrane of a membrane stru
ture � is 
alledthe skin membrane of �. A membrane whi
h appears in � 2MS in the form [ ℄ (no othermembrane appears inside the two parentheses) is 
alled an elementary membrane.The depth of a membrane stru
ture �, denoted by dep(�), is de�ned re
urrently asfollows:1. if � = [ ℄, then dep(�) = 1;2. if x = [�1 : : : �n℄, for some �1; : : : ; �n 2MS,then dep(�) = maxfdep(�i) j 1 � i � ng+ 1:A membrane stru
ture 
an be represented in a natural way as a Venn diagram. Thismakes 
lear the fa
t that the order of neighboring membrane stru
tures pla
ed at thesame level in a larger membrane stru
ture is irrelevant; what matters is the topologi
alstru
ture, the relationships between membranes. In the subsequent se
tions we will makean extensive use of su
h a representation.The Venn representation of a membrane stru
ture � also makes 
lear the notion ofa region in �: any 
losed spa
e delimited by membranes is 
alled a region of �. It is
lear that a membrane stru
ture of degree n 
ontains n regions, one asso
iated with ea
hmembrane. 5



4 Super-
ellsWe now make one more step towards the de�nition of a 
omputing devi
e, by addingobje
ts to a membrane stru
ture.Let U be a denumerable set whose elements are 
alled obje
ts.Consider a membrane stru
ture � of degree n; n � 1, with the membranes labeled ina one-to-one manner, for instan
e, with the numbers from 1 to n. In this way, also theregions of � are identi�ed by the numbers from 1 to n. If a multiset Mi : U �! N isasso
iated with ea
h region i of �, 1 � i � n, then we say that we have a super-
ell.Any multiset Mi mentioned above 
an be empty. In parti
ular, all of them 
an beempty, that is, any membrane stru
ture is a super-
ell. On the other hand, ea
h individualobje
t 
an appear in several regions, in several 
opies in ea
h of them.Several notions de�ned for membrane stru
tures are extended in the natural way tosuper-
ells: degree, depth, region, et
.The multiset 
orresponding to a region of a super-
ell (in parti
ular, it 
an be anelementary membrane) is 
alled the 
ontents of it. The total multipli
ities of the elementsin an elementary membrane m (the sum of their multipli
ities) is 
alled the size of m andis denoted by size(m).If a membrane m0 is pla
ed in a membrane m su
h that m and m0 
ontribute todelimiting the same region (namely, the region asso
iated with m), then all obje
ts pla
edin the region asso
iated with m are said to be adja
ent to membrane m0 (so, they areimmediately \outside" membrane m0 and \inside" membrane m).A super-
ell 
an be des
ribed by a Venn diagram where both the membranes and theobje
ts are represented (in the 
ase of the obje
ts, taking 
are of multipli
ities).Many further notions 
an be de�ned and investigated for super-
ells as a goal per se.We do not step here into this dire
tion, but we only mention that several operations withsuper-
ells are natural: merge (putting together two or more super-
ells in a new super-
ell), dissolve a given membrane (but not the skin, be
ause it de�nes the super-
ell itself),substitute an elementary membrane with a given super-
ell, separate membranes and/orobje
ts of a super-
ell, a

ording to given 
riteria and produ
ing two or more super-
ells,et
. Su
h operations remind to us some of the operations with test tubes used in [1℄,[2℄, [17℄; those \test tube stru
tures" 
an be 
onsidered super-
ells of depth two, with allobje
ts { DNA mole
ules mainly { pla
ed in the elementary membranes, the test tubes.5 Transition P SystemsWe now introdu
e the main subje
t of our investigation, a 
omputing me
hanism essen-tially designed as a distributed parallel ma
hinery, having as the underlying stru
ture asuper-
ell. The basi
 additional feature is the possibility of obje
ts to evolve, a

ordingto 
ertain rules. Another feature refers to the de�nition of the input and the output of a
omputation. 6



A transition P system of degree n; n � 1, is a 
onstru
t� = (V; �; w1; : : : ; wn; (R1; �1); : : : ; (Rn; �n); i0);where:(i) V is an alphabet; its elements are 
alled obje
ts;(ii) � is a membrane stru
ture of degree n, with the membranes and the regions labeledin a one-to-one manner with elements in a given set �; in this se
tion we always usethe labels 1; 2; : : : ; n;(iii) wi; 1 � i � n; are strings from V � representing multisets over V asso
iated with theregions 1; 2; : : : ; n of �;(iv) Ri; 1 � i � n, are �nite sets of evolution rules over V asso
iated with the regions1; 2; : : : ; n of �; �i is a partial order relation over Ri, 1 � i � n, spe
ifying a priorityrelation among rules of Ri.An evolution rule is a pair (u; v), whi
h we will usually write in the form u ! v,where u is a string over V and v = v0 or v = v0Æ, where v0 is a string over(V � fhere; outg) [ (V � finj j 1 � j � ng);and Æ is a spe
ial symbol not in V . The length of u is 
alled the radius of the ruleu! v.(v) i0 is a number between 1 and n whi
h spe
i�es the output membrane of �.Of 
ourse, any of the multisets m(w1); : : : ; m(wn) 
an be empty (that is, any wi 
anbe equal to �) and the same is valid for the sets R1; : : : ; Rn and their asso
iated priorityrelations �i.The 
omponents � and w1; : : : ; wn of a P system de�ne a super-
ell. Gra�
ally, wewill represent a P system by representing its underlying super-
ell, and also adding therules to ea
h region, together with the 
orresponding priority relation. In this way, we
an have a 
omplete pi
ture of a P system, mu
h easier to understand than a symboli
des
ription.The 
omponents �; w1; : : : ; wn; (R1; �1); : : : ; (Rn; �n) 
onstitute the initial 
on�gura-tion of �. In general, any sequen
e �0; w0i1 ; : : : ; w0ik ; (Ri1 ; �i1); : : : ; (Rik ; �ik), with �0 amembrane stru
ture obtained by removing from � all membranes di�erent from i1; : : : ; ik(of 
ourse, the skin membrane is not removed), with m(w0j) multisets over V , 1 � j � k,and fi1; : : : ; ikg � f1; 2; : : : ; ng, is 
alled a 
on�guration of �.It should be noted the important detail that the membranes preserve the initial labelingin all subsequent 
on�gurations; in this way, the 
orresponden
e between membranes,multisets of obje
ts, and sets of evolution rules is well spe
i�ed by the subs
ripts of theseelements. 7



A more 
ompa
t and easy to read writing of a 
on�guration, avoiding the use ofsubs
ripts for multisets and sets above is that where the obje
ts of the multisets arewritten (using multisets or in the form of a string) dire
tly in the region to whi
h theybelong, and, similarly, the rules are written in the region where they 
an a
t. This is ina good 
orresponden
e with the graphi
al representation of a transition P system and wewill use it espe
ially for 
on�gurations where many 
omponents are empty.For two 
on�gurationsC1 = (�0; w0i1; : : : ; w0ik ; (Ri1; �i1); : : : ; (Rik ; �ik));C2 = (�00; w00j1; : : : ; w00jl; (Rj1; �j1); : : : ; (Rjl; �jl))of � we write C1 =) C2, and we say that we have a transition from C1 to C2, if we 
anpass from C1 to C2 by using the evolution rules appearing in Ri1 ; : : : ; Rik in the followingmanner (rather than a 
ompletely 
umbersome formal de�nition we prefer an informalone, explained by examples).Consider a rule u ! v in a set Rit . We look to the region of �0 asso
iated with themembrane it. If the obje
ts mentioned by u, with the multipli
ities spe
i�ed by u, appearin w0it (that is, the multiset identi�ed by u is in
luded in m(w0it)), then these obje
ts 
anevolve a

ording to the rule u! v. The rule 
an be used only if no rule of a higher priorityexists in Rit and 
an be applied at the same time with u ! v. More pre
isely, we startto examine the rules in the de
reasing order of their priority and assign obje
ts to them.A rule 
an be used only when there are 
opies of the obje
ts whose evolution it des
ribesand whi
h were not \
onsumed" by rules of a higher priority and, moreover, there is norule of a higher priority, irrespe
tive whi
h obje
ts it involves, whi
h is appli
able at thesame step. Therefore, all obje
ts to whi
h a rule 
an be applied must be the subje
t ofa rule appli
ation. All obje
ts in u are \
onsumed" by using the rule u! v, that is, themultiset identi�ed by u is subtra
ted from m(w0it).The result of using the rule is determined by v. If an obje
t appears in v in a pair(a; here), then it will remain in the same region it. (Often, when spe
ifying rules, pairs(a; here) are simply written a, the indi
ation \here" is omitted.) If an obje
t appears inv in a pair (a; out), then a will exit the membrane it and will be
ome an element of theregion immediately outside it (thus, it will be adja
ent to the membrane it from whi
h itwas expelled). In this way, it is possible that an obje
t leaves the super-
ell itself: if itgoes outside the skin of the system, then it never 
omes ba
k. If an obje
t appears in apair (a; inq), then a will be added to the multiset m(w0q), providing that a is adja
ent tothe membrane q. If (a; inq) appears in v and the membrane q is not one of the membranesdelimiting \from below" the region it, then the appli
ation of the rule is not allowed.If the symbol Æ appears in v, then the membrane it is removed (we say dissolved) andat the same time the set of rules Rit (and its asso
iated priority relation) is removed.The multiset m(w0it) is added (in the sense of multisets union) to the multiset asso
iatedwith the region whi
h was immediately external to the membrane it. We do not allowthe dissolving of the skin, be
ause this means that the super-
ell is lost, we do no longerhave a 
orre
t 
on�guration of the system. 8



All these operations are done in parallel, for all possible appli
able rules u ! v, forall o

urren
es of multisets u in the region asso
iated with the rules, for all regions atthe same time. No 
ontradi
tion appears be
ause of multiple membrane dissolving, orbe
ause simultaneous appearan
e of symbols of the form (a; out) and Æ. If at the samestep we have (a; ini) outside a membrane i and Æ inside this membrane, then, be
auseof the simultaneity of performing these operations, again no 
ontradi
tion appears: weassume that a is introdu
ed in membrane i at the same time when it is dissolved, thus awill remain in the region pla
ed outside membrane i; that is, from the point of view of a,the e�e
t of (a; ini); Æ is (a; here):If there are rules in a P system � with the radius at least two, then the system is saidto be 
ooperative; in the opposite 
ase, it is 
alled non-
ooperative. A system is said to be
atalyti
 if there are 
ertain obje
ts 
1; : : : ; 
n spe
i�ed in advan
e, 
alled 
atalysts, su
hthat the rules of the system are either of the form a! v, or of the form 
ia! 
iv, where ais a non-
atalyst obje
t and v 
ontains no 
atalyst. (So, the only 
ooperative rules involve
atalysts, whi
h are reprodu
ed by the rule appli
ation, and left in the same pla
e. Thereare no rules for the separate evolution of 
atalysts.) A transition P system with 
atalystsis given in the form � = (V; C; �; w1; : : : ; wn; (R1; �1); : : : ; (Rn; �n); i0), where C � V isthe set of 
atalysts. A system is said to be propagating if there is no rule whi
h diminishesthe number of obje
ts in the system (note that this 
an be done by \erasing" rules, thatis, rules of the form a! �, but also by sending obje
ts out of the skin membrane).Remark 1. Several observations are here in order with respe
t to the relationships be-tween the ingredients of our model and the bio
hemi
al reality whi
h they remind. First,it should be 
lear that our goal is not to model a real 
ell, but to propose a (theoreti
al)
omputing model inspired by a 
ell-stru
ture. Se
ond, the membranes we 
onsider hereare abstra
t items having two fun
tions: they are separators of obje
ts and 
hannels of
ommuni
ation. Any kind of an a
tual or virtual membrane 
an play these two roles, thatis, the notion of a membrane has here a mathemati
al meaning (similar to [4℄, [19℄), notne
essarily a bio
hemi
al meaning. Moreover, our membranes are passive 
omponents ofa P system, in 
ontrast to the a
tual bio-membranes. The latter are, in general, bilayeredlipidi
 stru
tures, leaving 
ertain 
hemi
al 
ompounds to pass through them by 
on
en-tration/gradient reasons, be
ause of ele
tri
al polarization, or, mu
h more sele
tively, via
ertain proteine 
hannels. This last way of using a membrane for 
ommuni
ating is some-what related to the 
ommuni
ation by means of 
ommands of the form (a; inj). The realmembranes 
an be dissolved, but they 
an also be inhibited, made opaque to any kind of
ommuni
ation. We will not use here this latter possibility. 2Remark 2. The mode of evolving of obje
ts in a P system provided with evolutionrules as des
ribed above 
an be interpreted in the following { idealized { bio
hemi
al way.We have a 
ell, delimited by a skin (the 
ell membrane). Inside, there are 
ell-organs andfree mole
ules, organized hierar
hi
ally. The mole
ules and the organs 
oat randomlyin the \
ytoplasmi
 liquid" of ea
h membrane. Under spe
i�
 
onditions, the mole
ulesevolve, alone or with the help of 
ertain 
atalysts; these, of 
ourse, are not modi�ed bythe rea
tions (the evolution rules en
ode 
hemi
al rea
tions among the obje
ts whi
h9



evolve together). This is done in parallel, syn
hronously for all mole
ules (a universal
lo
k is assumed to exist; we will see in the proofs from Se
tions 7, 8, 9 that this ratherrestri
tive assumption of the existen
e of a universal 
lo
k is not essential in what 
on
ernsthe power of P systems of the forms 
onsidered in this paper). The new mole
ules 
anremain in the same region where they have appeared, or 
an pass through the membranesdelimiting this spa
e, sele
tively. Some rea
tions not only modify mole
ules, but also breakmembranes. (We may imagine that 
ertain 
hemi
als are produ
ed whi
h break/dissolvethe membrane.) When a membrane is broken, the mole
ules previously pla
ed inside itwill remain free in the larger spa
e newly 
reated, but the evolution rules of the formermembrane are lost. The assumption is that the rea
tion 
onditions from the previousmembrane are modi�ed by the disparition of the membrane and in the newly 
reatedspa
e only the rules spe
i�
 to this spa
e 
an a
t. Of 
ourse, when the external membraneis broken, then the 
ell 
eases to exist, its parts fall apart. 2Remark 3. A spe
ial dis
ussion deserves the way of de�ning and of using the priorityrelation. Be
ause ea
h rule 
orresponds to a 
hemi
al rea
tion, the priority 
orrespondsto the probability that a rea
tion takes pla
e (some input 
hemi
als 
an be more a
tivethan others). However, we have interpreted the priority in a strong sense: if a rule with ahigher priority is used, then no rule of a lower priority 
an be used, even if the two rulesdo not 
ompete for obje
ts (if a ! b > 
 ! d and both a and 
 are available, then onlythe �rst rule is used, although it has nothing to do with obje
t 
). This interpretation
orresponds to the way of using priorities in ordered grammars in the regulated rewritingarea (see [11℄), but also has a bio
hemi
al meaning: imagine that ea
h rule \
onsumes"not only obje
ts, but also energy (or other 
ommon raw material); if a rule of a higherpriority is used, then no energy remains available for rules of a lower priority.Of 
ourse, also the weak interpretation of the priority is of interest: a rule is usedalways when obje
ts exist whi
h were not used by a rule of a higher priority. We do notinvestigate here this variant. 2The following example will (hopefully) 
larify the de�nition of a transition in a (
o-operative) P system.Consider the system of degree 4:� = (V; �; w1; : : : ; w4; (R1; �1); : : : ; (R4; �4); 4);V = fa; b; 
; dg;� = [1[2[3 ℄3℄2[4 ℄4℄1;w1 = aa
;w2 = a;w3 = 
d;w4 = �;R1 = fr1 : 
! (
; in4); r2 : 
! (b; in4); r3 : a! (a; in2)b; dd! (a; in4)g;�1 = fr1 > r3; r2 > r3g;R2 = fa! (a; in3); a
! Æg; 10



�2 = ;;R3 = fa! Æg;�3 = ;;R4 = f
! (d; out); b! bg;�4 = ;:(For the sake of simpli
ity, we have labeled only the rules whi
h appear in the priorityrelation.)The system and the 
on�gurations obtained after two possible transitions are repre-sented in Figure 1.

Figure 1. An example of transitions in a P system.
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Step 2
Step 1
Step 0

In the initial 
on�guration we 
an apply a rule in membrane 1 and one in membrane2. If in membrane 1 we use the rule 
 ! (b; in4), then the 
omputation will never halt:the rule b ! b 
an be applied forever in membrane 4. Thus, we will not use the rule11




! (b; in4), but the rule 
! (
; in4). Be
ause both these rules 
an be applied and theyhave priority over the rule a! (a; in2)b, this latter rule 
annot be used. Thus, a symbol
 is sent from membrane 1 to membrane 4 and at the same time a symbol a is sent frommembrane 2 to membrane 3. We get the se
ond 
on�guration from Figure 1.Now, no 
-rule in membrane 1 
an be applied, hen
e the rule a ! (a; in2)b 
an beused. It has to be used for both 
opies of a in membrane 1, hen
e two 
opies of a willbe sent to membrane 2 and two 
opies of b will remain in membrane 1. At the sametime, the rule a! Æ will be used in membrane 3, dissolving it, and the rule 
! (d; out)will be used in membrane 4, sending a 
opy of d to membrane 1. As a result of theseoperations, membrane 1 will 
ontain the multiset (we write it as a string) bbd, membrane2 will 
ontain aa
d, while membrane 4 is empty; membrane 3 does no longer exist (hen
ethe rule a! (a; in3) in membrane 2 is useless from now on).Two more transitions 
an be performed. First, the rule a
 ! Æ 
an be used inmembrane 2, dissolving it and releasing the remaining obje
ts ad. Thus, membrane 1will 
ontain the multiset abbdd, whi
h makes possible for the �rst time the use of the ruledd ! (a; in4) from membrane 1. It 
onsumes the two 
opies of d and sends a 
opy of ato membrane 4. At the same time, the rule a! (a; in2)b sends a 
opy of a to membrane2. No further rule 
an be applied, the \life" of the system stops here. 2The 
omputing 
avour of su
h a game is obvious: we start from an initial 
on�gurationof our system provided with evolution rules and we get a sequen
e of transitions.A sequen
e of transitions in a P system �, starting from the initial 
on�guration C0,is 
alled a 
omputation with respe
t to �.A 
omputation C0 =) C1 =) : : : =) Cm; m � 0, is su

essful if and only if ea
h ofthe following two assertions are true:1. There is no rule in Cm whi
h 
an be applied to the obje
ts present in Cm.2. The membrane i0 appears in Cm, namely, as an elementary membrane of it.Reversing these statements, a 
omputation as above is unsu

essful in ea
h of thefollowing two 
ases:{ It 
an 
ontinue, that is, there exists a 
on�guration Cm+1 su
h that Cm =) Cm+1.Note that it is not ne
essary to have Cm 6= Cm+1.{ No rule 
an be applied, but either there is no membrane labeled with i0 (it has beendissolved by a symbol Æ), or there is su
h a membrane, but it is not an elementarymembrane in Cm.In this way, a P system � 
an be seen as a devi
e whi
h generates multisets: startfrom the initial 
on�guration of � and let the system evolve. If a su

essful 
omputationis found, then we say that the multiset 
ontained by the membrane labeled with i0 isgenerated by �.We 
an also 
onsider the P systems as devi
es whi
h generate numbers: work asabove and say that the size of the membrane i0 (remember that the size is the sum of12



multipli
ities of obje
ts in a membrane) is the generated number. In what follows, we
onsider this latter possibility. We denote by N(�) the set of natural numbers generatedby � in the previous sense.A generalization is to use a P system � for generating relations. For instan
e, we 
anspe
ify in advan
e 
ertain obje
ts ai1 ; : : : ; aik ; if at the end of a su

essful 
omputationthe output membrane 
ontains n1; : : : ; nk o

urren
es of obje
ts ai1 ; : : : ; aik , respe
tively,then we say that (n1; : : : ; nk) belongs to the relation generated by �.It is also possible to interpret a P system � as a devi
e re
ognizing a multiset (thatinitially pla
ed in a distinguished elementary inputmembrane), or a number (the size of aninput elementary membrane), or a relation (the number of o

urren
es of 
ertain obje
tspla
ed in a spe
i�ed input membrane), or even as a devi
e 
omputing a partial mappingfrom natural numbers to sets of natural numbers (give a number as an input, 
odi�edin the size of a distinguished elementary membrane, and 
olle
t all numbers obtained asoutputs at the end of su

essful 
omputations { if any). We will exemplify some of thesepossibilities in the next se
tion.6 ExamplesBefore going to investigate the power of P systems, we will examine two examples. Theiraim is to further illustrate the way a P system works, as well as to give some hints tothe power and the versatility of P systems. We are not 
on
erned with the eÆ
ien
y ofthe 
onsidered systems (in parti
ular, with making use of the inherent parallelism of a Psystem for eÆ
iently 
omputing or solving problems).Example 1. Consider the P system of degree 4�1 = (V; �; w1; : : : ; w4; (R1; �1); : : : ; (R4; �4); 4);V = fa; b; b0; 
; fg;� = [1[2[3 ℄3[4 ℄4℄2℄1;w1 = �; R1 = ;; �1 = ;;w2 = �; R2 = fb0 ! b; b! b(
; in4); r1 : ff ! af; r2 : f ! aÆg;�2 = fr1 > r2g;w3 = af; R3 = fa! ab0; a! b0Æ; f ! ffg; �3 = ;;w4 = ;; R4 = ;; �4 = ;:The system is presented in Figure 2.No obje
t is free in membrane 2, hen
e no rule 
an be applied here. The only possibilityis to start in membrane 3, using the free obje
ts a; f , present in one 
opy ea
h. Usingthe rules a ! ab0; f ! ff , in parallel for all o

urren
es of a and f 
urrently available,after n steps, n � 0, we get n o

urren
es of b0 and 2n o

urren
es of f . In any moment,instead of a! ab0 we 
an use a! b0Æ (note that we always have only one 
opy of a). Inthat moment we have n + 1 o

urren
es of b0 and 2n+1 o

urren
es of f and we dissolve13



membrane 3. The obtained 
on�guration is[1[2b0n+1f 2n+1; b0 ! b; b! b(
; in4); r1 : ff ! af; r2 : f ! aÆ; r1 > r2; [4 ℄4℄2℄1:(We have used again the more 
ompa
t string notation, �i, instead of the multiset notation(�; i).)

Figure 2. A P system generating n2; n � 1.
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afa! ab0a! b0Æf ! ffb0 ! bb! b(
; in4)(ff ! af) > (f ! aÆ)
The rules of the former a
tive membrane 3 are lost, the rules of membrane 2 are nowa
tive. Due to the priority relation, we have to use the rule ff ! af as mu
h as possible.In one step, we pass from b0n+1 to bn+1, while the number of f o

urren
es is dividedby two. In the next step, from bn+1, n + 1 o

urren
es of 
 are introdu
ed in membrane4 (ea
h o

urren
e of the symbol b introdu
es one o

urren
e of 
). At the same time,the number of f o

urren
es is divided again by two. We 
an 
ontinue. At ea
h step,further n+ 1 o

urren
es of 
 are introdu
ed in the output membrane. This 
an be donen + 1 steps: n times when the rule ff ! af is used (thus diminishing the number of fo

urren
es to one), and one when using the rule f ! aÆ (it may now be used). In thismoment, membrane 2 is dissolved, whi
h entails the fa
t that its rules are removed. Nofurther step is possible. The obtained 
on�guration is[1a2n+1bn+1; [4
(n+1)2 ℄4℄1:Consequently, N(�) = fm2 j m � 1g:If we omit membrane 4 (then the rule b ! b(
; in4) is repla
ed by b ! b
) and 
onsidermembrane 1 as the output membrane, then we 
an generate the set of numbers f2n +n2 + n j n � 1g (all obje
ts ever used 
ontribute to the output). Furthermore, if we14



also distinguish the o

urren
es of b from those of 
, then we generate the relation � =f(n;m) j n is the square root of mg.Note that the P system �1 is propagating and it has only one 
ooperative rule.The previous P system is a generative one: it starts from a unique initial 
on�gurationand, be
ause of the nondeterministi
 evolution, it 
olle
ts in its output membrane di�erentvalues of n2; n � 1. A variant of interest 
ould be a P system just 
omputing n2 for agiven n. We leave to the reader the task of 
onstru
ting su
h a system.Example 2. Let us now 
onsider a P system whi
h has a de
idability task: weintrodu
e in the input 
on�guration two numbers, n and k, and ask whether or not nis a multiple of k. In the aÆrmative 
ase, we will �nish with one obje
t in the outputmembrane; in the negative 
ase we will have two obje
ts in the output membrane.The system is the following (of degree 3):�2 = (V; �; �; an
kd; a; (R1; ;); (R2; �2); (;; ;); 3);V = fa; 
; 
0; dg;� = [1[2 ℄2[3 ℄3℄1;R1 = fd

0 ! (a; in3)g;R2 = fr1 : a
! 
0; r2 : a
0 ! 
; r3 : d! dÆg;�2 = fr1 > r3; r2 > r3g:The stru
ture of �2 is better seen in Figure 3.

Figure 3. A P system de
iding whether k divides n.

'
&

$
%

'
&

$
%
�
�
�
�

1 2 3
d

0 ! (a; in3)

aan
kda
! 
0a
0 ! 
 > d! dÆ
In membrane 2 we subtra
t k from n, repeatedly (by the rules a
 ! 
0; a
0 ! 
: atea
h step, k 
opies of a disappear, while 
 is reprodu
ed, primed or not primed, alternatingthe priming from a step to another one).The rules a
! 
0; a
0 ! 
 have priority over the rule d! dÆ, therefore we 
an dissolvemembrane 2 only after exhausting the n o

urren
es of a. If n is a multiple of k { andonly in this 
ase { then we never have both o

urren
es of 
 and of 
0 simultaneously15



present in membrane 2 (or in membrane 1, after dissolving membrane 2). Therefore, therule d

0 ! (a; in3) is used in membrane 1 if and only if n is not a multiple of k.Note that this rule 
an be used at most on
e, be
ause we have only one o

urren
e ofd, and that the 
omputation stops after using the rule d

0 ! (a; in3).In 
on
lusion, the 
omputation always stops and the output membrane 
ontains twoobje
ts if and only if n is not a multiple of k (in the opposite 
ase, we have here only oneobje
t).The P systems 
onsidered above were 
ooperative systems and always the rules wereeither propagating or easy to modify in order to obtain propagating rules. We have in-sisted on the behavior of the P systems and not on their parallelism. This parallelismappears at two levels: the obje
ts in ea
h membrane evolve in parallel, while the mem-branes themselves evolve in parallel. The in
uen
e of the parallelism on the 
omplexityof 
omputing the output (in 
omparison with other 
omputing models) is one of the mainresear
h topi
s left open.7 The Power of Transition P SystemsThe transition P systems are 
omputationally 
omplete, systems of a simple stru
ture 
an
ompute all re
ursively enumerable sets of natural numbers. In the proof of this resultwe need the notion of a matrix grammar with appearan
e 
he
king.Su
h a grammar is a 
onstru
t G = (N; T; S;M; F ), where N; T are disjoint alphabets,S 2 N , M is a �nite set of sequen
es of the form (A1 ! x1; : : : ; An ! xn), n � 1, of
ontext-free rules over N [ T (with Ai 2 N; xi 2 (N [ T )�, in all 
ases), and F is a set ofo

urren
es of rules in M (we say that N is the nonterminal alphabet, T is the terminalalphabet, S is the axiom, while the elements of M are 
alled matri
es).For w; z 2 (N [ T )� we write w =) z if there is a matrix (A1 ! x1; : : : ; An ! xn) inM and the strings wi 2 (N [ T )�; 1 � i � n+ 1, su
h that w = w1; z = wn+1; and, for all1 � i � n, either wi = w0iAiw00i ; wi+1 = w0ixiw00i , for some w0i; w00i 2 (N [ T )�, or wi = wi+1;Ai does not appear in wi, and the rule Ai ! xi appears in F . (The rules of a matrix areapplied in order, possibly skipping the rules in F if they 
annot be applied; we say thatthese rules are applied in the appearan
e 
he
king mode.) If F = ;, then the grammar issaid to be without appearan
e 
he
king (and F is no longer mentioned).We denote by =)� the re
exive and transitive 
losure of the relation =). The lan-guage generated by G is de�ned by L(G) = fw 2 T � j S =)� wg: The family of languagesof this form is denoted by MATa
. When we use only grammars without appearan
e
he
king, then the obtained family is denoted by MAT .We denote by REG, CF, CS, RE the basi
 families in the Chomsky hierar
hy: of reg-ular, 
ontext-free, 
ontext-sensitive, and re
ursively enumerable languages, respe
tively.When dealing with numbers, RE denotes the family of re
ursively enumerable sets ofnatural numbers.It is known that CF � MAT � MATa
 = RE. Further details about matrix gram-mars 
an be found in [11℄ and in [34℄. 16



We also 
onsider here E0L systems, whi
h are 
onstru
ts of the form G = (V; T; w; P ),where V is an alphabet, T � V , w 2 V �, and P is a �nite set of 
ontext-free rules a! xover V ; for ea
h a 2 V there is at least one rule a! x in P (we say that P is 
omplete). Fory; z 2 V � we write y =) z i� y = ai1 : : : aik ; z = xi1 : : : xik , for aij ! xij 2 P; 1 � j � k.The language generated by G is L(G) = fz 2 T � j w =)� zg. We denote by E0L thefamily of these languages and by Ls(E0L) the family of length sets of E0L languages: thelength set of a language L � V � is the set Ls(L) = fjwj j w 2 Lg; E0L is an abbreviationfor \extended intera
tionless (zero-intera
tion) Lindenmayer".Let us denote by TPn(�; Æ) the family of sets N(�), of numbers 
omputed by transitionP systems of degree at most n; n � 1, of types � 2 fCoo, Cat, nCoog, where Coo standsfor \
ooperative", Cat for \
atalyti
", and nCoo for \non-
ooperative". The union of allfamilies TPn(�; Æ); n � 1, is denoted by TP (�; Æ). When the membrane dissolving a
tionis not used, then Æ is omitted.Theorem 1. The relations in the diagram in Figure 4 holds, where the arrows indi
atein
lusions whi
h are not ne
essarily proper.Proof. The in
lusions between TP families are obvious from the de�nitions. Thein
lusion TP (Coo; Æ) � RE 
an be proved in a straightforward manner (or we 
an invokethe Chur
h-Turing thesis). The in
lusions Ls(E0L) � TP1(nCoo) and RE � TP2(Cat)are proved in the following lemmas. 2Lemma 1. Ls(E0L) � TP1(nCoo):Proof. Consider an E0L system G = (V; T; w; P ). For ea
h symbol a 2 V we 
onsidera new symbol a0. Let V 0 be the set of these symbols and h the morphism de�ned byh(a) = a0, for a 2 V . Assume that P 
ontains m rules, pi : ai ! xi, 1 � i � m.We 
onstru
t the transition P system of degree 1� = (V [ V 0 [ fd; e; yg; [1 ℄1; d h(w); (R1; �1); 1);with the following rules:r1 : d! d;r2 : d! e,r0i : a0i ! h(xi); for i = 1; 2; : : : ; m,r3 : e! (e; out);ra : a0 ! a; for a 2 T ,r0a : a0 ! y, for a 2 V � T;r1 : y ! y; 17



and the priority relationsr1 > ra; r1 > r0a; r2 > ra; r2 > r0a; for all possible a;r3 > r0i; 1 � i � m:The system works as follows. To a multiset (represented here by a string) dh(z) we
an apply the rule r1 and nothing is 
hanged; this forbids the use of rules ra; r0a. As longas d is present, ea
h symbol a0 present in the 
urrent string should evolve by using a ruler0i asso
iated with the 
orresponding rule ri in P . In this way, we simulate the derivationsin G, using sentential forms 
omposed of primed symbols. At any moment we 
an usethe rule d! e. Be
ause r3 is now appli
able, no rule r0i 
an be used. However, the rulesra; r0a are now appli
able. If the obtained string is terminal with respe
t to G, then allprimed symbols are repla
ed by their non-primed versions and the 
omputation stops.If a symbol a0 is present, with a 2 V � T , then the trap-obje
t y is introdu
ed and the
omputation will 
ontinue forever.Consequently, Ls(L(G)) = N(�). 2

Figure 4. The hierar
hy of the TPn(�) families.Ls(E0L)TP1(nCoo)6PPPPPPPPPPPPPPPPPi
TP1(Cat)

QQQQQQQQQk
TP1(nCoo; Æ)ZZZZZ}����7JJJJ℄ TP1(Cat; Æ)TP1(Coo)




� JJJJJ℄TP1(Coo; Æ)
TP2(nCoo; Æ)66

6. . .TP (nCoo; Æ)66

QQQQQQQQQk 6TP2(nCoo)6
QQQQQQQQQk TP (nCoo)6. . .

= TP2(Cat; Æ) = TP (Cat; Æ) = TP2(Coo; Æ) = TP (Coo; Æ)RE = TP2(Cat) = TP (Cat) = TP2(Coo) = TP (Coo)
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Lemma 2. (The Computational Completeness Lemma for Transition P Systems)RE � TP2(Cat).Proof. Clearly, ea
h set Q � N 
an be identi�ed with the language L(Q) = fan jn 2 Qg and Q is re
ursively enumerable if and only if L(Q) is re
ursively enumerable.Take a matrix grammar with appearan
e 
he
king, G = (N; fag; S;M; F ) generating thelanguage L(Q), for a given re
ursively enumerable set Q of numbers.A

ording to Lemma 1.3.7 in [11℄, without loss of generality we may assume thatN = N1 [ N2 [ fS; yg, with these three sets mutually disjoint, and that the matri
es inM are of one of the following forms:1. (S ! XA); with X 2 N1; A 2 N2;2. (X ! Y;A! x); with X; Y 2 N1; A 2 N2; x 2 (N2 [ fag)�;3. (X ! Y;A! y); with X; Y 2 N1; A 2 N2,4. (X ! x1; A! x2), with X 2 N1; A 2 N2; and x1; x2 2 fag�:Moreover, there is only one matrix of type 1 and F 
onsists exa
tly of all rules A ! yappearing in matri
es of type 3. The symbol y is a trap-symbol; on
e introdu
ed, it isnever removed. A matrix of type 4 is used only on
e, at the last step of a derivation.Assume that all matri
es of forms 2, 3, 4 are labeled in a one-to-one manner, bym1; m2; : : : ; mk.We 
onstru
t the following transition P system with 
atalysts:� = (V; f
g; [1[2 ℄2℄1; w1; �; (R1; �1); (;; ;); 2);where w1 = XA
Z; for (S ! XA) the initial matrix in M;V = N1 [N2 [ f
;D; y; Zg [ fXi; X 0i; X 00i j X 2 N1; 1 � i � kg;and the set R1 
ontains the following rules (h is the morphism de�ned by h(�) = �; � 2N2, and h(a) = (a; in2)):1. X ! Xi, for all X 2 N1 and 1 � i � k.2. Xi ! Y 0, for mi : (X ! Y;A! x) a matrix of type 2 in M .3. 
A! 
 h(x)D, for mi : (X ! Y;A! x) a matrix of type 2 in M .4. 
D ! 
.5. 
Z ! 
y.6. y ! y. 19



7. Y 0 ! Y , for all Y 2 N1.8. 
Xi ! 
Y , for mi : (X ! Y;A! y) a matrix of type 3 in M .9. A! y, for all A 2 N2.10. Xi ! X 0i, for mi : (X ! x1; A! x2) a matrix of type 4 in M .11. 
A! 
 h(x2)D, for mi : (X ! x1; A! x2) a matrix of type 4 in M .12. X 0i ! X 00i , for mi : (X ! x1; A! x2) a matrix of type 4 in M .13. Z ! �.14. X 00i ! h(x1), for mi : (X ! x1; A! x2) a matrix of type 4 in M .The priorities are the following (at the same time, we give explanations on the work of�):{ ea
h rule of type 1 has priority over all rules of other types;(In the presen
e of a symbol from N1 no rule 
an be used, ex
epting a rule of type1, whi
h spe
i�es a matrix to be simulated by the subs
ript of the symbol X.){ ea
h rule Xi ! Y 0 of type 2 has priority over all rules of type 3 asso
iated withmatri
es mj with j 6= i, as well as over all rules of types 5, 9, 11, 13;(If a symbol Xi is present, identifying a matrix mi : (X ! Y;A ! x) of type 2from M , then the only rules whi
h 
an be applied are Xi ! Y 0, be
ause only Xiis present, and 
A! 
 h(x)D, be
ause all other rules are either of a lower prioritythan Xi ! Y 0, or do not have symbols to whi
h they 
an be applied; note thatalways we have exa
tly one o

urren
e of the 
atalyst, hen
e the rule 
A! 
 h(x)D
an be used at most on
e; by using this rule, one o

urren
e of the symbol D isintrodu
ed.){ the rule of type 4 has priority over the rule of type 5;(This is a very important point of the 
onstru
tion, making a full use of the 
atalyst:if there is no o

urren
e of D in the multiset, then the rule 
Z ! 
y may { andmust { be applied, introdu
ing the trap-obje
t y whi
h will evolve forever by the ruley ! y. Thus, at the same time with Xi ! Y 0 we have to use the 
orresponding rule
A ! 
 h(x)D, whi
h means that the use of the matrix mi is 
orre
tly simulated.Note that the rule 
Z ! 
y 
annot be used at the previous steps, be
ause of thepriority of Xi ! Y 0 over it.){ ea
h rule Y 0 ! Y of type 7, for Y 2 N1, has priority over all rules of types 3, 9, 11,13;(At the same time with the rule 
D ! 
, providing that D is present, we 
an usethe rule Y 0 ! Y ; no rule asso
iated with a rule appearing in the se
ond position ina matrix 
an be applied, the simulation of the matrix mi is 
ompleted.)20



{ ea
h rule 
Xi ! 
Y of type 8 has priority over all rules 
A ! 
 h(x)D asso
iatedwith matri
es of types 2 and 4, over all rules B ! y with B 2 N2 su
h that B 6= A,as well as over all rules of types 5, 11, 13;(When the symbol Xi points to a matrix mi of type 3, then the 
atalyst is \keptbusy" by the rule 
Xi ! 
Y , in order not to use the rule 
Z ! 
y; no rule forevolving a symbol from N2 
an be used, be
ause of the priority; if, however, thesymbol A from mi : (X ! Y;A ! y) appears in the 
urrent multiset, then the
orresponding rule of type 9 should be used and the trap-obje
t is introdu
ed. Inthis way, we simulate the use of this rule in the appearan
e 
he
king mode.){ ea
h rule Xi ! X 0i of type 10 has priority over all rules of type 3, of type 11asso
iated with matri
es mj with j 6= i, as well as over all rules of types 5, 9, 13;(When simulating the use of a matrix of type 4, at the last step of a derivation inG, we pro
eed as for matri
es of type 2, with the di�eren
e that at the end we havealso to introdu
e a terminal string instead of the \
ontrol symbol" X and also wehave to remove the primed su

essors of X.){ ea
h rule X 0i ! X 00i of type 12 has priority over all rules of types 3, 11, 13;(After introdu
ing Xi we repla
e it with X 0i and, at the same time, we use the
orresponding rule 
A! 
 h(x2)D. At the next step, we 
he
k whether or not D isintrodu
ed, that is, whether or not the simulation is 
orre
t. The symbol Z is stillpresent, but it is not used, be
ause of the priorities mentioned above. At the sametime, we 
he
k whether or not any nonterminal symbol from N2 is still present: therules A ! y are available and no other rule using symbols from N2 
an be used; ifany rule A! y 
an be applied, then it has to be applied.){ ea
h rule of type 14 has priority over 
Z ! 
y;(If a symbol X 00i is present, then this means that the 
omputation is �nished; werepla
e this symbol with the 
orresponding string h(x1) and we remove the \semi-trap" obje
t Z; the rule 
Z ! 
y 
annot be used.)From the previous explanations, it is easy to see that ea
h derivation in G 
an besimulated by a 
omputation in � and, 
onversely, ea
h 
omputation in � 
orresponds toa derivation in G. It is worth mentioning that this is possible be
ause we deal with a lan-guage over the one-letter alphabet, hen
e the order of symbols appearing in a sententialform of G is not important, only their presen
e matters (exa
tly as in a multiset). More-over, at ea
h moment when an o

urren
e of a is introdu
ed, it is introdu
ed dire
tly intothe output membrane. Nothing else 
an rea
h the output membrane. If the derivation isnot 
orre
tly simulated or it is not terminal, then at least a rule 
an be further applied,in parti
ular, the rule y ! y if this symbol was produ
ed. Thus, we 
an 
on
lude that,be
ause L(G) = L(Q), we have N(�) = Q. 2In the previous 
onstru
tion we have paid no attention to the propagating feature,but this 
an be easily done: just add a dummy obje
t # whi
h never evolves (and doesnot enter the output membrane) to the right hand member of ea
h rule whi
h diminishes21



the number of obje
ts: 
D ! 
 and Z ! �, as well as to rules X 00i ! h(x2) of type 14, ifx2 = �. Note also that we never dissolve a membrane, hen
e this feature is useless in this
ase.It is also easy to see that we 
an generate re
ursively enumerable relations withtransition P systems of degree 2 as those used above: a relation Q � Nk is 
har-a
terized by the language P (Q) obtained as the permutation 
losure of the languagefan11 : : : ankk j (n1; : : : ; nk) 2 Qg; starting from a matrix grammar with appearan
e 
he
k-ing for P (Q), the 
onstru
tion above gives a transition P system for Q (the importantobservation is again that the order of symbols in the strings of P (Q) is not relevant, hen
ewe 
an work with multisets instead of strings).We do not know whi
h of the in
lusions in the diagram in Figure 5 are proper (but atleast one should be, be
ause Ls(E0L) is stri
tly in
luded in RE).8 P Systems Based on RewritingTransition P systems 
an be interpreted as using no data stru
ture for 
odifying theinformation: the numbers are en
oded as the 
ardinality of multisets, hen
e they arerepresented in the base one. This 
an be adequate to a bio
hemi
al implementation, butit looks ineÆ
ient from a 
lassi
 point of view. Moreover, in this way we 
an deal onlywith problems on numbers, not (dire
tly, without a number 
odi�
ation) with symboli

omputations. That is why we look now for representing information by using a datastru
ture of a standard type, strings.Thus, from now on, instead of obje
ts of an atomi
 type (i.e., without \parts"), we
onsider obje
ts whi
h 
an be des
ribed by �nite strings over a given �nite alphabet.The evolution of an obje
t will then 
orrespond to a transformation of the string. Inthis se
tion we 
onsider transformations in the form of rewriting steps, as usual in formallanguage theory.Consequently, the evolution rules are given as rewriting rules.Assume that we have an alphabet V . A usual rewriting rule is a pair (u; v) of wordsover V (we give it in the form u! v). For x; y 2 V � we write x =) y i� x = x1ux2 andy = x1vx2, for some strings x1; x2 2 V �.Here, the rules are also provided with indi
ations on the target membrane of the pro-du
ed string (we do no longer 
onsider the membrane dissolving a
tion, be
ause, similarlyto the 
ase of Theorem 1, it will not be ne
essary in order to obtain 
omputational 
om-pleteness; of 
ourse, if for other purposes it will be useful/ne
essary to use this a
tion,then it 
an be introdu
ed in the same way as in the transition P systems). Always we useonly 
ontext-free rules. Thus, the rules are of the formX ! v(tar);where tar 2 fhere, out, injg (\tar" 
omes from \target", j is the label of a membrane),with the obvious meaning: the string produ
ed by using this rule will go to the membraneindi
ated by tar. 22



Note the important di�eren
e from the way the transition P systems work: a string isnow a unique obje
t, hen
e it passes through membranes as a unique entity, its symbolsdo not follow di�erent itineraries, as it was possible for the obje
ts in a multiset; of 
ourse,in the same region we 
an have several strings at the same time.In this way, we obtain a language generating me
hanism of the form� = (V; �; L1; : : : ; Ln; (R1; �1); : : : ; (Rn; �n); i0);where V is an alphabet, � is a membrane stru
ture, L1; : : : ; Ln are �nite languages overV , R1; : : : ; Rn are �nite sets of 
ontext-free evolution rules of the form X ! v(tar), withX 2 V; v 2 V �, tar 2 fhere; outg [ finj j 1 � j � ng, �1; : : : ; �n are partial orderrelations over R1; : : : ; Rn, and i0 is the output membrane. (Note that su
h a system is anon-
ooperative one.)We 
all su
h a system a rewriting P system.The language generated by a system � is denoted by L(�) and it 
onsists of all stringspla
ed in the output membrane at the end of halting 
omputations. A 
omputation isde�ned in a way similar to that in Se
tion 5, with the di�eren
es spe
i�
 to an evolutionbased on rewriting: we start from the initial 
on�guration of the system and pro
eediteratively, by transition steps done by using the rules in parallel, to all strings whi
h
an be rewritten, obeying the priority relations, and 
olle
ting the strings generated in adesignated membrane, the output one.Note that ea
h string is pro
essed by one rule only, the parallelism refers here topro
essing simultaneously all available strings by all appli
able rules. If several rules 
anbe applied to a string, maybe in several pla
es ea
h, then we take only one rule and onlyone possibility to apply it and 
onsider the obtained string as the next state of the obje
tdes
ribed by the string. It is important to have in mind the fa
t that the evolution ofstrings is not independent to ea
h other, but interrelated in two ways: (1) if we havepriorities, a rule r1 appli
able to a string x 
an forbid the use of another rule, r2, forrewriting another string, y, whi
h is present at that time in the same membrane; afterapplying the rule r1, if r1 is not appli
able to y or to the string x0 obtained from x byusing r1, then it is possible that the rule r2 
an now be applied to y; (2) even withoutpriorities, if a string x 
an be rewritten forever, in the same membrane or on an itinerarythrough several membranes, and this 
annot be avoided, then all strings are lost, be
ausethe 
omputation never stops, irrespe
tive of the strings 
olle
ted in the output membraneand whi
h 
annot evolve further.Remark 4. It is worth noting the similarities and, mainly, the di�eren
es betweenrewriting P systems and parallel 
ommuni
ating grammar systems with 
ommuni
ationby queries ([26℄) or by 
ommand ([8℄). Both kinds of systems are distributed paralleldevi
es, making an essential use of 
ommuni
ation. In the grammar systems 
ase, the
omponent grammars work syn
hronously and send to ea
h other sentential forms. Here,the syn
hronization is not obligatory, a 
omponent membrane 
an wait if its rules, if any,are not appli
able. More important: the 
omponents of a grammar system are always thesame, are arranged in the same level, and they 
an 
ommuni
ate to ea
h other without23



restri
tions (a total graph is available as a 
ommuni
ation graph); here the 
omponents
an be hierar
hi
ally arranged in a spe
i�ed ar
hite
ture and they 
an disappear duringthe 
omputation. Still, the two types of me
hanisms meet ea
h other in the generativepower: also the parallel 
ommuni
ating grammar systems 
hara
terize the re
ursivelyenumerable languages, both when 
ommuni
ating by queries ([10℄) and by 
ommand ([8℄,[16℄). As a 
ommon 
on
lusion we 
an state the fa
t that 
ommuni
ation is very powerful,irrespe
tive of the ways it is done.A similar 
omparison holds true with networks of language pro
essors, as introdu
ed in[9℄ as a generalization of parallel 
ommuni
ating grammar systems: both output and input�lters are provided for ea
h 
omponent of the system, 
ontrolling the 
ow of strings. Su
h�lters 
ould be 
onsidered also in the 
ase of membranes, as a substitute for the targetindi
ations given by the evolution rules. (They 
ould be a more adequate model of themembrane sele
tivity due to porosity or to proteine 
hannels present in it.) 2We denote by RPn(Pri) the family of languages generated by rewriting P systems ofdegree at most n; n � 1, using priorities; when priorities are not used, we repla
e Pri withnPri; the union of all families RPn(�) is denoted by RP (�); � 2 fPri, nPrig.Be
ause we will use below the notion of an ET0L system, we brie
y introdu
e it: su
ha system is a 
onstru
t G = (V; T; w; P1; : : : ; Pn), su
h that ea
h (V; T; w; Pi); 1 � i � n,is an E0L system. One step of a (parallel) derivation with respe
t to Pi is denoted by=)i and de�ned as for E0L systems. The language generated by G is L(G) = fz 2 T � jw =)i1 w1 =)i2 : : : =)ik wk = z; for some 1 � ij � n; 1 � j � kg. The family oflanguages generated by ET0L systems is denoted by ET0L.By ORD we denote the family of languages generated by 
ontext-free ordered gram-mars (that is, 
ontext-free grammars with a partial order relation on the set of rules; arule 
an be applied only when no rule of a higher priority 
an be used).It is known that ET0L � ORD � RE.Theorem 2. The relations in the diagram in Figure 5 hold, where the arrows indi
atein
lusions whi
h are not ne
essarily proper; the in
lusion CF � RP2(nPri) is proper.Proof. The in
lusions between the RP families follow from the de�nitions.The equality CF = RP1(nPri) 
an be proved in the following way:For a 
ontext-free grammar G = (N; T; S; P ), we 
onstru
t the rewriting P system� = (N [ T; [1 ℄1; fSg; (P [ fA! A j A 2 Ng; ;); 1):A 
omputation is �nished only when no rule A ! A is appli
able, whi
h means that nononterminal symbol is present in the obtained string, hen
e the 
omputation 
orrespondsto a terminal derivation in G.Conversely, let � be a rewriting P system of degree one over some alphabet V . Let Pbe the set of all rules appearing in � and L0 be the �nite set of all strings initially presentin the system. Denote by T the set of symbols a 2 V su
h that no rule a! x is in P andby N the set (V � T ) [ fSg, where S is a new symbol. A symbol A 2 V � T for whi
hthere is no derivation with respe
t to P of the form A =)� w with w 2 T � is said to24



be poisoned (there are rules A ! x for these symbols, but they never lead to a string ofterminals). If there is a string in L0 whi
h 
ontains a poisoned symbol, then L(�) = ;. Inthe opposite 
ase, the 
ontext-free grammar G = (N; T; S; fS ! x j x 2 L0g [ P ) 
learlygenerates the language L(�) (all strings in L0 lead to strings in T �).By adding a partial order relation, we obtain in the same way the equality ORD =RP1(Pri) (the set of poisoned symbols is de�ned independently of the order relationamong rules: if a rule 
annot be applied be
ause a rule with a higher priority is appli
ableto a non-poisoned symbol, it will be applied later, when the non-poisoned symbol isrepla
ed by a terminal one).The in
lusions RE � RP3(Pri) and MAT � RP (nPri) are proved in the followingtwo lemmas.The fa
t that the family RP2(nPri) 
ontains non-
ontext-free languages is proved bythe following rewriting P system:� = (fA;B; a; b; 
g; [1[2 ℄2℄1; ;; fABg; (R1; ;); (R2; ;); 2);R1 = fB ! 
B(in2)g;R2 = fA! aAb(out); A! ab; B ! 
g:It is easy to see that L(�) = fanbn
n j n � 1g (if a string aiAbi
iB is rewritten inmembrane 2 to aiAbi
i+1 and then to ai+1Abi+1
i+1 and sent out, then it will never 
omeba
k again in membrane 2, the 
omputation stops, but the output membrane will remainempty). This is not a 
ontext-free language. 2

Figure 5. The hierar
hies of RPn(�) families.CF = RP1(nPri)ORD = RP1(Pri)RP2(nPri)�������3RP2(Pri)6
6

RP3(nPri)66. . .
6RP (nPri)RE = RP (Pri) = RP3(Pri)

��*ET0L���*QQQQQQQkMAT�����
����7 �������* 6

Lemma 3. (The Computational Completeness Lemma for Rewriting P Systems)RE � RP3(Pri): 25



Proof. Let G = (N; T; S;M; F ) be a matrix grammar with appearan
e 
he
king in thenormal form mentioned at the beginning of the proof of Lemma 2. For ea
h matrix oftype 4 (X ! x1; A ! x2), with x1; x2 2 T �, we also introdu
e the matrix (X ! X 0x1;A! x2), whi
h is 
onsidered of type 40; we also add the matri
es (X 0 ! �); X 0 is a newsymbol asso
iated with X. Clearly, the generated language is not 
hanged. We assumethe matri
es of the types 2, 3, 4, 40 labeled in a one-to-one manner with m1; : : : ; mk.We 
onstru
t the following rewriting P system:� = (V; �; L1; L2; L3; (R1; �1); (R2; �2); (R3; �3); 2);V = N1 [N2 [ fE;Z; yg [ T [ fXi; X 0i j X 2 N1; 1 � i � kg;� = [1[2 ℄2[3 ℄3℄1;L1 = fXAEg; for (S ! XA) the initial matrix in M;L2 = L3 = ;;R1 = fr� : �! � j � 2 V � T; � 6= Eg[ fr0 : E ! �(in2); y ! yg[ fX ! Yi(in2) j mi : (X ! Y;A! x) is a matrix of types 2 or 4g[ fX ! Yi(in3) j mi : (X ! Y;A! y) is a matrix of type 3g[ fX ! X 0ix1(in2); X 0i ! � j mi : (X ! X 0x1; A! x2)is a matrix of type 40g[ fYi ! Y; Y 0i ! Y j Y 2 N1; 1 � i � kg;�1 = fr� > r0 j � 2 V � T; � 6= Eg;R2 = fri : Yi ! Yi; r0i : A! x(out) j mi : (X ! Y;A! x)is a matrix of types 2 or 4g[ fri : X 0i ! X 0i; r0i : A! x2(out) j mi : (X ! X 0x1; A! x2)is a matrix of type 40g�2 = fri > r0j j i 6= j; for all possible i; jg;R3 = fpi : Yi ! Y 0i ; p0i : Y 0i ! Yi; p00i : A! y(out) j mi : (X ! Y;A! y)is a matrix of type 3g[ fp0 : E ! E(out)g;�3 = fp00i > pi; pi > p0 j for all possible ig:The system works as follows. Observe �rst that the rules � ! � from membrane 1
hange nothing, 
an be used forever, and prevent the use of the rule E ! �, whi
h sendsthe string to membrane 2, the output one.Assume that in membrane 1 we have a string of the form XwE (initially, we havehere the string XAE for (S ! XA) 2 M). In membrane 1 one 
hooses the matrix to besimulated, mi, and one simulates its �rst rule, X ! Y , by introdu
ing Yi; the string issent to membrane 2 if we deal with a matrix of types 2 or 4 (without a rule whi
h has tobe applied in the appearan
e 
he
king mode), and to membrane 3 if we have to simulatea matrix of type 3. 26



In membrane 2 we 
an use the rule Yi ! Yi forever. The only way to quit thismembrane is by using the rule A ! x appearing in the se
ond position of a matrix oftype 2 or 4. Due to the priority relation, this matrix should be exa
tly mi as spe
i�ed bythe subs
ript of Yi. Therefore, we 
an 
ontinue the 
omputation only when the matrix is
orre
tly simulated.The pro
ess is similar in membrane 3: The rules Yi ! Y 0i ; Y 0i ! Yi 
an be usedforever. We 
an quit the membrane either by using a rule A! y(out) or by using the ruleE ! E(out). In the �rst 
ase the 
omputation will never halts. Be
ause of the priorityrelation, su
h a rule must be used if the 
orresponding symbol A appears in the string. Ifthis is not the 
ase, then the rule Yi ! Y 0i 
an be used. If we now use the rule Y 0i ! Yi,then we get nothing. If we use the rule E ! E(out), and this is possible be
ause Yi is nolonger present, then we send out a string of the form Y 0iwE.In membrane 1 we repla
e Yi or Y 0i by Y , and thus the pro
ess of simulating the useof matri
es of types 2, 3, 4 
an be iterated.A slightly di�erent pro
edure is followed for the matri
es of type 40; they are of theform mi : (X ! X 0x1; A ! x2). In membrane 1 we use X ! X 0ix1(in2), whi
h alreadyintrodu
es the substring x1, and the string arrives in membrane 2. Again the only wayto leave this membrane is by using the asso
iated rule A ! x2(out). In membrane 1 wehave to apply X 0i ! �. If no symbol di�erent from E and terminals is present, then we
an apply the rule E ! �(in2). Thus, a terminal string is sent to membrane 2, where norewriting 
an be done, the 
omputation stops. If any nonterminal symbol is still present,then the 
omputation will never halt, be
ause of the rules �! � from membrane 1.Therefore, we 
olle
t in the output membrane exa
tly the terminal strings generatedby the grammar G, that is L(G) = L(�). 2Lemma 4. MAT � RP (nPri).Proof. Let G = (N; T; S;M) be a matrix grammar without appearan
e 
he
king.Assume that G is in the normal form used also in the proofs above (this time, the matri
esof type 3 are missing), with the matri
es labeled in a one-to-one manner. We 
onstru
ta rewriting P system � in the following way. In the skin membrane we introdu
e theinitial string XAE, where E is a new symbol and (S ! XA) 2M , and rules of the formX ! z(ini) for ea
h matrix mi : (X ! z; A ! x) in M , terminal or not. A membranewith the label i will 
ontain the unique rule A! x(out). In this way, the use of matri
esis 
orre
tly simulated by the way the strings are 
ir
ulated among membranes. Note thatif we do not use the rule of membrane i, then we 
annot leave the membrane, hen
e theoutput membrane will remain empty. A spe
ial membrane, labeled with O, is the outputone; in this membrane we put all the rules A! A, for A 2 N1[N2. In the skin membranewe also 
onsider the rule E ! �(inO). It 
an send a string to the output membrane inany moment, but the 
omputation halts only if the string is terminal. The details of this
onstru
tion are left to the reader. It is obvious that we have L(�) = L(G). 2Several problems are open in this area: Is the hierar
hy RPn(nPri) an in�nite one?Is the result RE � RP3(Pri) optimal? Is the in
lusion MAT � RP (nPri) proper?(The diÆ
ulty in proving that RP (nPri) � MAT lies in the dependen
e between the27



evolution of the words initially pla
ed in a rewriting P system: even if a string has rea
hedthe output membrane and it 
annot further evolve, in order to a

ept it we have to makesure that no other string present in the system 
an further evolve. This 
an easily be
ontrolled in a matrix grammar with appearan
e 
he
king, but we see no way to do itwithout appearan
e 
he
king.)9 Spli
ing P SystemsWe now relate the idea of 
omputing with membranes to another important natural 
om-puting area, that of DNA 
omputing. Spe
i�
ally, we 
onsider P systems with obje
ts inthe form of strings and with the evolution rules based on the spli
ing operation introdu
edin [15℄. We �rst de�ne this operation.Consider an alphabet V and two symbols #; $ not in V . A spli
ing rule over V is astring r = u1#u2$u3#u4, where u1; u2; u3; u4 2 V �. For su
h a rule r and for x; y; w 2 V �we de�ne (x; y) `r w i� x = x1u1u2x2; y = y1u3u4y2;w = x1u1u4y2; for some x1; x2; y1; y2 2 V �:(One 
uts the strings x; y in between u1; u2 and u3; u4, respe
tively, and one 
on
atenatesthe \�rst half" of x with the \se
ond half" of y.) We say that we spli
e the strings x; yat the sites u1u2; u3u4, respe
tively. When r is understood, we write ` instead of `r. For
larity, we usually indi
ate by a verti
al bar the pla
e of spli
ing: (x1u1ju2x2; y1u3ju4y2) `x1u1u4y2.Based on this operation, language generating devi
es were introdu
ed: start from agiven set of strings and apply to them iteratively the spli
ing rules from a given set.We obtain what is 
alled an H system. If a terminal alphabet is 
onsidered, then weobtain an extended H system. It is known that extended H systems with �nite sets ofaxioms and �nite sets of rules 
hara
terize the regular languages and that systems with
ertain 
ontrols on the use of rules or with 
ertain distributed ar
hite
tures 
hara
terizethe re
ursively enumerable languages. Comprehensive details 
an be found in [22℄.Be
ause we need a string-to-string transformation, we shall 
onsider here a variant ofthe relation `, as a binary relation.Spe
i�
ally, with ea
h spli
ing rule r = u1#u2$u3#u4 over a given alphabet V weasso
iate a string z 2 V �. For x; y 2 V � we writex =)(r;z) y i� either (x; z) `r y or (z; x) `r y:When (r; z) is understood, we write simply =) instead of =)(r;z).Su
h transformations 
an be used for de�ning transitions in P systems with string-obje
ts.A spli
ing P system (over a given alphabet V ) is a P system � with strings as obje
ts,with evolution rules given in the form (r; z)tar, where r is a spli
ing rule over V , z 2 V �,28



and tar is a target indi
ation for the resulting string, one of here, out, inj. (As usual,the indi
ation here will be omitted when writing a system.) With respe
t to su
h arule we de�ne a relation x =)(r;z) y(tar) as mentioned above. Using this relation, wede�ne the transition between 
on�gurations, taking into 
onsideration also a possiblepriority relation among evolution rules. (We do not provide the membrane dissolvinga
tion, be
ause it is again not ne
essary for obtaining 
omputational 
ompleteness.) A
omputation is 
orre
tly �nished in the same 
onditions as in the previous se
tions: nofurther move is possible, one elementary membrane is designated as the output one. Thelanguage generated by � is the set of strings pla
ed in the output membrane at the endof 
orre
tly �nished 
omputations.We denote by SPn(Pri) the family of languages generated by spli
ing P systems ofdegree at most n; n � 1, using priorities; when priorities are not used, we repla
e Pri withnPri; the union of all families SPn(�) is denoted by SP (�); � 2 fPri, nPrig.We also denote by EH the family of languages generated by extended spli
ing systemswith �nite sets of axioms and of spli
ing rules, and by EH(Ord) the family of languagesgenerated by extended spli
ing systems with �nite sets of axioms and of spli
ing rules andwith a priority on the set of rules (we use a spli
ing rule for spli
ing two strings only ifno rule with a higher priority 
an be used for spli
ing these strings).It is known that EH = REG and EH(Ord) = RE.Rather expe
ted, in view of the results from the previous se
tions and from [22℄, wehave the following result:Theorem 3. The relations in the diagram in Figure 6 hold, where the arrows indi
atein
lusions whi
h are not ne
essarily proper; the family SP2(nPri) 
ontains non-regularlanguages, while SP3(nPri) 
ontains languages whi
h are not in the family MAT.Proof. The in
lusions follow from the de�nitions. The equality EH(Ord) = RE (seethe proof of Theorem 8.3 in [22℄, for 
he
king that the halt 
ondition from spli
ing Psystems is ful�lled by the ordered extended spli
ing system 
onstru
ted for simulating agiven type-0 grammar) implies the 
ollapse of the hierar
hy SPn(Pri) at its �rst level.
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Figure 6. The hierar
hy of families SPn(�).SP1(nPri)SP2(nPri)SP3(nPri)66
6EH(Ord) = SP1(Pri) = SP (Pri)= RE = SP4(nPri) = SP (nPri)

The in
lusion RE � SP4(nPri) is proved in the next lemma.In order to show that SP2(nPri) 
ontains non-regular languages, let us 
onsider thesystem: � = (fa; b; dg; [1[2 ℄2℄1; fdabdg; ;; (R1; ;); (R2; ;); 2);R1 = f(da#Z$d#a; daZ)in2g;R2 = f(b#d$Z#bd; Zbd)out; (b#d$Z#b; Zb)g:It is easy to see that strings of the form danbnd (initially, we have n = 1) get onemore o

urren
e of a in the skin membrane, are passed to the output membrane, here onemore o

urren
e of b is added, the pro
ess is iterated, and, at any moment, in the outputmembrane we 
an use the rule b#d$Z#b and the right hand o

urren
e of the symbol dis removed. No further spli
ing is possible, hen
e the 
omputation is 
orre
tly �nished.Consequently, we get L(�) = fdanbn j n � 2g:This is not a regular language.For the similar assertion SP3(nPri)�MAT 6= ; we use the following system:� = (fa; b; 
;X; Y; Zg; [1[2 ℄2[3 ℄3℄1; fXabY g; ;; ;; (R1; ;); (R2; ;); (R3; ;); 3);R1 = f(X#Z$Xa#; XZ)in2; (X#Z$Xb#; XZ)in3;(
#Z$Xb#; 
Z)in3; (
#Z$
#; 
Z)g;R2 = f(#Y $Z#aaY; ZaaY )outg;R3 = f(#Y $Z#bY; ZbY )outg; (#Y $Z#
; Z
); (X#Z$X#; XZ)g:Assume that we have a string of the form XaibajY in membrane 1; initially, we havei = 1; j = 0. If i � 1, then we have to use the rule X#Z$Xa# and the string Xai�1bajYis sent to membrane 2. There is only one rule here, hen
e we get the string Xai�1baj+2Y ,30



whi
h is sent ba
k to membrane 1. In this way, we will eventually obtain the stringXbaj+2iY . If we use the rule X#Z$Xb#, then we obtain the string Xaj+2iY whi
h issent to membrane 3. If we use the rule #Y $Z#
, then we obtain the string Xaj+2i
 whi
hwill remain in membrane 3 and 
an be pro
essed forever by using the rule X#Z$X. Theonly way to 
ontinue in su
h a way that the 
omputation will be su

essfully �nished isto use the rule #Y $Z#bY ; the obtained string Xaj+2ibY is returned to membrane 1 andthe pro
ess is iterated. In this way, the number of o

urren
es of a is doubled at ea
hpassing of the string through membrane 3.When in membrane 1 we have a stringXbajY , then we 
an also use the rule 
#Z$Xb#,the marker X is repla
ed with 
 and the string is sent to membrane 3. If we apply herethe rule #Y $Z#bY , then the string 
aibY arrives in membrane 1 and it will be pro
essedforever by using the rule 
#Z$
#. Thus, in order to halt, in membrane 3 we have to usethe rule #Y $Z#
, that is we get the string 
ai
. No further rule 
an be applied.In 
on
lusion, we obtain the language L(�) = f
a2n
 j n � 1g, whi
h is not in thefamily MAT : ea
h one-letter language in MAT is regular, see [14℄, and L(�) 
an bemapped to the non-regular language fa2n j n � 1g by a morphism; MAT is 
losed undermorphisms, see [11℄. 2Lemma 5. (The Computational Completeness Lemma for Spli
ing P Systems) RE �SP4(nPri):Proof. Let G = (N; T; S; P ) be a type-0 Chomsky grammar. Assume that N [ T =fD1; : : : ; Dng and take a further symbol, B, also denoted by Dn+1.We 
onstru
t the following spli
ing P system (of degree 4 and without priorities):� = (V; �; L1; L2; L3; L4; (R1; ;); (R2; ;); (R3; ;); (R4; ;); 4);V = fN [ T [ fZ;Bg [ fXi; Yi j 0 � i � n+ 1g;� = [1[2 ℄2[3 ℄3[4 ℄4℄1;L1 = L3 = L4 = ;;L2 = fXSBY g;R1 = f(XiDi#Z$X#; XiDiZ)in2 j 1 � i � n+ 1g[ f(Xi�1#Z$Xi#; Xi�1Z)in2 j 2 � i � n + 1g[ f(X#Z$X1#; XZ)in3; (#BY $Z#BY 0; ZBY 0)in2;(#Y 00$Z#; Z)in4; (# y $Z#y; Zy)g;R2 = f(#uY $Z#vY; ZvY ) j u! v is a rule from Pg[ f(#DiY $Z#Yi; ZYi)out; (#Yi$Z#Yi�1; ZYi�1)out j 1 � i � n+ 1g[ f(#DiY $Z#Y 0i ; ZY 0i )out j Di 2 T [ fBg; 1 � i � n+ 1g[ f(#Y 0i $Z#Y 0i�1; ZYi�1)out) j 1 � i � n+ 1g[ f(#Y0$Z#y; Zy)outg;R3 = f(#Y0$Z#Y; ZY )out; (#Y 00$Z#Y 0; ZY 0)out; (#BY 00$Z#Y 00; ZY 00)outg[ f(#Yi$Z#y; Zy)out; (#Y 0i $Z#y; Zy)out j 1 � i � n + 1g;R4 = f(#Z$X#; Z)g: 31



The system works as follows. There is only one string in the initial 
on�guration(namely, in membrane 2), XBSY , whi
h introdu
es the axiom of G, together with thenew symbol B, and the end markers X; Y . Therefore, always we will have only one stringin the system.Assume that we have a string of the form XwY in membrane 2. If we apply a spli
ingrule #uY $Z#vY , then we simulate the use of a rule from P at the end of the string,Xw0uY =) Xw0vY , and this 
orresponds to w0u =) w0v (modulo an o

urren
e of B inthe string w0) in G. The string remains in membrane 2.If we perform a spli
ing (Xw0jDiY; ZjYi) ` Xw0Yi;for some i = 1; 2; : : : ; n + 1, then the string exits the membrane. In the skin membrane,we have only the possibility to use a spli
ing rule of the form XjDj#Z$X#. In thisway, we get a string XjDjw0Yi, whi
h is again passed to membrane 2. Here, we have tode
rease by one the subs
ript of the right end marker. The obtained string, XjDjw0Yi�1is sent to the skin membrane, where the subs
ript of the left end marker is de
reased byone; the obtained string is sent to membrane 2 and the pro
ess is repeated. When inmembrane 2 we get XkDjw0Y0, this string is again passed to the skin membrane; if k = 1,then the rule X#Z$X1# is used here and the resulting string is passed to membrane3. Only strings with the subs
ript of Y equal to zero 
an be pro
essed in membrane 3without introdu
ing the trap-symbol y in the 
urrently produ
ed string (on
e introdu
ed,this symbol will be pro
essed forever in the skin membrane by the rule # y $Z#y, hen
ethe 
omputation 
an never be �nished; note that the string is of the form Xwy, hen
e noother rule but # y $Z#y 
an be used in the skin membrane; using this rule, we do not
hange the string: (Xwjy; Zjy) ` Xwy). If the string XkDjw0Y0 is passed from membrane2 to the skin membrane and k � 2, then the rule Xk�1#Z$Xk# is used and the stringXk�1Djw0Y0, with k� 1 � 1, is sent to membrane 2. The only rule in membrane 2 whi
h
an be applied is #Y0$Z#y, whi
h introdu
es the trap-obje
t y. The 
omputation is neverterminated.If a string X1Djw0Yk with k � 1 is produ
ed in membrane 2 and sent to membrane 1,here we 
an only apply the rule X#Z$X1# and the string XDjw0Yk is sent to membrane3. No rule but #Yi$Z#y is here appli
able, hen
e the 
omputation never terminates.Consequently, in order to �nish 
orre
tly the 
omputation, the subs
ripts of the endmarkers have to rea
h the value zero at the same time, that is, i = j. This means thatthe symbol Di whi
h was 
ut from the right hand end of the string has been reprodu
edin the left end of the string. Note that the symbol B 
an be moved from an end of thestring to the other one like any symbol from N [ T .In this way, the string is 
ir
ularly permuted, making possible the simulation of rulesof G in any position. In ea
h moment, there is exa
tly one o

urren
e of the symbol B,indi
ating the beginning of the sentential form of G simulated by our system: if in � wehave generated the string Xw1Bw2Y , then the string w2w1 is a sentential form of G, and
onversely. 32



When the rule #BY $Z#BY 0 is used in the skin membrane, the resulting string, ofthe form XwBY 0 is sent to membrane 2; no simulation of a rule in P is possible fromnow on, but only 
ir
ular permutations. Su
h 
ir
ular permutations 
an be performed asabove, using the primed right end markers Y 0i instead of Yi; 0 � i � n+ 1. However, it isimportant to note that only symbols whi
h are terminal with respe
t to G 
an be moved.In any moment when in membrane 3 we have a string of the form XwBY 00 (re
eived fromthe skin membrane), we 
an 
hoose to repla
e BY 00 by Y 00. The fa
t that B is in theright hand end of the string tells us that w is a sentential form of G (in a non-permutedform). Moreover, be
ause B is again in the right hand end, this implies that at leastone 
ir
ular permutation of the string wB has been done sin
e Y 0 has been introdu
ed,that is, the string w is terminal. The obtained string, Xw, is sent to membrane 4, wherethe left marker is removed. No rule 
an now be applied, the 
omputation stops with theoutput w. Be
ause we know that this string 
an be generated by G, we have the equalityL(G) = L(�). 2We do not know whether or not the degree of the system in this lemma 
an be furtherde
reased.If we provide a spli
ing P system � with a terminal alphabet T and we de�ne thelanguage generated as 
onsisting of all strings over T 
olle
ted in the output membraneat the end of halting 
omputations, then systems of degree three 
an 
hara
terize there
ursively enumerable languages: in the proof of Lemma 5, membrane 4 is no longerne
essary, while membrane 3 
an be 
onsidered the output one (a rule able to removeX1B in the skin membrane and a rule for removing Y0 in the output membrane shouldbe 
onsidered). We 
an formulate this observation also in the following form:Corollary 1. Ea
h re
ursively enumerable language L � T � 
an be written in theform L = L0 \ T �, where L0 2 SP3(nPri).10 Final RemarksWe have introdu
ed a new 
omputability model, 
alled a P system, based on the evolutionof obje
ts in a membrane stru
ture. It uses the ar
hite
ture of a 
hemi
al abstra
t ma-
hine in the sense of [4℄, with the rules inspired from the �-systems of [3℄, provided withextra features 
on
erning the paths of obje
ts through membranes and the possibility ofdissolving membranes. The obje
ts 
an be single symbols, or strings of symbols; in thelatter 
ase, the evolution is de�ned in terms of string transformations. We have 
onsideredhere rewriting and spli
ing as underlying operations with strings. In all three 
ases, basi
(transition) P systems, rewriting P systems, and spli
ing P systems, we obtain 
omputa-tional 
ompleteness, 
hara
terizations of re
ursively enumerable sets of natural numbers(of relations, too) and of re
ursively enumerable languages by systems of a rather simpleform.From the proofs of these results we 
an draw an important observation: the 
ompu-tational 
ompleteness is obtained without making use of the syn
hronized evolution ofobje
ts and membranes. Syn
hronization, in the sense of an universal 
lo
k, is assumed33



in the de�nition of transitions in P systems, but it does not appear in the proofs of thethree 
omputational 
ompleteness lemmas: in the 
ase of transition P systems we haveonly one working membrane, in the 
ase of rewriting and spli
ing P systems we alwayshave only one string in the system, hen
e the syn
hronization has no obje
t. (We 
anrestate this by saying that a separate 
lo
k for ea
h membrane suÆ
es.)On the other hand, in the proofs we have simulated the sequential 
omputations doneby various types of (matrix) grammars in the framework of P systems, thus losing the
entral attra
tive feature of these systems, the parallelism. These proofs are a way to
larify the power of P systems, but not to implement algorithms by starting from asequential representation of them (e.g., a Turing ma
hine). Dire
t 
onstru
tions of Psystems 
arrying out given tasks should be found.Many open problems and resear
h topi
s were formulated and still many further ques-tions naturally arise in this framework. We only mention some of them. Of de�nite inter-est is to 
onsider deterministi
 P systems, having in ea
h moment at most one possibletransition. This might be important in the 
ase that su
h devi
es would be implementedin \reliable" media, whi
h behave deterministi
ally. Of 
ourse, in bio
hemi
al-like media,where a huge parallelism is possible, the nondeterminism 
ould be useful, be
ause byusing it we 
an simulate the deterministi
 parallelism (with a high probability, workingnondeterministi
ally on a large number of \pro
essors" we 
an get the result of a parallelexploration of the sear
h spa
e).We have 
onsidered above that when a membrane is dissolved, only the obje
ts survive,the rules of the former membrane are lost. This, of 
ourse, 
an be 
hanged. Moreover, inthe same way as the obje
ts evolve, we may assume that also the rules evolve; for instan
e,we 
an allow also to rules to move from a membrane to another one. Still more: also themembranes 
an evolve, not only by disappearing under the in
uen
e of 
ertain obje
tevolution rules, by also in other modes. Creating new membranes 
an be done either byusual a
tion rules (instead of a symbol Æ, 
onsider a symbol �X , with the meaning \
reate anew membrane, labeled withX") or by membrane evolution rules (dupli
ation, separationin two distin
t membranes, et
.) Some te
hni
al problems appear here, 
on
erning the
ontents of the new membranes, the obje
ts and the rules to be put into them (
ertain\inheritan
e prin
iples" should be 
onsidered). A small jungle of variants 
an be produ
edin this way.We �nish by stressing again the importan
e of parallelism in P systems, appearing attwo levels in transition and spli
ing P systems and, possibly, at three levels in rewritingP systems: we 
an also use the rules in parallel in the sense of Lindenmayer systems(ea
h symbol of a string whi
h 
an be rewritten should be rewritten; then, all strings arerewritten simultaneously, in all membranes of the system). The in
uen
e of parallelismon the time 
omplexity of 
omputations in P systems is a question of a basi
 interest.It is highly 
on
eivable that when rules for produ
ing new membranes are provided,by 
reating an exponential number of membranes, an essential speed-up 
an be obtained(perhaps, even polynomial time 
omputations, done in parallel, of solutions to exponentialproblems).An important problem, not mentioned in the formal framework above, 
on
erns the34



possibility of implementing P systems, either in ele
troni
 media or in biologi
al media.A related, double, problem is (1) to �nd spe
i�
 
omputing problems whi
h 
an be solvedin this way, and (2) to �nd natural pro
esses (for instan
e, biologi
al) whi
h 
an be
onsidered as 
ounterparts of membrane stru
tures we used here, or, at least, similar tothe operations used in our P systems (for instan
e, moving obje
ts through membranesin a well spe
i�ed manner, dissolving membranes { produ
ing \holes" in them, et
.). Theanswer to su
h questions 
an dire
t the theoreti
al studies to the most promising andpra
ti
ally relevant dire
tion.Notes. This work was supported by the A
ademy of Finland, Proje
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